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PREFACE TO SECOND EDITION 


In making this revision a large portion of the text has been 
entirely rewritten and a majority of the illustrative problems 
_ have been revised or new ones have been added to conform to the 
higher working stresses now frequently allowed in specifications. 
The changes and additions are so numerous that the book has 
been set throughout. 

The chapter on plain concrete has been amplified by more 
complete treatment of the subject of scientific proportioning. 
Typical problems have been included in order to illustrate the 
methods of the selection of the mix for both large and small jobs. 
The chapter on columns has been entirely rewritten and enlarged. 
Additional tables have been included in this chapter as well as 
typical design problems. The chapter on continuous beams and 
building frames has also been entirely rewritten. The develop- 
ment of the theory of the rigid frame is given in detail and the 
application of the theory illustrated by typical problems. 

References to the report of the Joint Committee are confined to 
the 1924 report, and when such references are given as recom- 
mendations the attempt has been made to set forth the reasons 
for such specifications. 

Acknowledgement is made to many users of the book for 
helpful suggestions, and only lack of space has prevented the 
incorporation of more of these suggestions in this revision. 

L. C. URQUHART. 
- C. E. O’Rovurke. 
CoRNELL UNIVERSITY, 


Ivnaca, N. Y. 
July, 1926. 


PREFACE TO FIRST EDITION 


The intent of this work is to provide a text on concrete and 
reinforced concrete which can be used for the elementary courses 
given in engineering schools. There has been no attempt to 
produce a handbook or to cover all the phases of concrete 
construction. 

The chapters on the elementary theory of reinforced concrete 
are the development of the authors’ notes made while teaching 
this subject during the past ten years. It is their aim to give 
sufficient development of the theory with illustrative problems 
to insure the beginner a thorough understanding of fundamentals. 

Complete designs of the essential features of the more common 
concrete structures are given in order to furnish a vehicle for 
the bringing together of all of the fundamental theory involved. 
No chapter on miscellaneous structures has been attempted, as 
the variety of such structures is so great that nothing thorough 
could be given without greatly increasing the scope of the work. 

Acknowledgment is made to Professor George A. Hool for 
permission to use the diagrams for rectangular beams with steel 
in top and bottom from ‘‘Concrete Engineer’s Handbook”’ 
by Hool and Johnson, and to Concrete for permission to use a 
portion of the articles on Forms which appeared in that maga- 
zine during the year 1922. 

The authors also wish to acknowledge their indebtedness to 
T. L. Collum, formerly instructor in Cornell University, for 
reviewing the manuscript and for helpful suggestions, and to 
D. H. Blakelock and W. G. G. Cobb, seniors in Cornell 
University, for checking the problems and for aid in making 
drawings. 

L. C. Urquuart. 
C, E. O’Rourke. 


CorNELL UNIVERSITY, 
Iruaca, N. Y. 
September, 1923. 
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CHAPTER I 
PLAIN CONCRETE 


1. Introductory. During the past twenty-five years concrete 
has taken its place as one of the most useful and important struc- 
tural materials. Owing to the comparative ease with which it 
can be molded into any desired shape its structural uses are 
almost unlimited; so wherever Portland cement and suitable 
aggregates can be obtained it has, for certain classes of work, dis- 
placed older materials. This apparent ease with which concrete 
may be prepared has led to its being employed by anyone who 
feels that the material is suited to his particular purpose. In 
many instances, proper knowledge of the substance and skill in 
its manufacture are not available, so that the resultant concrete 
is little more than a bulky, heavy material, lacking the strength 
and other properties which it should have attained, and often 
failing to fulfil that purpose for which it was intended. 

To the individuals who obtain such results, concrete is merely a 
shoveled-together mass of cement, sand, stone, and water, which 
in a short time attains a varying degree of hardness and an uncer- 
tain strength. To the engineer who is more or less familiar with 
the many factors and variables entering into its manufacture, 
the process of making concrete does not appear quite so ele- 
mentary. Experience shows that the quantity and quality of 
cement, aggregates, and water, and the processes of mixing and 
curing are all involved in the production of concrete. Results 
are dependent upon all of these variables. It is, therefore, the 
problem of the engineer so to study and control these factors 


that a concrete of the desired quality may be obtained. 
1 
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2. Concrete is a mixture of cement, sand, water, and aggregate, 
the latter being made up of more or less graded particles of such 
materials as sand, gravel, broken stone, cinders, or slag. The 
ingredients having been thoroughly mixed, the resultant more or 
less plastic mass is deposited in its final form before the hardening 
action caused by the cement takes place. For reinforced con- 
crete work Portland cement should always be used, and other 
cements, such as natural, sand, and puzzolan cements will not be 
treated here.! 

Portland cement is the product obtained by finely pulverizing 
the clinker obtained by calcining to incipient fusion an intimate 
and properly proportioned mixture of argillaceous and calcareous 
materials with no additions subsequent to calcination except 
water and calcined or uncalcined gypsum. All Portland cement 
used in reinforced concrete construction should pass such stand- 
ard specifications as those of the American Society for Testing 
Materials.2, The color and rapidity of hardening of different 
brands of cement vary considerably and may be elements requir- 
ing special attention for the particular work involved. 

Fine aggregate should consist of sand, stone screenings, or 
other inert materials with similar characteristics, or a combina- 
tion thereof, having clean, hard, strong, durable, uncoated 
grains, and free from injurious amounts of dust, lumps, soft or 
flaky particles, shale, alkali, organic matter, loam, or other 
deleterious substances. 

Coarse aggregate should consist of crushed stone, gravel, or 
other approved inert materials with similar characteristics, or 
combinations thereof, having clean, hard, strong, durable, 
uncoated particles free from injurious amounts of soft, friable, 
thin, elongated or laminated pieces, alkali, organic, or other 
deleterious matter. 

Water used for concrete should be clean and free from oil, 
acid, alkali, organic matter, or other deleterious substances. 

3. Fine Aggregate. In general, all particles passing a No. 4 
sieve (4 meshes per linear inch) are considered as fine aggregate. 


1 For information about other cements and the chemistry of cements see 
“Concrete Plain and Reinforced,’’ by Taytor and THompson. 
* Am. Soc, for Testing Materials Standards, p. 638, 1924. 
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Most specifications, however, allow some degree of latitude from 
this requirement. The report of the Joint Committee* recom- 
mends that not less than 85 per cent of the fine aggregate pass 
through a No. 4 sieve. Similarly it is generally advantageous 
that the fine aggregate be well graded from fine to coarse, and the 
report mentioned above recommends that not more than 30 
nor less than 10 per cent of the fine aggregate pass through a No. 
50 sieve. Extremely fine particles, if present in any great 
amount, are not beneficial to the strength of the resultant 
concrete, since they furnish so great an excess of surface area to 
be covered by the cement. Specifications vary as to the amount 
of these allowed, but in general not more than 6 per cent of the 
fine aggregate should pass through a No. 100 sieve. 

Sand. All sands are derived from rocks which have broken 
down or disintegrated through the operation of physical agencies. 
In some cases, in addition to disintegration, there has been more 
or less decomposition involving the formation of new compounds. 
The principal disintegrating agencies are temperature changes 
and abrasion. The former cause cracking and a spalling off of 
particles of the constituent rock, because of the unequal expan- 
sion and contraction of the component minerals. The latter 
may be caused by the flow of water, wind, or glacial action. 
Chemical decomposition is brought about through the solvent 
power of water, aided often by the presence of various chemically 
active substances such as acids, which are carried by the water. 

Quartz is the mineral which makes up the bulk of the particles 
of most sands. This is due to the fact that only the harder 
constituents of rocks survive disintegration and decomposition, 
and quartz is a common constituent of most rocks, and capable 
of resisting these destructive agencies. All quartz sands, 


3 The Joint Committee on Standard Specifications for Concrete and Rein- 
forced Concrete consists of five representatives from each of the following: 
American Society of Civil Engineers, American Society for Testing Materials, 
American Railway Engineering Association, American Concrete Institute, 
Portland Cement Association. The Committee was organized in 1904, and 
presented progress reports in 1909 and 1912, and a final report in 1916, and 
was discharged. A new Committee of the same title and representing the 
same societies was organized in 1919, and presented a progress report in 
1921 and a final report in 1924. 
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however, do not make suitable concrete aggregates, for compara- 
tively small amounts of organic impurities will render the sand 
unfit for use. Sandstone is a common source of quartz sand. 
Here the character of the binder of the original rock will deter- 
mine the quality of the sand, since the individual particles of 
the sand are made up of still smaller particles of quartz, bound 
together by silica, iron oxide, lime carbonate, or clay. 

Pyroxene and hornblende are complex silicates possessing a 
degree of hardness, strength, and durability slightly inferior to 
that of quartz. Hornblende has inferior weathering qualities. 
Feldspars are considerably less strong and durable than quartz. 
Mica is a very objectionable constituent of sand, being soft, low 
in strength, and because of its laminated structure, offering — 
opportunity for the percolation of water. 

Sand deposits being usually the result of stream or glacial 
action, and also of such character that the percolation of surface 
water through the beds is very easy, are often contaminated by 
matter of organic origin carried in suspension by the water. 
Thus the coating of the grains by such substances as tannic 
acid,* sewage, manure, sugar, etc. is frequently encountered. 
Such a coating on the sand grains appears not only to prevent 
the cement from adhering, but also affects it chemically. Thus 
the effect of such substances is extremely detrimental, but at the 
same time their presence is hard to detect, a fact which increases 
the importance of carefully testing concrete sands. 

Two tests may be made in the selection of a sand which may 
go far toward determining its suitability as an aggregate. It 
often happens that a sieve analysis of a dry sand will show a 
comparatively small percentage passing the No. 100 sieve, 
while in reality there are numberless other small particles loosely 
cemented together which by themselves would easily pass 
through the sieve. These particles usually consist of silt, loam, 
or clay, and are soluble or partially soluble in water. By taking 
a thoroughly dried sample of sand of known weight, adding 
sufficient water to cover the sample, and mixing thoroughly, 
a part of these fine particles is dissolved by the water. After 


4 See Proceedings, Am. Soc. for Testing Materials, vol. 20, part 1, p. 309. 
for the “Effect of Tannic Acid on the Strength of Concrete.” 
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being allowed to settle for a few seconds the water may be 
poured off and the process repeated until the wash water is 
clear. The washed sand may then be thoroughly dried and 
weighed, and the percentage of silt, loam, and clay in the original 
sample calculated. There are several exact specifications for 
making this decantation test (see Appendix D), and a similar 
test for field use, but it is usually specified that a sand showing 
more than 3 per cent of silt, clay, and loam by this test is not 
suitable for use as a concrete aggregate. Organic impurities in 
sand may be approximately detected by the colorimetric test 
(see Appendix D). 

By far the best method of selection of a sand for concrete is the 
actual test of mortar briquettes made with the selected sand at 
the same time and under the same conditions as other briquettes 
in which standard Ottawa sand® is used. The report of the 
Joint Committee referred to above recommends that a sand 
shall preferably not be used as a fine aggregate unless such 
briquettes show at ages of 7 and 28 days a tensile and compressive 
strength at least equal to those made with standard Ottawa 
sand. Such a test as this often eliminates a sand which appears 
to be clean, well graded, and entirely suitable for a concrete 
aggregate, but which, due to the presence of organic matter in its 
constituent grains, or due to a coating of the grains with tannic 
acid, is actually a very poor sand. 

Screenings. Limestone screenings or crusher dust are some- 
times used as fine aggregates, but the concrete made therefrom 
is usually inferior in quality to that made with an average sand, 
and is apt to be or become more permeable. 

4. Coarse Aggregate. Crushed Stone. The quality of an 
aggregate of this type obviously depends upon the character of 
the original rock. The principal classes of rocks from which 
aggregates are derived are granites, trap rocks, limestones, and 
sandstones. Granite is an igneous rock, whose principal mineral 
constituents are quartz and feldspar, with varying amounts of 


5 Standard Ottawa sand is a natural sand obtained at Ottawa, Illinois 
passing a screen having 20 meshes and retained on a screen having 30 meshes 
per linear inch, prepared and furnished by the Ottawa Silica Company, 
Ottawa, Il. 
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mica, hornblende, and other materials. The structural qualities 
of granite vary greatly, but granites as a class rank among the 
hardest, strongest, and most durable stones. Trap rock includes 
basalt, diabase, and a number of other igneous rocks possessing 
similar chemical and physical properties. The principal mineral 
constituents of most of these rocks are pyroxene and feldspar. 
They are generally rather fine grained, hard, tough, and durable. 
Limestone is a sedimentary rock which contains carbonate of 
lime, calcite, or carbonate of lime together with a double carbon- 
ate of lime and magnesia, dolomite, as the essential constituent. 
Sand and clay are common impurities, some varieties of which 
contain large amounts of shells and other fossils. Limestones 
vary greatly in structure, strength, hardness, and durability, 
and, although there are some limestones which have superior 
structural qualities, the average limestone is inferior to average 
granites and trap rocks as a concrete aggregate. Sandstones 
consist of grains of varying sizes, chiefly quartz, bound together 
by various cementing agencies or binders. A silicious binder 
produces a sandstone of the greatest structural strength, while 
an iron oxide or lime carbonate binder is much less efficient. A 
sandstone whose binder is clay is the least valuable of all as a 
concrete aggregate. 

The maximum size of coarse aggregate advisable depends upon 
the character of the work. Since the stone is one of the strongest 
constituents of concrete, it is desirable to have as many and as 
large particles as possible. The greater the size of the particles, 
the less surface area there is to be coated, and the smaller amount 
of cement required for a concrete of given strength. When, 
however, the maximum size is comparatively large, it is very 
important that it be well graded down to the minimum size in 
order to make a dense, compact mass. In small reinforced con- 
crete members the maximum size advisable is as small as 34 in. 
in diameter, and rarely in any reinforced work is a diameter 
greater than 114 in. advisable. On the other hand, for large, 
massive work, with no structural reinforcement, much larger 
sizes may be used to advantage. The specification for minimum 
size recommended by the Joint Committee is that not more than 
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10 per cent by weight pass a No. 4 sieve, nor more than 5 per 
cent by weight a No. 8 sieve. 

Gravel. Gravel of good quality makes a suitable concrete 
aggregate. Gravel is nothing more than pieces of natural rock 
broken away from the parent ledges and worn down by stream or 
glacial action. Its strength as an aggregate depends upon the 
rock from which it came, provided it has not become decayed or 
coated with objectionable organic matter. Too much empha- 
sis cannot be given to the necessity of determining the 
cleanness of the gravel. A clayey coating is easily detectable, but 
the transparent organic coatings which prevent adhesion are not 
so easily discerned, without chemical analysis, so that many weak 
and inferior concretes result from the use of an apparently clean, 
but really “dirty” gravel as an aggregate. 

Natural gravel may have a large proportion of particles so 
small as to be classed as “fine aggregate.’”?’ These may be 
sereened out before using, or a sieve analysis of the natural 
gravel being made, the proper amount of additional fine aggregate 
Gf any) to add to obtain the desired proportions may be 
determined. 

Slag. Slag from blast furnaces is a hard though porous 
material of high compressive strength, which in some localities 
can be obtained much more cheaply than stone of good quality. 
It offers a very rough surface for the adhesion of the cement, 
and, provided the sulphur content is low, it may make an excel- 
lent aggregate for massive concrete construction. Generally it 
should not be used in thin sections exposed to any action from 
water on account of its porosity. 

Cinders. Cinders as an aggregate have the advantage of 
making a resultant concrete considerably lighter in weight than 
that made from stone or gravel. Formerly it was thought that 
well-burned cinders made a more fire-resisting concrete than 
other aggregate, but more recent experiences have shown that 
cinder concrete is little, if any, better in this respect. Cinder con- 
crete is inferior in strength to other concrete, and on account of 
the danger from the probable sulphur content, it is not used where 
any great structural strength is required. Its principal use occurs 


8 DESIGN OF CONCRETE STRUCTURES 


for filling where no great strength is necessary. When used, 
cinders should be free from unburnt coal or fine ashes. 

5. Proportioning of Ingredients. Haphazard and careless 
proportioning of the ingredients of concrete was formerly the rule 
rather than the exception, but the number of resultant failures 
is surprisingly small. In the early years of concrete construction 
little attention was paid to any of the ingredients except the 
cement. Specifications might require a clean, sharp sand, and 
a coarse aggregate of a specified crushed stone, but there was 
small emphasis on the grading of the aggregates or on the amount 
of water to be used. On the other hand, on almost all work of 
any magnitude, frequent and exhaustive tests of the cement 
were required. Under those conditions the practice grew of 
specifying certain arbitrary proportions for the mix, such as 
1:2:4, or 1:3:6. When a concrete of high structural strength 
was desired, a rich mix was specified, and mixtures asrichas 1:1:2 
have occasionally been used, while for less important or more 
massive work, mixtures as lean as 1:4:8 have been specified. 
Unfortunately this practice of arbitrary proportioning has per- 
sisted to a large extent to the present day, although it is now gen- 
erally recognized that the relative consistency (amount of water 
used) has some relation to the strength of the resultant concrete. 

Practically all measuring of quantities of the constituent 
materials for concrete is done by volume,® the cubic foot being 
the unit of measure usually specified. For example, a 1:2:4 
mixture indicates 1 cu. ft. of cement, 2 cu. ft. of fine aggregate, 
and 4 cu. ft. of coarse aggregate. Since the volume occupied by 
a given quantity of cement varies as much as 30 per cent for 
different degrees of compactness, it is necessary that the degree of 
compactness when measured be constant. For this reason, 
it is usual to specify that one bag of cement weighing 94 lb. shall 
be considered as 1 cu. ft. of cement. Cement is sold by the bag 
or barrel, there being four bags per barrel. 

The space occupied by a given number of sand grains varies 
considerably with the moisture content. Increases in volume of 


° The Iowa State Highway Commission specifies measuring by weight. 
For an account of this method see, “Weighing Concrete Aggregates for 
Highway Pavements,” Proceedings, American Concrete Institute, 1924. 
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25 per cent or more, caused by the addition of water to dry sand, 
are not uncommon.’ Natural sand as it comes from the bank 
ordinarily contains from 2 to 4 per cent moisture by weight. 
Sand used in the laboratory is often entirely free from moisture, 
and sand used on the work may have either more or less moisture 
content than natural sand. For accurate proportioning, the mois- 
ture content must be taken into consideration, but only within the 
last few years has any attention been paid to this factor. 

Many attempts have been made in the last 25 years to propor- 
tion concrete scientifically. Most of the methods developed, 
while producing more or less satisfactory results in the laboratory, 
were difficult of application in the field and were but seldom used 
on actual work. Some of the more widely known of these earlier 
methods are briefly described below. 

Proportioning by Void Determinations. In this method the 
volume of the voids or air spaces existing in each of the aggregates 
is first determined and the attempt made to select the proportions 
of the ingredients so that the sand or fine aggregate just fills the 
voids in the coarse aggregate. No allowance is made for the 
expansion in the sand due to the water used in the mixing, nor 
for the space the water itself occupies. Sometimes an arbitrary 
allowance of additional cement is made to provide for the coat- 
ing of the sand grains and coarse aggregate, but this coating, 
together with the water and its effect on the sand, changes the 
original conditions, and the theoretically solid mass is not 
obtained. 

Proportioning by Mechanical Analysis. In this method of 
proportioning, a sieve analysis of each of the aggregates to be 
used is made. ‘The sizes of the screen openings are plotted as 
abscissae, and the percentage passing each sieve as ordinates. 
A more or less regular curve may be obtained for each aggregate 
analyzed. Various proportions of each aggregate may now be 
used to form a curve for the combined mixture, the endeavor 
being to make this resultant curve coincide with the curve of 
maximum density,® according to the belief that the more dense 


7 See Proceedings, Am. Soc. for Testing Materials, vol. 20, part II, p. 147. 
8See “Concrete Plain and Reinforced,’ by TAyLor and THompson, for 
Wm. F. Fuller’s curves of maximum density. 
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the mix the stronger the concrete. A mixture proportioned by 
this method is apt to be extremely harsh and difficult to work on 
account of the large proportion of stone, so that in practice more 
sand is usually added, although some strength is sacrificed in so 
doing. 

Proportioning for Maximum Density. Carrying the fore- 
going method still further, tests for maximum density, involving 
actual conditions, may be made. The proportions required by 
mechanical analysis and the maximum density curve having 
been determined, a small quantity of the materials is mixed with 
the requisite amount of water, and tamped into a tube of small 
diameter, and the volume occupied is measured. Other trials are 
made, slightly varying the proportions of cement, sand, and 
stone, but keeping the total amount of solid matter and amount 
of water constant. In this way the mixture of maximum density 
for the given aggregates may be ascertained. As in the foregoing 
method, such a mixture will be found harsh and difficult to 
work, so more sand is usually added. 

6. Modern Developments in the Theory of Proportioning. 
During the last 10 years research and investigation conducted at 
the Structural Materials Research Laboratory under the direc- 
tion of Duff A. Abrams have developed methods of proportioning 
based upon the ratio of the amount of water to the amount of 
cement and upon the grading of the aggregates. The tests 
made in this laboratory, as well as similar tests made in other 
laboratories, have been so great in number and have covered 
such a wide range of aggregates and such a variety of condi- 
tions that the data obtained are of great value and general in 
application. The water ratio theory and the grading of aggre- 
gates will be discussed in the following articles. 

7. The Water Ratio Theory. The water ratio theory is that, for 
structurally sound and clean aggregates and fixed conditions of 
manipulation, the strength of the concrete is determined by the 
ratio of the volume of the mixing water to the volume of the 
cement, so long as workable mixtures are obtained. This infers 
that with a definite quantity of cement and a definite quantity of 
water, the strength of the resultant concrete is fixed no matter 
what additions in the form of aggregates are subsequently made. 


PLAIN CONCRETE 11 


Any change in the ratio of the amount of water to the amount 
of cement, however, changes the strength. The logic of this 
deduction may be appreciated if the cement and water are 
considered to be a paste or glue binding the aggregates together. 
The thicker the glue the greater the strength and vice versa. 

The only limitations on this theory are that the aggregates used 
are clean and structurally sound and that the resultant mixture is 
workable. The term ‘‘workable”’ may be explained as follows: 
With a water cement ratio of 1, that is, equal volumes of cement 
and water, enough aggregates must be added to hold the water, 
as the cement itself can be hydrated with about one-third of this 
amount. On the other hand, if too much aggregate is added, the 
concrete becomes so dry that the water cement paste cannot hold it 
together. In between these two extremes will be found the work- 
able mix. The degree of workability depends also upon the grading 
of the aggregates, and upon the relative proportions of fine and 
coarse aggregates. This factor will be considered in Arts. 9 and 11. 

The amount of cement in each batch of concrete is easily 
determined but the amount of water actually used is not so 
readily ascertained. In addition to the free water added in 
mixing, the aggregates as used in the field contain a variable 
quantity of moisture, allowance for which must be made in the 
application of the water ratio theory. 

8. Consistency. The degree of wetness of a concrete is known 
as the consistency. With the amount of the cement, the 
quantity, proportions, and character of the aggregates con- 
stant, the amount of water added determines both the con- 
sistency and the degree of workability of the resultant 
concrete. Since by the application of the water ratio theory the 
amount of water added also determines the strength of the 
concrete, it follows that under certain conditions the consistency 
may be used as a measure of the strength. 

When this method is used as a criterion of strength it is not 
necessary to predetermine the amount of moisture in the 
aggregate, for this water as well as the free water added will 
affect the consistency. 

In order to obtain the same amount of water in successive 
batches of concrete containing fixed quantities of cement and 
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aggregate, several methods have been devised for measuring 
the consistency or degree of workability. The two most widely 
used are the slump test and the flow test. The former is simple of 
application in the field as well as in the laboratory and has been 
adopted as a tentative specification for measuring the workability 
or consistency of concrete for pavements by the American 
Society for Testing Materials.° It is described in the Proceedings 
of the Society substantially as follows. 

The test is made with a galvanized metal form in the shape of a 
frustum of acone. The base and top are both open and parallel 
to each other and perpendicular to the axis of the cone. The 
diameter of the base is 8 in. and that of the top 4 in., and the 
altitude of the frustum 12 in. The mold or form is placed on a 
flat, non-absorbent surface and filled with the concrete to about 
one-fourth of its height, which is then puddled for 20 to 30 
strokes of a !4-in. rod pointed at the lower end. The filling is 
completed in three successive similar layers, and the top struck 
off so that the mold is exactly filled. Three minutes after being 
filled, the mold is removed by raising vertically; and, after the 
concrete has ceased to subside, the height of the specimen is 
measured. The slump is the difference between 12 in. and the 
height of the specimen. 

The flow test is made with a metal-covered table with the top 
so arranged that it can be raised and lowered 14 in. by means 
of a cam. The concrete is molded in a truncated cone 5 in. 
high, with a top diameter of 634 in. and a bottom diameter of 
10 in. The concrete is lightly tamped into the mold on the 
table, the top struck off, and the mold immediately withdrawn. 
The table is then raised and dropped fifteen times in about 10 
seconds. The diameter of the base divided by the original 
diameter, 10 in., is the “flow,” generally expressed as a percentage. 
While this measure of the consistency gives more uniform results 
under all conditions, it is not so simple of application as the slump 
test and is rarely used outside of the laboratory. 

The term “normal consistency”’ has been applied to a degree of 
workability represented by a slump of 14 to 1 in. A concrete 


*See Proceedings, Am. Soc. for Testing Materials, D 62-20T, vol. 20, part 
I, and D 138-22T, vol. 22, part I. 
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having a normal consistency has about the maximum strength 
that can be obtained with definite proportions of cement and 
aggregate, but such a consistency is somewhat drier than will 
allow the concrete to be thoroughly worked around the reinforce- 
ment without excessive tamping. In a large proportion of rein- 
forced concrete work, the stiffest consistency which allows of 
economical placing of the concrete is measured by a slump of 
from 6 to 7 in. Such a concrete requires from 20 to 25 percent 
more water than a concrete of a consistency giving the maximum 
strength for the given amounts of cement and aggregate, with a 
corresponding reduction in strength, but the practical considera- 
tions mentioned above require the wetter concrete. Stiffer 
consistencies may be used where little or no reinforcement is 
present or where the economy of the increased strength is not 
overbalanced by the increased difficulty and labor of placing. 

9. Size and Grading of Aggregates. The fact that the size 
and grading of the aggregates bear an important relation to the 
workability and strength of a concrete has long been recognized 
and various attempts have been made to evaluate it in a quan- 
titative manner, generally based on the sieve analysis of the 
aggregate. 

One method of determining the relative size and grading of the 
aggregates is based on the surface area of the aggregate. The 
surface area of an aggregate is the number of square inches or 
square feet of surface area of the particles per unit weight of 
aggregate. This surface area may be calculated by formula, 
assuming that all of the particles are spheres, determining by 
actual count the number of particles per unit of weight. Such a 
formula is given by R. B. Young and W. D. Walcott in the 
Proceedings of the American Society for Testing Materials, vol. 20, 


3 In 
part II, page 138. Itis A = 236.1 3 where A = surface area 


in square feet per hundred pounds, s = specific gravity of sand, 
and n = number of grains per gram in any size of separation. 
It may also be approximated by assuming that an aggregate that 
would be classified!® as 0-100 has a surface area of 13,700 sq. in. 
per lb. and that each coarser size group as determined by the 


10 See Art. 11. 
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standard sieves named above has a surface area one-half that of 
the next smaller group."! 

A more widely used method of determining the relative size 
and grading is based on the fineness modulus of the aggregate. 
The fineness modulus of an aggregate is the sum of the percent- 
ages in the sieve analysis, divided by 100, using sieves Nos. 100, 
50, 30, 16, 8, 4, 3¢ in. and 114 in., as adopted as the standard 
set of sieves for “Sieve Analysis of Aggregates for Concrete”’ 
(1922),1” and expressing the sieve analysis as the total percent- 
ages coarser than each sieve. The coarser the aggregate the 
larger its fineness modulus and the less water required to bring 
the concrete made with it to a normal consistency. _ 

While there is no material relation between the surface area 
of a graded aggregate and the fineness modulus of the aggregate, 
the methods proposed for proportioning concrete which involve 
either the fineness modulus or the surface area give more scientifi- 
cally proportioned concretes than other methods heretofore 
proposed. For the majority of aggregates the two methods 
give results in rather close agreement with one another. 

10. Proportioning by the Water Ratio Theory. In the practi- 
cal application of the water ratio theory, the workability of the 
mix must be considered. The resultant concrete must be suffi- 
ciently plastic so that it may be puddled readily into the angles 
and corners of the forms and around the reinforcement without 
bringing excessive quantities of water and fine particles to the 
surface. The proportion of fine to coarse aggregate must be 
such that there is no honeycombing in the structure, and, when 
the forms are removed, the surfaces and corners of the members 
are smooth and sound throughout. These requirements generally 
make it necessary to use at least one-half as much of the fine as of 
the coarse aggregate. While the most economical mixture 
contains a relatively large proportion of the coarse aggregate and 
has a comparatively stiff consistency, a workable mix must be 
obtained if uniform concrete is to result. On the other hand, 
ease of placing should not be allowed to become the predominant 


11 See Proceedings, Am. Soc. for Testing Materials, vol. 19, part II, p. 478, 
for further discussion of Surface Area and Surface Modulus. 
12See Appendix D. 
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factor when this will result in extremely wet consistencies. 
With consistencies represented by a slump greater than 9 in., 
the accumulation of water and fine particles on the surface, and 
the segregation of the aggregates tend to produce concrete 
lacking in uniformity. 

The tests made at the Structural Materials Laboratory, in 
addition to establishing the principle of the water ratio theory, 


Compressive Strength at 28 days Ib.per sq.in. 


0 fis 
3 4 5 7) T 8 9 Te) (| 
Gallons of Water per Sack of Cement 


Fia. 1. 


furnished sufficient data so that definite concrete strengths may 
be forecast for various water cement ratios. Figure 1!*shows 
graphically the effect of the quantity of mixing water upon the 
strength of the concrete. From it may be obtained the number 
of gallons of water per sack of cement required to produce con- 
crete of a definite strength. This amount of water includes the 
moisture contained in the aggregates. !* 


8B From Bull. 9, Structural Materials Research Laboratory. Mixes made 
according to this curve may be expected to show a minimum strength equal 
to, or greater than, the specified strengths. If rigid control is exercised in 
the making of the concrete, ultimate strengths greater by from 300 to 500 
Ib. per sq. in. may be expected. 

144A portion of the moisture in the aggregates is in the interior of the 
particles. Such moisture, if it remains in the interior until after the cement 
has set, does not affect the water cement ratio. If a bone dry aggregate is 
used, a certain amount of water will be absorbed by the aggregates and the 
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The amount of moisture in the aggregate may be determined as 
follows: Take a sample of the aggregate in the same degree of 
compactness and in the same condition of moisture as it will be in 
when measured for use on the work. Determine its volume and 
weight. Dry thoroughly and obtain the weight a second time. 
The difference in weight is the moisture content for the given 
volume. This may be converted into gallons of water per cubic 
foot of aggregate and the proper reduction made in the amount 
of water to be added in mixing. 

An approximation of the moisture content of the aggregates 
may be assumed as follows: 


ViSEVEW GUIBERT CL ante Crtirt. ore area leet nen tn) aa 34 gal. per cu. ft. 
Moderately wet:sand.......-.:0+.-:-i-5: Ys gal. per cu. ft. 
ENRON pan 6 tot Le reasoned oh \ gal. per cu. ft. 
Moist gravel or crushed rock.............. 14 gal. per cu. ft. 


Example of Proportioning by the Water Ratio Theory. Approxi- 
mate Method. A concrete having a minimum strength of 2000 lb. 
per sq. in. is desired. The aggregates are sand in a moderately 
wet condition and pebbles in a moist condition. Both aggregates 
have been examined for organic impurities, silt, and clay and have 
been declared suitable for concrete work. From Fig. 1, the curve 
shows that the total water required is 6.6. gal. per sack of cement. 
A first batch is made up using one bag of cement, 2 cu. ft. of 
sand, and enough coarse aggregate to produce the required con- 
sistency. In a moderately wet condition 2 cu. ft. of sand contain 
approximately 1 gal. of water. Therefore, 6.6 — 1.0 = 5.6 gal. 
of water are to be added when mixing. If such a mix shows too 
much or too little sand, the amount may be changed for the 
next batch, and the correction to the amount of water to be 


water cement ratio will be changed. The amount of water absorbed by 
different aggregates is variable. It may be determined in accordance with 
Recommended Practice of the American Society for Testing Materials 
(1920 Proceedings, Part 1, Appendix 1 of Report of Committee C-9) or 
average quantities may be assumed as follows: 


Average sand...................... 1.0 per cent by weight 
Pebbles and crushed limestone....... 1.0 per cent by weight 
Trap rock and granite.............. 0.5 per cent by weight 
POLrOus RaNGstOnes Aree ee ene 7.0 per cent by weight 
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added again computed. In this approximate method no account 
is taken of the water absorbed by the aggregates, nor of the 
water contained in the coarse aggregate. 

Exact Method. Assume the same aggregates and the same 
desired concrete strength as before. The moisture content of 
the aggregates is determined as follows: 


Weight of 49 cu. ft. sand moderately wet and loose.......... 8 lb. 12 oz. 
Weight of 8 lb. 12 oz. moderately wet and loose when dried.... 8 lb. 6 oz. 
Water per cu. ft. of moderately wet and loose sand 3 lb. 12 0z. = .45 gal. 
Weights cts the moist pep les aceenincmcrecrsemiie scrcru ameetee 51 lb. 8 oz. 
Weight of 51 lb. 8 oz. moist pebbles when dried.............. 50 lb. 2 oz. 
Water per cu. ft. of moist pebbles................ 2 1b. 120z. = 383 gal. 
Water absorbed by 
iitele ae a eee 01 X 884 X 10 = .875 Ib. = .10 gal. per cu. ft. 
Water absorbed by 
MEDBIEB. sick sod ace austere 01 <X 514% X 2= 1.03 lb. = .12 gal. per cu. ft. 
Net deduction for water in sand....... .45 — .10 = .35 gal. per cu. ft. 
Net deduction for water in pebbles..... .38 — .12 = .21 gal. per cu. ft. 


A first batch may be made up consisting of 1 bag cement, 2 cu. 
ft. sand, and 4 cu. ft. pebbles. The water to be added in mixing 
is 6.6 — 2 X 85 —4 X .21 = 5.1 gal. If the above mix has too 
stiff a consistency, additional water and cement may be added 
in the ratio of one sack of cement to 6.6 gal. of water and another 
batch mixed with less aggregate and consequently more added 
mixing water. For instance: a 1:134:314 is tried. The water 
to be added is 6.6 — 134 X .85 — 344 X .21 = 5.3 gal. Simi- 
larly, a mix too harsh may be corrected by changing the propor- 
tion of fine to coarse aggregate and computing the proper reduc- 
tions in the amount of mixing water to be added. 

11. Design of Concrete Mixtures. Proportioning by the water 
ratio theory alone is a trial method. If the grading of the 
aggregates is considered, proportions of cement and aggregates 
may be predetermined which, with a given water ratio, will 
produce concrete of definite strength and of the desired work- 
ability at the least cost. When such a procedure is followed, 
it may truly be called a design of the mix. 

The steps in the design are as follows: 

1. Determine the water ratio for the specified strength from 
Fig. 1. 
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2. Determine the degree of workability required as represented 
by the slump. 

3. Examine representative samples of the aggregate for clean- 
ness and structural quality. 

4, Determine the unit weights!° of the aggregates in the condi- 
tion in which they are to be used on the work. Determine the 
moisture content of the aggregates. Determine the unit weights 
of the aggregates in a dry and rodded condition. 

5. Make a sieve analysis of the aggregates and determine their 
fineness moduli and maximum sizes. 

6. Determine the real mix and the fineness modulus of such a 
mix from Fig. 1a. 

7. Calculate the percentages of fine and coarse aggregates to 
produce the required fineness modulus of the mixed aggregate. 

8. Determine the unit weight of the mixed aggregate in a dry 
and rodded condition. 

9. Determine the shrinkage factor, that is, the ratio of the 
volume of the mixed aggregate to the sum of the separated 
volumes measured dry and rodded. 

10. Calculate the nominal mix. 

11. Determine the bulking factor and calculate the field mix. 

12. Calculate the quantity of mixing water to be added to each 
batch. 

The details of the various steps in the design will be illustrated 
by means of a typical design problem. 

1. Concrete of 2500 lb. per sq. in. minimum strength is speci- 
fied, which, from Fig. 1, requires 5.85 gal. of water per sack of 
cement. 

2. The degree of workability desired is represented by a slump 
of from 3 to 4 in. With a moderate amount of tamping, a con- 
crete of such a consistency can be puddled around reinforcement 
that is not closely spaced. 

3. The samples of aggregate selected for testing were taken 
from various locations in the supply. The total weight of the 
sample of fine aggregate taken was about 50 lb. and that of the 
coarse aggregate about 100 lb. The actual samples to be used in 
testing the aggregate were taken from these larger samples by the 

15 See Appendix D, 
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quartering method as follows: The sample was thoroughly 
mixed with a trowel and spread in the form of a circle to a depth 
of from 3 to 4 in. The circle was quartered and two opposite 
quarters discarded. The remaining two quarters were remixed 
and the process repeated until the sample of the desired size was 
obtained. Samples were tested for organic impurities and for the 
quantity of silt and clay by the standard methods given in 
Appendix D. 

4. For the determination of the unit weight of the fine aggre- 
gate a measure having a capacity equal to, or greater than, 149 
cu. ft. should be used. For the coarse aggregate the measure 
used should have a capacity of at least 14 cu. ft. For the deter- 
mination of the unit weights of the aggregates as used on the 
work, the measures should be filled in the same manner as the 
larger measures are to be filled in the field. For the aggregates 
in the present problem the following results were obtained. 


Finr AGGREGATE 


Nieihiiob oqo) Gu. lt maammplandslOOserc. ae nc). ccm oe emia eee 8 Ib. 13 oz. 
Weight of 8 lb. 13 oz. damp and loose when dried........... 8 lb. 7 oz. 
Weight of 9 cu. ft. dry?® and rodded..................... 10 lb. 7 oz. 
Wielo in pen clauitn Gamiy und OOSE tsi: tet \-)n (sis) oie o\s:e/~ SPs aie one 88 .1 lb. 
Weight of 88.1 lb. damp and loose when dried.............. 84.4 lb. 
Wein ersclisttier arya amd NOGCECC 25 arcs « 01 wienels ais e)vieleens 104.4 lb. 
ATO UMUCO MINOIStUNCu era ae terd sic ei <ieiare els eis oa eee Satoh vies gt = 4.4 per cent 
CoarsE AGGREGATE 
Wisiehtroteoncus tba Gamip7and LOOSE. -ss+ se «icin1<le sas es els slel-t 48 lb. 13 oz. 
Weight of 48 lb. 13 oz. damp and loose when dried.......... 48 lb. 1 oz. 
Wreirht ore oeCcu nl taciry nC TOCUEC: se 4+. > a-oleielersisielsiers cratoeie 53 Ib. 12 oz. 
Wieiebtaperccudhs Gtmp AndlOOs@2qh1 eo <cne pis olen cies aries 97 .6 lb. 
Weight of 97.6 lb. damp and loose when dried.............. 96.1 Ib. 
Weiohinpem cis tus dry, ANG TOCOOUs rhc se cicleie sion ons 107 .5 lb. 
: 1-5 
AINOUMM LO LsINOISbULG Acree cre ayers elsyel cle obs late: snes e/eth le eka elec /= ay ee 1.6 per cent 


_ 5. Sieve analyses of the aggregates were made according to the 
Standard Method of Test for Sieve Analysis of Aggregates for 
Concrete given in Appendix D. 

The following results were obtained: 


16 See Appendix D for Standard Method of Test for Unit Weight of 
Aggregate for Concrete. 
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Fine Aggregate Coarse Aggregate 
Weight of sample 500 g. Weight of sample 4500 g. 
Sieve number or 
size in inches P ‘ Percent- P ‘ Percent- 
Wei ht ercent- age w i ht ercent- age 
retained | reftag | geeetscch | Tetamed | retaioed | tion tech 
s1eve sleve 
100 1 eas 22 96 Mec Sus 100 
50 80.5 16 74 nts cs es 100 
30 181.0 36 58 ree me 100 
16 ee 8 22 eae os 100 
8 70.5 14 14 105 2 100 
4 Cs as Ree 0 652 14 98 
3¢ in. 0 ae 0 1286 29 84 
34 in. 0 on 0 1611 36 55 
1 in.17 0 = she 848 19 
14 in. 0 ¥ 0 0 0 0 
| Fineness modulus 2.64 I’ineness modulus 7.37 


Aggregates are classified as to size according to the following 
rules: 

a. At least 15 per cent shall be retained on the sieve next 
smaller than that considered the maximum size. Thus, a graded 
sand with 15 per cent or more retained on the No. 8 sieve is 
classified as the 0—No. 4 size. If 14 per cent or less is retained 
on the No. 8 sieve, the sand is classified as the O—No. 8 size. A 
coarse aggregate having 15 per cent coarser than the 2-in. sieve is 
considered as a 3-in. aggregate. 

b. Not more than 15 per cent of a given aggregate shall be finer 
than the sieve considered as the minimum size. 

Applying the above rules to the given aggregates, the range of 
size for the fine aggregate is 0—No. 8 and that for the coarse 
aggregate No. 4 to 114 in. 

6. From Fig. la, for a concrete having a consistency repre- 
sented by a slump of from 3 to 4 in., a strength of 2500 lb. per sq. 
in. and a maximum size of aggregate of 114 in., the volume of 


17 ]- and 2-in. sieves are used in determining the size of the aggregate 
but not in calculating the finenes modulus. 

18 From ‘Design and Control of Concrete Mixtures,” Portland Cement 
Association, Chicago, Ill. 
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mixed aggregate for each volume of cement is 4.6 and the fineness 
modulus of such a mix is 5.75. 

7. Let x be the percentage of fine aggregate, y the percentage of 
coarse aggregate, m, the fineness modulus of the fine aggregate, 


& 


1) 


Ny 


®K . 


Ww 


V 
Herre 


6 50 54 58 62 66 70 46 50 54 58 62 66 7.0 72 
Fineness Modulus of Aggregate 


Real Mix.-Volurmes of Mixed Aggregate for each VOlume of Cement 
‘SS 


Fia. la.—Relation of size and grading of aggregate and quantity of cement to 
strength of concrete. This figure is based on the relation between strength and 
quantity of mixing water showed in Fig. 1. 


m, the fineness modulus of the coarse aggregate, and m the fine- 
ness modulus of the mixed aggregate. Then, 
rey a 


myx + my =m and 100 
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from which 
Pema) pee A 
M, — My 
In the present problem the percentage of fine aggregate is 
7.37 — 5.75 
100 X 737 964 — 34 and the percentage of coarse aggregate 
is 66. 


8. The aggregates were thoroughly mixed in the above propor- 
tions (34 lb. of fine aggregate and 66 lb. of coarse aggregate). 
Using the 14-cu. ft. measure, the weight of 14 cu. ft. of the mixed 
aggregate is 61 lb. 8 oz., or the weight per cubic foot 123.0 lb. 

9. The weight of 1 cu. ft. of the aggregates measured separately 
is .34 X 104.4 + .66 X 107.5 = 106.5 Ib. Since 1 cu. ft. of the 
mixed aggregate weighs 123.0 lb. per cu. ft., the shrinkage factor 
. 106.5 
1S 123.0 = .87. 

10. In order to obtain the required volume of mixed aggregate 
it is necessary to furnish a greater volume of the aggregates 
measured separately. To supply 1 cu. ft. of mixed aggregate 

1 
shrinkage factor 
required. In the present instance the volume of aggregates 


cu. ft. of the aggregates measured separately is 


. 4.6 
measured separately is 97 = 5.3 cu. ft., and the amount of fine 


aggregate required is .34 & 5.3 = 1.80 cu. ft., and the amount of 
coarse aggregate .66 X 5.3 = 3.50 cu. ft. The nominal mix is, 
therefore, 1: 1.80:3.50. 

11. The nominal mix is for aggregates measured in a dry and 
rodded condition. From (4) the relation between the aggregate 
in a damp and loose condition and the aggregate in a dry and 
rodded condition may be obtained. When dried, 1 cu. ft. of 
damp and loose sand weighs 84.4 lb., while 1 cu. ft. of dry and 
rodded sand weighs 104.4 lb. Therefore, in order to furnish 1 
104.4 
Sia 
1.24 cu. ft. of damp loose sand. This ratio of the unit weight of 
the dry and rodded sand to the unit weight of the damp and 
loose sand when dried is called the bulking factor, The bulking 


factor for the coarse aggregate is ne = 1.12. 


cu. ft. of dry and rodded sand, it is necessary to furnish 
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ne) fieldamix is: 180 << 1:24:3750 5¢ 1:12 = 192:2923,92. 

12. For most aggregates the water normally absorbed by them 
may be taken from the average values given in Art. 10 without 
appreciable error. The percentage of moisture in the aggregates 
was determined in (4). The water correction for the sand is, 
therefore, 


2.23 x 84.4(.044 — .01) 
and for the coarse aggregate 
3.92 X 96.1(.016 — .01) = 2.26 lb. = .27 gal. 


The amount of mixing water to be added for each sack of 
cement is, therefore, 


5.85 — .77 — .27 = 4.81 gal. 


6.40 lb. 


I 
I 


.77 gal. 


l| 


If the mix as designed is too harsh (lacking in fine aggregate) 
or over-sanded (lacking in coarse aggregate), more fine or coarse 
aggregate may be added without affecting the strength of the 
resultant concrete. Such changes, will, however, require the 
addition of more cement and water in the proper proportions if 
the same degree of workability is to be maintained. If any such 
change is deemed desirable, a redesign of the mix is advisable. 
For instance, in the present case, if it were desired to use less 
fine aggregate (say 30 per cent), the fineness modulus of the 
combined aggregate mix, with this proportion of fine aggregate, is 
30 X 2.64 + .70 X 7.387 = 5.95, and the real mix as obtained 
from Fig. la is 1:4.8. With this revised real mix, the nominal 
and field mix and the amount of water to be added in mixing may 
be calculated as before. 

Instead of performing the calculations of steps 6 to 10, the 
nominal mix may be taken from the tables in Appendix E. 
When these tables are used, the water to be added in mixing need 
not necessarily be computed, and the slump test may be used as a 
measure of the strength. The design by the use of the tables 
then resolves itself into tests of the aggregates for impurities, a 
sieve analysis, the determination of the bulking factor, and the 
calculation of the field mix. 

12. Selection of Method of Proportioning. The selection of 
the most economical method of proportioning from those pre- 
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viously described depends upon the quantity of concrete to be 
placed, and the relative importance of producing uniform concrete. 

Where the quantity of concrete to be placed is large and 
uniformity is important, the full design, as given in the previous 
article, should be made. Sieve analyses of the aggregates should 
be made at frequent intervals, and when any change in the 
grading appears, the proper correction should be made in the 
proportions. Changes in moisture content should also be noted, 
and corrections to the bulking factor!’ and the amount of water 
to be added in mixing should be made accordingly.?° Frequent 
slump tests should be made in order to give warning of an 
appreciable change in moisture content as well as to check the 
amount of water supplied at the mixer. 

Where the degree of uniformity of the concrete is not so impor- 
tant, the tables of Appendix EK may be used. For the average 
run of aggregates these tables will give excellent results. With 
this method, frequent slump tests become increasingly important. 

For smaller quantities of concrete, the proportioning by the 
water ratio theory alone may be more economical. When this 
method is used, the individual in charge of the work should be 
experienced in the making of concrete, if economic mixtures are 
to be produced. The exact method should be used for all but the 
smaller jobs. 

13. Quantities of Materials Required. Probably the best- 
known method of estimating the quantites of cement and aggre- 


19 When the aggregates are uniform as to grading, a table may be calcu- 
lated or a curve plotted showing the bulking factor for various percentages 
of moisture content. The latter may then be readily determined in the 
field from small samples and the bulking factor read from the table or curve. 

20 The volume occupied by a given weight of sand is about the same when 
the sand is thoroughly saturated with water as when the sand is in a dry and 
rodded condition, although for intermediate percentages of moisture the 
sand may bulk as much as 40 per cent. This fact may be used to advantage 
in measuring the quantity of sand for a concrete mix. When a sand is thor- 
oughly saturated with water, or inundated, both the amount of dry and 
rodded sand and the amount of water per unit of measure are constant, no 
matter what the condition of moisture of the sand may be as it is supplied 
in the work. Commercial applications of this method of measuring the sand 
have been very successful in aiding the production of uniform concrete. 
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gates required for a given volume of concrete is by means of the 
empirical rule devised by Wm. F. Fuller, which is: 


11 
C= 
i ts a 
es 3.8 
S CX 8X ow 
fe 3.8 


where C is the number of barrels of cement per yard of concrete. 
S is the number of cubic yards of sand per cubic yard of 
concrete. 
Gis the number of cubic yards of coarse aggregate per 
cubic yard of concrete. 
c:s:g represents the proportions of cement, sand, and 
coarse aggregate. 


tA 
Cement-Barrels per Cu.Yd of Finished Concrete 


0 
Oe i ee a a a 
Mix-Volumes of Mixed Aggregate foreach Volume of Cement 


Fria. 16. 


This rule is based on aggregates measured loose, and for well- 
graded aggregates gives results slightly greater than are actually 
required. 

Figure 16 is based on the results of measurements made at the 
Structural Materials Research Laboratory. From it the amount 
of cement in bags or barrels may be obtained when the real mix 
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is known. The amounts of aggregate may then be determined 
by proportion. 

Illustration. For the mix as designed in Art. 11 according to 
Fuller’s rule, the quantities required per cubic yard of concrete 
are as follows: 


11 
— = 3a < 
G 1 + 2.23 + 3.92 Pee 
S = 1.54 X 2.23 X i = 48 cu. yd. 
= 1:54 X 3:92-X ee = .85 cu. yd, 


From Fig. 1b for the real mix of 1:4.6, 5.6 sacks or 1.40 bbl. of 
cement are required. The amount of sand is 5.6 X 2.23 = 12.5 
cu. ft. = .46 cu. yd., and the amount of coarse aggregate is 
5.6 X 3.92 cu. ft. = .81 cu. yd. 

14. Mixing. Machine-mixed concrete is usually more uniform 
in quality than that mixed by hand and is, of course, more 
economical where there is any great amount of concrete involved. 
Where, however, the amount of concrete to be mixed is small, 
hand mixing may be more economical, but whenever this method 
is used, careful superintendence is necessary to insure that the 
work is thoroughly done. 

The time of mixing is a very important factor in the strength of 
concrete, so this element should receive detailed attention. The 
effect of the duration of the mixing operation is shown by Fig. 2, 
which is based upon tests made by Professor H. H. Scofield at 
Purdue University.?! While these concretes are much stronger 
than the average concrete, this does not affect the significance of 
the results. They show that there is a decided advantage gained 
by operating the mixer much longer than the usual time allowed. 
Similar tests made at the Structural Materials Laboratory, 
Chicago, by Duff A. Abrams”? with a wider range of concretes 
show similar results. The results differed from the tests of Fig. 
2 in that the increase of strength was not so rapid over the first 
portion of the curve, 7z.e., a concrete mixed from 14 to 114 min. 


71 See Hing. Contr., Jan. 27, 1915. 
22 See Can. Eng., July 25, 1918. 
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showed a larger proportional strength to a concrete mixed 10 
min. than did the tests of Professor Scofield. Furthermore, 
the time of mixing was not carried beyond 10 min. in this second 
set of tests, but the results seemed to show that had this been 
done, a somewhat further increase in strength would have resulted. 

The Joint Committee recommends that “the mixing of each 
batch shall continue not less than 1 min. after all the materials 
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are in the mixer, during which time the mixer shall rotate at a 
peripheral speed of about 200 ft. permin. . . . Hand mixing. . . 
shall be done on a water-tight platform. The cement and fine 
aggregate shall first be mixed dry until the whole is of uniform 
eolor. The water and coarse aggregate shall then be added and 
the entire mass turned at least three times, or until a homogene- 
ous mixture of the required consistency is obtained.”’ 

15. Regaging. The Joint Committee recommends that the 
remixing of concrete which has partially hardened shall not be 
permitted, and most specifications set a limit of elapsed time 
between the mixing and final deposition in the forms. While it is 
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generally advisable not to permit retempering on account of the 
difficulty of insuring that all of the concrete is thoroughly and 
properly remixed, when this operation is performed in an approved 
manner with enough water added to bring the concrete to its 
original consistency, it is beneficial to the strength. The addi- 
tional working given the concrete no doubt accounts for this 
increase. The retempering must be done before the concrete 
reaches its final set, and the best results are obtained with 
concrete regaged from 1 to 3 hours after the first mixing. The set 
of remixed concretes is permanently retarded. This by itself 
would make it inadvisable to allow this practice in cold weather. 

16. Depositing Concrete in the Forms. The concrete should 
be placed in the forms as soon as possible after the mixing is 
completed, in a manner which shall prevent separation of the 
ingredients. It should not all be dumped in one place and 
allowed to flow horizontally, but deposited in approximately 
uniform layers, in order to prevent the separation of the coarse 
aggregate from the mortar. Forms should be as tight as possible 
to prevent the loss of cement carried by the escaping water, and 
should be filled continuously without stoppage in order to prevent 
the formation of laitance or ‘“‘days’ work’ planes. Laitance 
is a whitish substance consisting of the finest particles of the 
cement together with some of the silt and clay from the aggregates. 
It is brought to the surface of freshly mixed concrete where 
excess water is used (as it usually is in reinforced concrete) and, 
as it hardens very slowly and never acquires much strength, it 
constitutes a plane of weakness. Where continuous deposition 
is impossible, the laitance should be scraped off and the surface 
of the old concrete roughened before deposition is resumed. 
Sufficient puddling and tamping should be done to insure that 
the concrete completely fills the forms and is in thorough contact 
with the reinforcement. Forms of considerable height should 
be provided with means of depositing the concrete without drop- 
ping it through too great a distance. Besides the separation 
that is bound to take place unless this is done, both forms and 
reinforcement become coated with hardened concrete long before 
they are completely filled, and this may form planes of weakness 
in the top of the structure. 


PLAIN CONCRETE 29 


17. Rodding. Experiments made at the University of Texas 
1917-1919"? show that concrete of the ordinary consistency used 
in reinforced concrete work can be increased in strength about 
100 per cent by rodding. A 5-in. pointed round rod was used 
for the rodding and was pushed into the concrete from ten to 
twenty times at each rodding, the intervals varying from 10 to 30 
minutes. Concrete rodded at intervals for 214 hours attained 
a strength of about 100 per cent more than unrodded concrete 
of the same mix. Further rodding had no effect upon the 
strength except that in a few cases a decrease was noted when 
the rodding was carried on for several hours. The direct effect 
of rodding is to expel entrapped air and excess water, and to 
compact the concrete. Concrete of normal consistency cannot 
be used for reinforced concrete work, but by using this rodding 
process, concrete of even greater strength can be obtained with 
an original very mushy consistency. 


CurRING CONDITIONS 


18. The principal variations in curing conditions which affect 
the process of hardening and the strength of the concrete are 
variations in moisture and temperature conditions. While it is 
important that the amount of water used in mixing be controlled 
so that the consistency is as nearly normal as practical, it is just 
as important that the concrete be not allowed to dry out immedi- 
ately, if the maximum strength obtainable is to be attained. 
All concrete should be protected against premature drying out for 
at least 1 week, and for a longer time if the temperature is near 
the freezing point. This may be done by sprinkling with water at 
intervals, or by covering with damp or wet burlap. In road 
construction, water may be held over the entire surface by 
damming the edges with loose earth and forming a series of 
ponds. The importance of keeping the concrete moist while 
hardening cannot be too strongly emphasized. Tests show that 
a concrete allowed to dry out immediately will usually reach 
a strength of not more than 50 per cent of the strength of similar 
concrete kept moist over the entire period of curing. Figure 


23 See Proceedings, Am. Soc. for Testing Materials, vol. 20, part I], p. 219 
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3 shows this relation?‘ graphically. All test specimens were 
tested at 4 months, having had various intervals of storage in 
damp sand. Each value is the average of 24 tests (four each for 
six consistencies). 

The relation between the mean temperature during the curing 
period and the strength of concrete is illustrated by Fig. 4.°° 
The tests from which the curves were plotted covered a wide 
range of temperature conditions, and the results were fairly 
consistent. A knowledge of the effect of the mean temperature 
upon the strength is very necessary in determining the time 
when forms may be removed and loads applied, and a careful 
study of Fig. 4 will furnish the necessary information for deter- 
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mining the relative length of time the forms should be kept in 
place under different temperature conditions. 

By combining high temperatures with a saturated condition 
of the atmosphere, it would follow that accelerated hardening of 
the concrete would be obtained. These conditions are brought 
into being by the application of live steam to concrete while 
hardening. This method is especially useful in the manufacture 


*4 Taken from Bulletin 2, Structural Materials Research Laboratory, Lewis 
Institute, Chicago, Ill. 

> Taken from Bulletin 81, Engineering Experiment Station, University of 
Illinois. 
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of concrete blocks, tile, small pipe, etc. where the saving in forms, 
storing space, and time is important. By placing the concrete 
products in a confined space, and applying the steam under 
pressure, a still more rapid increase in strength will be attained. 
The steam should not be applied until after the concrete has 
obtained. an initial set. Results of tests show that up to 80 lb. 
per sq. in. gauge-pressure steam has an accelerating action 
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on the hardening of concrete, and that the compressive strength 
increases with the pressure and time of exposure. The appli- 
cation of the steam, too, permanently accelerates the hardening 
after the exposure to steam ceases. Concrete so treated has 
reached a compressive strength in 2 days (exposure to steam 
under pressure 24 hours) greater in some cases by 100 per cent 
than unsteamed concrete has reached in 28 days. 

19. Freezing. The effect of low temperatures in delaying the 
hardening of concrete is shown in Fig. 4. When water reaches 
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a temperature of 39 deg. Fahrenheit some subtle change occurs 
which decreases its chemical ability for combination. This 
change becomes more marked as the freezing point is approached, 
and concretes placed with the temperature near the freezing 
point take several times as long to obtain a final set as concretes 
cured at normal temperatures. In case of dry atmospheric con- 
ditions much of the water may evaporate before the final set 
takes place, and insufficient water be left to combine chemically 
with the cement. In case the temperature falls below the freez- 
ing point before final set, the expansion of the water while freezing 
exerts a force sufficient to destroy the cohesion between the 
particles of the green concrete. 

The injurious effect of freezing is lessened by two factors, 
namely, that concrete is a very poor conductor of heat, and that 
the chemical action of setting and hardening generates a certain 
amount of heat to combat the freezing action of the atmospheric 
conditions. Thus the serious injury is usually confined to the 
surface of the concrete, and rarely penetrates more than an inch 
or two in depth. In massive members this may not seriously 
impair the strength, but be harmful only to the appearance. 
In the smaller members, however, a large percentage of the 
strength may be lost. 

Various methods are used to prevent the freezing of concrete, 
namely, heating the materials, covering the green concrete, 
adding certain salts to the mixture to lower the freezing point of 
water, etc. The Joint Committee recommends that: 

“‘Tn freezing weather suitable means shall be provided for main- 
taining a temperature of at least 50 deg. Fahrenheit for not 
less than 72 hours after placing, or until the concrete has 
thoroughly hardened . . . Salt, chemicals, or other foreign 
materials shall not be mixed with the concrete for the purpose of 
preventing freezing, unless approved by the Engineer.” 


Errects oF MISCELLANEOUS AGENCIES AND CONDITIONS ON THE 
STRENGTH AND DURABILITY OF CONCRETE 


20. Salts, Hydrated Lime, and Water-proofing Compounds. 
Common salt is often added to the mix to lower the temperature 
at which the water will freeze. The addition of salt lowers the 
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freezing point about 1 deg. Fahrenheit for each 1 per cent of 
salt added to the mixing water. This has been shown to be 
beneficial to the strength of concretes cured at freezing tem- 
peratures up to 12 per cent. More than this amount of salt has 
generally proved injurious. With normal temperatures the 
addition of common salt is injurious, the decrease in strength 
being roughly proportional to the percentage of salt added. The 
set is retarded in all cases, and in reinforced concrete the salt 
is likely to cause corrosion of the steel. 

Calcium chloride is used for the same purpose as common salt. 
Not such a large percentage is beneficial to strength as in the 
case of common salt, but up to 4 per cent concretes cured at any 
temperature are benefited, and the setting is accelerated. Tests 
made at the University of Wisconsin”® indicated that the best 
effect was obtained with a mixture of 2 per cent of calcium 
chloride and 9 per cent of common salt. 

The use of hydrated lime in quantities up to 15 per cent of the 
weight of the cement has been advocated by various authorities 
on the theory that it improved the workability of the concrete 
or increased its strength and water-tightness. In lean mixtures 
it is true that the addition of hydrated lime does have a marked 
effect in producing a more plastic and better working concrete. 
In the richer mixes this effect is less pronounced. Some tests 
have shown a slight increase in strength with the use of a small 
percentage of hydrated lime. It appears that if the hydrated 
lime is added without decreasing the amount of cement or 
increasing the amount of water, such an increase usually occurs, 
but if some of the cement is replaced by hydrated lime, a reduc- 
tion in strength can be expected. 

Various water-proofing compounds in powdered or liquid form 
are sometimes used to make a more impervious concrete. They 
are either added to the mixing water, mixed with the cement on 
the job, or added to the cement during its manufacture. Their 
function is to fill the voids or pores of the concrete with a more or 
less soapy, insoluble filler, and thus prevent the percolation of 
water through the concrete. The results obtained are varied. 
Some practically impervious concrete has been produced, while 


26 Wisconsin Eng., Oetober, 1913. : 
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on other work the water-proofing has not been successful. 
Practically all of the compounds in use detract from the com- 
pressive strength of the concrete. Fully as impervious concrete 
can generally be obtained by using a slightly richer mix, well- 
graded fine aggregate, as stiff a consistency as possible, and 
thoroughly puddling the concrete as it is placed. 

Certain classes of mineral oils have been used in concretes for 
damp-proofing them or reducing their permeability, but the 
results obtained do not warrant their use. 

21. Alkali. The action of alkali on concrete is a problem pecul- 
iar to the prairie regions of the west. These regions, because 
they have a low rainfall and poor drainage, present extraordinary 
conditions in respect to the amounts of soluble salts present in 
the soil. These salts are mainly sodium, magnesium, and calcium 
sulphates. Seepage water from shallow excavations commonly 
shows concentrations of from 1 up to 6 per cent or more. Chemi- 
cal action between these sulphates and the cement causes the 
decomposition of the concrete, the physical action resembling 
exactly that of frost. Cases have been cited where concrete 
immediately above and free from such contact was in first-class 
condition. The action is slow and retarded by impermeability, 
but while there is reason to believe that well-made structures of 
dense concrete will stand up indefinitely in sea-water where 
constantly immersed, there is no doubt that equally well-made 
concrete will not stand up long in contact with ground waters of 
high alkali content. The life of a structure in contact with such 
waters may be lengthened by following the same precautions that 
should be used in making and placing concrete which is subject 
to the action of sea-water, and by providing drainage such that as 
small an amount of alkali water as possible shall come in contact 
with the finished concrete.?’ 

27 The Joint Committee specifies that: ““Concrete in alkali waters or 
below the ground line of alkali soils shall contain a minimum of 134 bbl. 
(7 bags) of Portland cement per cubic yard in place . . . Concrete shall 
be placed in such a manner as to minimize the number of horizontal or 
inclined seams, or work planes. Metal reinforcement or other corrodible 
metal shall not be placed closer than 2 in. to the surface of members exposed 


to alkali soils or waters. In foundations and in heavy structures the metal 
reinforcement shall not be placed closer than 3 in. to the surface.” 
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22. Oils, Acids, and Sewage. Concrete thoroughly hardened 
is unaffected by mineral oils such as ordinary petroleum or engine 
oils. Various animal and vegetable oils may slightly weaken 
and disintegrate a concrete, but such cases are rare. 

Acids which seriously injure other materials will also injure 
concrete. The condition where this is most likely to occur is 
in the discharge of acids in sewage. Strong sulphuric acid in 
contact with the concrete converts the carbonate of lime into 
sulphate of lime, which is soft and easily corroded. Two factors, 
however, tend to make this effect less marked; first, the likelihood 
of the acid being so much diluted by the water of the sewage as to 
be practically harmless, and second, the greasy substance which 
is usually found to coat the perimeter of a sewer under the 
water line prevents the full action of the acid upon the cement. 

23. Manure. Manure is sometimes used to cover fresb con- 
crete in freezing weather. Since dry manure is a poor conductor 
of heat, and since during decomposition it generates heat, it is 
quite effective in preventing freezing of the concrete. Unless 
the work is first covered by some impermeable material, the uric 
acid in the manure is likely not only to discolor the green concrete 
but partially to disintegrate it. If the manure becomes wet 
during the early stages of the hardening of the concrete, unless 
the latter is efficiently protected, the disintegrating effect may 
be quite marked. Thoroughly hardened concrete is sometimes 
discolored by contact with manure, but its strength is not 
impaired. 

24. Electrolysis. Although in most structures the danger of 
action by electrolysis is negligible, there are certain conditions 
where reinforced concrete may be seriously damaged by the flow 
of an electric current between the concrete and the steel. If 
electrically positive reinforcement is in contact with concrete, it 
will become corroded, provided the concrete is sufficiently moist 
and the voltage sufficiently high. The corrosion of the reinforce- 
ment with its consequent expansion causes cracking in the 
concrete. Strong currents, however, of high enough voltage are 
not usually found under actual conditions, so danger from this 
source is very rare. Common salt, even in amounts less than 
1 per cent, increases the rate of corrosion of the reinforcement 
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since it increases the conductivity of the concrete. This rate of 
increase is so tremendous that special care should be taken in 
structures exposed to contact with sea-water to prevent the flow 
of stray electric currents. In constructions where stray electric 
currents may be expected, no salt should be used in the concrete. 
Electrically negative reinforeement in contact with concrete 
produces a softening effect upon the latter, which may extend 
for 14 in. or more all around the reinforcement. This softening 
effect eventually completely destroys the bond between the 
concrete and the steel. It manifests itself at all voltages, the 
rate being approximately proportional to the voltage. 

25. Sea-water. Almost invariably, specifications forbid the 
use of sea-water in mixing concretes. The detrimental effect to 
the concrete itself is usually not so large except in very lean 
mixtures, but in reinforced concrete construction where sea- 
water is used in mixing, the corrosion of the steel is likely to be 
serious, and may eventually result in the complete destruction 
of the work. 

The reliability of concrete and reinforced concrete when 
exposed to the action of sea-water is variable, but, under favor- 
able conditions and with proper care, structures comparing 
favorably in durability with those of timber or steel can be 
constructed. <A richer and denser mix should be used than for 
ordinary construction, in order to insure against the infiltration of 
water into the concrete, which causes, in the case of plain concrete, 
complete disintegration due to chemical reaction, or in the case 
of reinforced concrete, failure due either to electrolysis or to 
rusting of the steel. Just enough fresh water should be used in 
mixing so that the concrete settles around the reinforcing rods 
with light tamping. The forms should be oiled to insure a 
smooth surface, and if practical, a richer mortar coat should be 
applied next the forms at the same time the other concrete is 
placed. Reinforcing material should be protected by at least 
3 in. of concrete. Construction joints should be avoided, and the 
concrete should not be exposed to the sea-water until it is thor- 
oughly hardened.?§ 

*8 The Joint Committee specifies that: ‘Plain concrete in sea-water from 
2 ft. below low water to 2 ft. above high water, or from a plane below to a 
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STRUCTURAL PROPERTIES OF CONCRETE 


26. Compressive Strength. The ultimate strength of a 
concrete normally increases with age. This increase proceeds 
very rapidly for the first few days after the concrete is placed, 
but becomes more gradual as time goes on, though continuing 
at a more reduced rate for an indefinite period. ‘The compressive 
strength of concrete at the age of 28 days is generally used as a 
measure of the quality of the concrete. This assumes proper 
mixing and placing and suitable curing conditions. The com- 
pressive strength of the concrete is based on tests of 6- by 12-in. 
or 8- by 16-in. cylinders made in accordance with the Standard 
Methods of Making and Storing Specimens of Concrete in the 


plane above wave action, shall contain a minimum of 134 bbl. (7 bags) of 
Portland cement per cubic yard in place. Other plain concrete in sea-water 
or exposed directly along the sea coast shall contain a minimum of 114 bbl. 
(6 bags) of Portland cement per cubic yard in place. Porous or weak 
aggregates shall not be used . 

“Sea-water shall not be allowed to come in contact with the concrete until 
it has hardened for at least 4 days. Concrete shall be placed in such a 
manner as to minimize the number of horizontal or inclined seams or work 
planes. The placing of concrete between tides shall be a continuous 
operation, . . . where it is impossible to avoid seams or joints the surface 
of the set concrete shall be roughened . . . , thoroughly cleaned of foreign 
matter and laitance, and saturated with water. The new concrete placed in 
contact with the hardened or partially hardened concrete shall contain an 
excess of mortar to insure bond. To insure this excess mortar at the junc- 
ture of the hardened and newly deposited concrete, the cleaned and satu- 
rated surfaces of the hardened concrete, including vertical and inclined 
surfaces, shall first be slushed with a coating of neat cement grout against 
which the new concrete shall be placed before the grout has attained its 
initial set. Concrete shall be deposited in sea-water only when so directed 
by the Engineer .. . 

“Metal reinforcement shall be placed at least 3 in. from any plane or 
curved surface, except at corners when it shall be at least 4 in. from adjacent 
surfaces. Metal chairs, supports, or ties shall not extend to the surface of 
the concrete. Where unusually severe conditions of abrasion are antici- 
pated, the face of the concrete from 2 ft. below low water to 2 ft. above high 
water, or from a plane below to a plane above wave action, shall be pro- 
tected by creosoted timber, dense vitrified shale brick, or stone of suitable 
quality, as designated on the plans or as required by the Engineer.” 
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Field, of the American Society for Testing Materials” and tested 
in a well-equipped laboratory by a competent operator. 

The ultimate compressive strength expressed in pounds per 
square inch is used as a basis for determining the unit stresses to 
be used in design, for it has been found that practically all of the 
other structural properties of a conerete are proportional to the 
compressive strength, 

27. Tensile Strength. ‘The tensile strength of concrete is a 
property of little importance, because it is so low in comparison 
with the compressive strength that it is usually neglected alto- 
gether in the design of reinforced conerete structures, It may 
be roughly estimated as having a value of about 10 per cont of 
the compressive strength, 

28. Transverse Strength. ‘The transverse or flexural strength 
of concrete is low as compared with its compressive strength, 
but much greater than the strength in pure tension, The trans- 
verse strength is measured by the stress developed in beam 
action. Ina reinforced conerete member this strength is usually 
disregarded, and steel reinforcement is placed in the member to 
develop the flexural stresses on the tension side, Load tests, 
however, on reinforced concrete structures have shown that the 
transverse strength of the conerete contributes to a marked 
degree in increasing the capacity of the structure, ‘Tests made 
by Duff A. Abrams*® indicate that at 28 days, the transverse 
strength varies from 26 per cent of the compressive strength 
for a 1000-lb. per sq. in, conerete to 15 per cent for a 4000-lb, 
per sq. in, concrete, 

29. Shearing Strength. ‘The shearing strength of concrete is 
important in that failure by shear on a diagonal plane often 
occurs in short compression specimens, ‘The direet shear must 
not be confused with the combination of shear and diagonal 
tension that occurs in the web of a beam. The resistance of 
concrete to direct shear is difficult to determine, as it is almost 
impossible to eliminate the effeet of bearing, diagonal tension, 
and other stresses, so that different series of tests show quite a 

29 See Standards 1924, Am, Soe, for Testing Materials, p. 762, 


80 See Bulletin 11, Structural Materials Research Laboratory, Lowis 
Institute, Chicago, 
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variation from one another. For most concrete the shearing 
strength is at least 60 per cent of the compressive strength, and 
will need to be considered in design only in exceptional cases. 

30. Elasticity. Concrete is not a perfectly elastic material, 
there being a slight decrease in the ratio of stress to strain as the 
stress increases. Concrete also shows a permanent set under the 
smallest loads, but within working limits this permanent set does 
not continue to increase under repeated applications of the load. 
Within these limits, therefore, there is a fairly constant relation 


Oh b 
Deformation 
ItGao: 


between stress and strain, which may be considered as the modu- 
lus of elasticity of the concrete. 

Since the stress-strain line is curved almost from the beginning, 
the method of calculating the modulus of elasticity needs to be 
considered. Figure 5 is a typical stress-strain diagram with the 
curvature somewhat exaggerated. A load producing a stress 
Oc has been applied and removed a sufficient number of times 
until the permanent set Oa shows no further increase, and all 
points on the stress-strain line ad fall on an approximately 
straight line. The deformation measured from the original 
position, for a stress Oc, is Ob, and the slope of the line Od is 
called the ‘‘secant modulus.” The slope of the tangent to the 
curve, represented by OT’, is known as the ‘initial modulus” or 
‘initial tangent modulus.” 
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In reinforced concrete design the principal use of the modulus 
of elasticity is to determine the value of the relative stresses 
carried by the steel and concrete, assuming that there is perfect 
bond between the two materials. For such a computation the 
deformation should be measured from the original position, and 
the ‘‘secant modulus”? should be used. In the case of a beam 
where the stress in the concrete varies according to the “‘straight- 
line”’ theory, the ‘‘secant modulus,’’ while not exactly represent- 
ing the conditions, is nearer to the exact conditions than the 
“jnitial modulus.”’ The relation between the ‘‘secant modulus”’ 
and the ‘initial modulus”’ is not a constant, but for all but the 
smallest loads the former is the smaller. 

There is a relation between the modulus of elasticity of a 
concrete and its compressive strength, but this relation is not 
linear. Stanton Walker*! expresses this relation for usual con- 


cretes as H = 33,000 SS, where # = the initial modulus, and S 
the compressive strength of the concrete. The tests from which 
this relation was determined covered a wide range of consistencies, 
mixes, times of mixing, curing conditions, and age at time of test. 
These tests also showed that the modulus of elasticity increases 
as the aggregate becomes coarser (within certain limits), that it 
increases with age, the richness of the mix, and time of mixing, 
and is less for wet than for dry consistencies. 

The value for this initial modulus for concrete at the age of 28 
days varies from about 1,500,000 to 5,500,000 Ib. per sq. in. with 
a somewhat narrower range for the usual concretes. The values 
most often used in design are generally somewhat smaller, the 
Joint Committee specifying as follows: 


é ee Ratio modulus of elas- 
Compressive strength of concrete at 28 days in dicitecot steskeadba tes 
lb. per sq. in. 
the concrete 
150022200 555 ce parte ane eink d wha de ee 15 
22002900... & Mev eer, Mom speicese ets Ann cere 12 
ZOU OR INOLG Ree eae geen eee eee een eee 10 


31See Bulletin 5, Structural Research Materials Laboratory, Lewis 
Institute, Chicago. 
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‘The modulus of elasticity of the steel is taken as 30,000,000 lb. 
per sq. in. 

31. Elastic Limit. For the same reasons as those given at the 
beginning of the previous section, there can be no elastic limit in 
the true sense of the term. There appears to be a stress, however, 
below which repetition of the same load does not cause appreci- 
able increase in set, while beyond this stress, repetition of load 
causes increased set indefinitely, and final failure far below the 
normal ultimate strength. This stress may be considered as the 
elastic init. Tests show quite a range of values, varying from 
25 to 90 per cent of the ultimate compressive strength, but for 
the average concrete, it is probably in the neighborhood of from 
40 to 60 per cent of the ultimate compressive strength. 

32. Contraction and Expansion. Concretes expand as the 
temperature is raised, and contract as the temperature is lowered. 
The coefficient of expansion per degree of temperature change 
increases somewhat with the richness of the mix, but the range of 
values is small. Tests made in the laboratories of Cornell 
University gave a range of values of from .00000677 for a 1:14: 
3 concrete to .00000537 for a 1:3:6 concrete, with an average for 
all tests of .00000604. Other tests have shown a close agree- 
ment. The value generally used is .000006 per deg. Fahrenheit. 

Concretes expand in volume if kept wet or immersed in water, 
and contract if exposed to air. This property is not confined to 
freshly placed concrete, but is characteristic of concretes of many 
years’ service. A concrete which dries out in air may be expected 
to contract from .02 to .05 per cent, and when immersed in 
water may expand at least one-half of this amount. 

This tendency to change in volume with different moisture 
conditions and changes in temperature does, of course, set up 
stresses of both tension and compression in a restrained rein- 
forced concrete structure. The tensile stresses often exceed the 
amount that the concrete can sustain, and cracks result. 

33. Bond. The adhesion of new concrete to work previously 
placed, becomes an important consideration in certain classes of 
construction. Very few tests of this property, however, have 
been made. ‘Tests made by Hector St. George Robinson in 1912 
indicate that a thorough cleaning of the old surface is beneficial to 
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bond. When the old surface was roughened, cleaned, either 
treated with hydrochloric acid or coated with cement grout, a 
joint of about 80 per cent efficiency was obtained. Merely 
wetting the surface gave an efficiency of about 40 per cent, and 
wetting and roughening something more than 50 per cent. If 
the old concrete is not thoroughly wetted, it will draw the 
moisture from the new concrete, often leaving not enough in 
the latter for a normal consistency, and resulting in weak con- 
crete near the joint as well as producing a joint of low efficiency. 
(For bond between concrete and steel see Art. 46.) 

34. Weight. The weight of a concrete varies somewhat with 
the proportions of the mix, the consistency, and the character 
of the aggregate. The richer concretes are slightly heavier, and 
the wetter consistencies are lighter, except when cinders are used 
as the coarse aggregate. A stone or gravel concrete will usually 
weigh between 140 and 150 lb. per cu. ft., with an average 
of about 145 lb. per cu. ft. In reinforced concrete the steel adds 
from 3 to 5 lb. per cu. ft., and the weight of reinforced concrete 
(including the steel) is usually taken as 150 lb. per cu. ft. The 
weight of cinder concrete may be taken as 115 lb. per cu. ft. 


OTHER PROPERTIES OF CONCRETE 


35. Resistance to Fire. Concrete is not only incombustible, 
but also a poor conductor of heat. Hence it is a splendid fire- 
resisting and fire-proofing material. Clay products and building 
stones are equally non-combustible, but they possess greater 
conductivity and a higher coefficient of expansion. The low 
coefficient of expansion lessens the tendency to crack when 
heated, and the low conductivity prevents the transference of the 
heat of the fire to the interior of the mass and to the reinforcing 
steel. Tests of conductivity have shown that when the surface 
of a mass of concrete is exposed for hours to a high heat, the 
temperature at a depth of 1 in. beneath the surface is consider- 
ably lower, while at a depth of 3 in. or more the rise in tempera- 
ture is very slight. 

The low thermal conductivity of concrete is to a large extent 
due to voids in the material. Neat cement, with a void content 
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about twice that of the average concrete, shows a corresponding 
decrease in its conductivity. It is also partly due to the absorp- 
tion of the heat of vaporization by the water of combination in 
the hardened cement. The absorption of heat by the surface 
material as it becomes dehydrated retards the dehydration 
of the concrete beneath. The surface concrete which is injured 
by heat, but which remains in place, affords protection for the 
material farther in, as it is a poorer conductor than thé original 
concrete. 

The experience gained from some of the great fires, for example, 
those of Baltimore and the Edison Plant, etc., has shown that 
concrete exposed to high heat for a considerable length of time 
becomes calcined to a depth of from 14 to 34 in. but shows no 
tendency to spall off except at exposed corners and edges. 

The Joint Committee specifies as follows for concrete covering 
over steel reinforcement: 

“Metal reinforcement in fire-resistive construction shall be 
protected by not less than 1 in. of concrete in slabs and walls, and 
not less than 2 in. in beams, girders, and columns provided 
aggregate showing an expansion not materially greater than that 
of limestone or trap rock is used; when impracticable to obtain 
aggregate of this grade, the protective covering shall be 1 in. 
thicker and shall be reinforced with metal mesh having openings 
not exceeding 3 in., placed 1 in. from the finished surface.” 

An idea of the severe test which concrete may be expected to 
pass as a fire-resisting material may be obtained from the follow- 
ing specification of the Building Code of the City of New York 
for fire-proof partition walls. 

‘A vertical panel of not less than 14 ft. long and 9 ft. high shall 
be subjected to a fire continuous for not less than 1 hour at an 
average temperature of 1700 deg. Fahrenheit during the latter 
half hour, followed by an application for not less than 24 min- 
utes of a hose stream from a 1 in. nozzle at 30 lb. nozzle pres- 
sure, without passage of flame during the test.” 

36. Weathering Qualities. The principal weathering agencies 
affecting the durability of concrete are variation in temperature, 
wind, rain, and variation in moisture conditions. Changes in 
temperature and moisture conditions cause more or less expansion 
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and contraction in concretes, which in turn are apt to cause 
cracking that may result in ultimate failure. Cracking due to 
variations in temperature is likely to be confined principally to 
the surface of a structure, and may be made less harmful by the 
use of steel reinforcement so placed that a multitude of small 
cracks, which often are not visible to the naked eye, replace a few 
large and deep cracks. Expansion and contraction due to 
moisture changes are oftentimes more serious, as the moisture 
may penetrate the concrete further and cause dangerous stresses 
to be introduced. ‘The expansion and contraction of rich mixes 
are considerably more than those of the leaner mixtures, when 
moisture and temperature conditions vary. This circumstance 
is often responsible for the cracking off of a rich surface coat 
floated or plastered on a leaner base. The surface material 
not only tends to expand and contract more on account of its 
comparative richness, but it protects the underlying material 
from going through the extensive temperature and moisture 
changes which it itself is experiencing. To prevent the ultimate 
spalling off of this surface layer, as lean and as thin a surface coat 
as possible should be used, and where practicable, it should be 
applied before the leaner base has set so as to make the bond 
between the two as strong as possible. 

37. Abrasive Resistance. The extensive use of concrete in 
the construction of roads, pavements, and floors makes its resist- 
ance to wear or abrasion an important consideration. In 
general, a concrete of high compressive strength will have a high 
resistance to abrasive action. Abrasion either wears away the 
cement and sand grains or it pulls the sand grains out of the cement 
matrix. It follows, therefore, that with soft aggregates more 
cement will be needed in order to keep the wear low, while 
with hard and durable aggregates just sufficient cement is needed 
to hold the aggregate against the abrasive action. The quantity 
of mixing water used, however, the length of time of the mixing, 
and the curing conditions have more effect on the abrasive resist- 
ance than the hardness of the aggregate, and a good wearing 
surface can be produced with inferior aggregates if other condi- 
tions are favorable. Provided the proper precautions are taken, 
and a good quality concrete produced, the actual wear on the 
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surface of either a pavement or a floor will not be of any serious 
amount, no matter how heavy the traffic. 

38. Porosity. The porosity of a concrete is important princi- 
pally as a determining factor of other properties of concrete, such 
as fire-resistance, absorption, permeability, etc. It is the per- 
centage of void space in terms of the total volume. It is depend- 
ent upon the consistency of the mix and the composition and 
grading of the aggregates. Wet consistencies produce less 
porous concretes, unless the concrete eventually becomes very 
dry, when the reverse is true. Well-graded aggregates make a 
less porous concrete than others, and up to certain limits the 
greater the proportion of coarse aggregate the less the porosity. 
Concretes show from 12 to 20 per cent porosity. 

39. Absorption. The absorptive property of a concrete is 
determined by the amount of water it will absorb when exposed 
to damp conditions or when immersed in water. This property 
is of more importance in connection with mortar or stucco used as 
a plaster over metal lath, which must be protected to prevent 
corrosion. In this case a mortar showing the least absorption 
will be the most durable in the average. The average concretes 
will absorb from 8 to 14 per cent of water measured by volume, 
while some mortars will absorb still more. The amount of 
absorption increases with the wetter consistencies and dry curing 
conditions, and decreases as the proportion of cement is increased. 

40. Permeability. The permeability of concrete is measured 
by the rate at which water under a given pressure will pass 
through a given thickness of the material. It is an important 
consideration where water-tightness of floors or wall is required 
and where the percolation of water may cause serious damage. 
Permeability decreases with age and the richness of the mix, 
and generally with the continuation of the flow. Wetter con- 
sistencies seem to make less permeable concrete, particularly 
when the face of the concrete in contact with the water is 
constantly damp. A well-graded sand, with some very fine 
particles, tends to make the percolation of water more difficult. 
Ideal curing conditions are also beneficial in decreasing the 
permeability. 


CHAPTER II 
GENERAL PROPERTIES OF REINFORCED CONCRETE 


REINFORCEMENT 


41. Types. The reinforcing steel in reinforced concrete 
construction must be of such form and size that it easily may be 
incorporated as a part of the structure and provide sufficient 
surface to bond thoroughly together the two materials. In 
order to prevent the great concentration of stress at any point 
in the concrete, and in order to furnish sufficient area for bond 
strength, it is necessary to use the steel in comparatively small 
sections. With the small sections required, economy of manu- 
facture requires the use of steel in the form of round or square 
bars. These vary in size from 4 in. in diameter up to 1'9 in. in 
diameter. Bars of all diameters are not always readily obtain- 
able, and designers should confine their selections wherever pos- 
sible to the sizes manufactured by all bar companies. These 
are indicated in Table I by bold-faced type. In order to insure 
prompt delivery the number of sizes and lengths of bars to be 
used on a job should be kept as small as possible. The following 
extras In cents per 100 lb. are standard with all mills for both 
round and square bars. 


Size Extras 


Sh ann. cca Bar PO nooo nes sin sonln ms a tele Base 
oe AE Tee aye, ee eR ESE TN eh Ae rae ROME OE Fes S 10 cts. 
ANB ae Sn a Sms x a5 s sieten ew tae aa pce She ae ee ate 20 cts. 
LE ee ee te Pic id, le Pa eee Stu | 40 cts. 
Be TI ee Poa tie leis wid Sate Oe le Sele RE ae ee ee $1.00 


Lengths less than 10 ft. are subject to the following extras: 


Lengths over 60 in. and less than 120 in........... 5 cts. 
Lengths 48 in. to 60 in. inclusive. ................ 10 ets. 
Lengths 24 in. to 48 in. inclusive.................. 15 ets. 
Lengths 12 in. to 24 in. inclusive................... 30 cts. 
Length: $2 ind orlesscc 2h ce ca he ose not less than 40 cts. 
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Small quantities of the same shape and size are subject to the 
following extras: 
Tessithan’ 2000 [by to LOOM aemmnnctpiiey scr ters 20 cts. 
Less than. 1000! b:Siaceceee ets eens ne ear oe sthte 50 cts. 
There is also an extra charge for cutting less than 2000 lb. of 
any size to a specific length, whether or not the above extras 
apply. They are as follows: 


hess than: 2OOOH b= to LO0O riper cin eercverens roe eeee 10 cts. 
bess thane DOOD A cond O00: lbw tore asian selene 20 cts. 
Messithan LOU b= tosb00t bra. acai cetatecotes ote 40 cts. 
ess itlan. DUO UD. +o netie + siercecncerlsteennte yc teetats mars 60 cts. 


Plain round and square bars are often used, the necessary bond 
strength being furnished by the adhesion of the steel and concrete. 
Plain flat bars are not desirable, as the adhesion between them 
and the concrete is considerably less than for round or square bars. 
Deformed bars have been devised to furnish a bond between 
the concrete and steel independent of adhesion. This is accom- 
plished by providing projections or depressions or both on the 
surface of the bar. Some deformed bars are so shaped that the 
area of the section is constant throughout the length, while 
others have considerable difference between sectional areas taken 
at different points. Some of the common types of deformed bars 
in use are illustrated in Fig. 6. 

Wire fabric and expanded metal in various forms are used to a 
considerable extent in slabs and other thin concrete sections. 
These types of reinforcement are easy to place, and since the 
metal is so well distributed in small sections, it is especially 
well adapted to resist the cracking likely to occur from changes 
in temperature and moisture conditions. Some of the forms of 
this type of reinforcement are shown in Fig. 7. 

42. Grade. ‘Three grades of steel! are in use for reinforcing 
bars, namely, structural steel, intermediate, and hard. Some 
authorities prefer that bars of the structural steel grade only be 
used. ‘The brittleness of the hard or high-carbon steel is to be 
feared especially in light members subject to sudden impact 
stresses. High-carbon steel when used should be thoroughly 

1 See Standards 1924, Am. Soc. for Testing Materials, pp. 141 and 145. 


Structural steel 
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inspected and tested in order to prevent brittle or cracked material 


from being used in the completed structure. 
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to 85,000 lb. per sq. in., and the hard grade should have an 
ultimate strength of 80,000 lb. per sq. in. or greater. 

43. Coefficient of Expansion. The coefficient of expansion of 
steel is approximately 0.0000065 per degree Fahrenheit, and this 
value may be used in all design. 

44. Modulus of Elasticity. The modulus of elasticity of all 
grades and kinds of steel is nearly the same, and may be taken as 
30,000,000 lb. per sq. in. 


ADVANTAGES OF CONCRETE AND STEEL IN COMBINATION 


45. Since concrete is only about one-tenth as strong in tension 
as in compression, it cannot be used economically by itself for the 
construction of any member sustaining or likely to sustain 
flexural stresses. Its compressive strength is sufficiently high to 
be of structural importance, and it is a good fire-proof material; 
it is durable, and materials for its manufacture can be obtained 
in almost any locality. 

Steel, on the other hand, when not embedded in concrete, 
cannot withstand successfully great heat, and is subject to corro- 
sion. Its tensile strength is high in almost any shape of section. 
To resist compression by itself it must be made in forms of less 
concentrated cross-section than the bar, in order to have lateral 
rigidity. 

When the two materials are so arranged in a structural member, 
subject to both tension and compression, that the steel will resist 
the tension and the concrete the compression, the greatest advan- 
tage over other types of construction occurs. The member is 
more fire-proof than one constructed of steel or timber alone, and 
is often more economical. The steel is used in its cheapest form, 
the bar, and protected by its covering of concrete. In compres- 
sion members such as columns, the use of the steel is not so 
economical, but a reinforced concrete column is again the most 
permanent and fire-proof construction obtainable. Columns of 
structural steel incased in concrete may be as durable, but the 
initial cost is greater. Plain concrete columns are not safe 
construction on account of the possible bending or shearing 
forces which may develop. 
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BOND BETWEEN THE CONCRETE AND THE STEEL 


46. All reinforced concrete construction is based on the assump- 
tion that the two materials are thoroughly bonded together. The 
high value of the adhesion of concrete to steel rods embedded in it 
was known long before the days of reinforced concrete, and use 
of this property was made in anchor bolts, rods, ete. Most of 
the tests of bond have been made by embedding a short reinforc- 
ing bar in a block or cylinder of concrete and pulling it out in 
a testing machine. In such tests the concrete surrounding the 
bar is in compression, and the conditions do not correspond to 
those ordinarily existing in beams or slabs. Other tests have 
been made with the two bars embedded, one in each end, of a con- 
crete cylinder, and tension applied to each rod to determine the 
bond stress. Still other tests have been made with rods embedded 
in small reinforced concrete beams, the middle portion of the rods 
being left exposed. The results of tests of different types seem 
to show that a correct value of the bond resistance can be obtained 
by properly made tests of the simple kind first mentioned. 

From an extensive series of bond tests made at the University 
of Illinois? conclusions were reached as follows: 

Bond between concrete and steel may be divided into two 
principal elements, adhesive resistance and sliding resistance. 
The source of adhesive resistance is not known, but its presence 
is a matter of universal experience with materials of the nature of 
mortar and concrete. Sliding resistance arises from inequalities 
of the surface of the bar and irregularities of its section and align- 
ment together with the corresponding conformations in the 
concrete. The adhesive resistance must be overcome before 
sliding resistance comes into action. In other words, the two 
elements of bond resistance are not effective at the same time at a 
given point. Many evidences of the tests indicate that adhesive 
resistance is much the more important element of bond resistance. 

Pull-out tests with plain bars show that a considerable bond 
stress is developed before a measurable slip occurs. After 
the adhesive resistance is overcome, a further slip without an 
opportunity of rest is accompanied by a rapidly increasing bond 


2 Bulletin 71, Engineering Experiment Station, University of Illinois. 


52 DESIGN OF CONCRETE STRUCTURES 


stress until a maximum bond resistance is reached at a definite 
amount of slip. 

The true relation of slip of bar to bond stress can best be 
studied by considering the action of a bar over a very short 
section of the embedded length. The difficulties arising from 
secondary stresses made it impracticable to conduct tests on bars 
embedded very short lengths. The desired results were obtained 
by varying the forms of the specimens in such a way that the 
effect of different combinations of dimensions could be studied. 

Pull-out tests with plain bars of the same size embedded 
different lengths furnish data which suggest the values of bond 
resistance over a very short length of embedment, or indicate 
values of bond resistance which are independent of the length of 
embedment. Tests with bars of different size, which were 
embedded a distance proportional to their diameters, give the 
true relation when the effect of size of bar is eliminated. Two 
series of tests of this kind on plain round bars of ordinary mill 
surface gave almost identical values for bond resistance after 
eliminating the effect of length of embedment and size of bar, and 
we may consider that these values represent the stresses which 
were developed in turn over each unit of area of the embedded 
bar as it was withdrawn by a load applied by the method used 
in these tests. These tests showed that for concrete of the kind 
used (a 1:2:4 mix stored in damp sand and tested at the age of 
about 60 days) the first measurable slip of bar came at a bond 
stress of about 260 lb. per sq. in., and that, the maximum bond 
resistance reached an average value of 440 lb. per sq. in. Con- 
cluding that the adhesive resistance was overcome at the first 
measurable slip, it will be seen that the adhesive resistance was 
about 60 per cent of the maximum bond resistance. This ratio 
did not vary much for a wide range of mixes, ages, size of bar, 
condition of storage, ete. 

Sliding resistance reached its maximum value for plain bars of 
ordinary mill surface at a slip of about .01 in. The constancy 
in the amount of slip corresponding to the maximum bond 
resistance for a wide range of mixes, ages, sizes of bar, conditions 
of storages, ete. is a noteworthy feature of the tests. With 
further slip the sliding resistance decreased slowly at first, then 
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more rapidly, until with a slip of .1 in. the bond resistance was 
about one-half its maximum value. 

Bond Resistance in Terms of Compressive Strength of Concrete. 
Pull-out tests with plain round bars show end slip to begin at an 
average bond stress equal to about one-sixth the compressive 
strength of 6-in. cubes from the same concrete; the maximum 
bond resistance is equal to about one-fourth the compressive 
strength of 6-in. cubes. These values were about the same for a 
wide range of mixes, ages, and conditions of storage. In terms 
of the compressive strength of 8- by 16-in. concrete cylinders 
these values would be about 13 per cent for first end slip and 19 
per cent for the maximum bond resistance. 

Distribution of Bond Stress along a Bar. The tests indicate 
that bond stress is not uniformly distributed along a bar embed- 
ded any considerable length and having the load applied at one 
end. Slip of bar begins first at the point where the bar enters 
. the concrete, and the bond stress must be greater here than 
elsewhere until a sufficient slip has occurred to develop the 
maximum bond resistance at this point. Slip of bar begins last 
at the free end of the bar. After slip becomes general, there is an 
approximate equality of bond stress throughout the embedded 
length. 

Variation of Bond Resistance with Size, Shape, and Condition of 
Surface of Bar. The maximum bond resistance was not materi- 
ally different for bars of different diameters. 

Rusted bars gave bond resistances about 15 per cent higher 
than similar bars with ordinary mill surface. 

The tests with flat bars showed wide variations of bond 
resistance and were not conclusive. Square bars gave values 
of unit stress about 75 per cent of those obtained with plain 
round bars. 

T-bars gave lower unit bond resistance than plain round bars, 
but gave about double the bond resistance per unit of length 
than was found for the plain round bars of the same sectional area. 

With polished bars the bond resistance is due almost entirely to 
adhesion between the concrete and the steel. Numerous tests 
with polished bars embedded in 1:2:4 concrete and tested at 60 
days indicated a maximum bond resistance of about 160 lb. 
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per sq. in. or about 60 per cent of the bond resistance of bars of 
ordinary surface at small amounts of slip. 

Adhesive resistance must be destroyed, sliding resistance 
largely overcome, and the concrete ahead of the projections 
must undergo an appreciable compressive deformation before 
the projections on a deformed bar become effective in taking 
bond stress. The tests indicate that the projections do not 
materially assist in resisting a force tending to withdraw the bar 
until a slip has occurred approximating that corresponding to 
the maximum sliding resistance of plain bars. As slip continues 
a larger and larger portion of the bond stress is taken by direct 
bearing of the projections on the concrete ahead. 

In determining the comparative merits of deformed bars, the 
bars which longest resist beginning of slip should be rated 
highest, other considerations being equal. 

The concrete cylinders of the pull-out specimens with deformed 
bars were reinforced against bursting or splitting, because it was 
desired to study the load-slip relation through a wide range of 
values. In only a few tests was the maximum bond resistance 
reached at an end slip less than .1 in. It should be recognized 
that, in general, the bond stresses reported for deformed bars at 
end slip of .05 and .1 in. could not have been developed with 
bars embedded in unreinforeed blocks. These high values of 
bond resistance must not be considered as available under the 
usual conditions of bond action in reinforced-concrete members. 
In the tests in which the blocks were not reinforced, evidence of 
splitting of the blocks was found at end slips of .02 to .05 in. 

The normal components of the bearing stresses developed by 
the projections on a deformed bar may produce very destructive 
bursting stresses in the surrounding concrete. The bearing 
stress between the projections and the concrete in the tests with 
certain types of commercial deformed bars was computed to be 
from 5800 to 14,000 lb. per sq. in. at the highest bond stresses 
considered in these tests. The large slip and the high bearing 
stresses developed in the later stages of the tests show the absurd- 
ity of seriously considering the extremely high values that are 
usually reported to be the true bond resistance of many types of 
deformed bars. 


GENERAL PROPERTIES OF REINFORCED CONCRETE 55 


Round bars with standard V-shaped threads gave much 
higher bond resistance at low slips than the commercial deformed 
bars. The average bond resistance at an end slip of .001 in. 
was 612 lb. per sq. in. The maximum bond resistance was 
745 lb. per sq. in. These were the only deformed bar tests in 
which failure came by shearing the surrounding concrete. 

The 1-in. twisted square bars gave a bond resistance per unit of 
surface at an end slip of .001 in. only 88 per cent of that for the 
plain rounds. Following an end slip of about .01 in., these 
bars showed a decided decrease in bond resistance, and a slip of 
five to ten times this amount was required to cause the bond 
resistance to regain its first maximum value. After this, the 
bond resistance gradually rose as the bar was withdrawn. Some 
of the bars were withdrawn 2 or 3 in. before the highest resistance 
was reached. The apparent bond stresses at these slips were 
very high; but, of course, such stresses and slips could not be 
developed in a structure and could not have been developed in 
the tests had the blocks not been reinforced against bursting. 
Such values are entirely’ meaningless under any rational 
interpretation of the tests. 

Anchoring of Reinforcing Bars. The tests with plain round 
bars, anchored by means of nuts and with washers, only showed 
that the entire bar must slip an appreciable amount before these 
forms of anchorage come into action. Anchorages of the dimen- 
sions used in these tests did not become effective until the bar had 
slipped an amount corresponding to the maximum bond resist- 
ance of plain bars. With further movement the apparent bond 
resistance was high, but was accompanied by excessive bearing 
stresses on the concrete. 

Influence of Method of Curing Concrete. Tests on specimens 
stored under different conditions indicate that concrete stored in 
damp sand may be expected to give about the same bond resist- 
ance and compressive resistance as that stored in water. Water- 
stored specimens gave values of maximum bond resistance higher 
in each instance than the air-stored specimens; the increase for 
water storage ranged from 10 to 45 per cent. The difference 
seemed to increase with age. The presence of water not only did 
not injure the bond for ages up to 3 years, but it was an impor- 
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tant factor in producing conditions which resulted in high bond 
resistances. It was found, however, that specimens tested with 
the concrete in a saturated condition gave lower values for bond 
than those which had been allowed to dry out before testing. 
The bars in specimens which had been immersed in water as long 
as 314 years showed no signs of rust or other deterioration. 

Influence of Freezing of Concrete. Specimens made outdoors in 
freezing weather, where they probably froze and thawed several 
times during the period of setting and hardening, were almost 
devoid of bond strength. 

Influence of Age and Miz of Concrete. Pull-out tests made at 
early ages gave surprisingly high values of bond resistance. 
Plain bars embedded in 1:2:4 concrete and tested at 2 days did 
not show end slip of bar until a bond stress of 75 lb. per sq. in. 
was developed. Bond resistance increases most rapidly with 
age during the first month. The richer mixes show a more rapid 
increase than the leaner ones. ‘The tests on concrete at ages of 
over 1 year showed that the bond resistance of specimens stored 
in a damp place may be expected ultimately to reach a value as 
much as twice that developed at 60 days. 

The load-slip relation of leaner and richer mixes was similar to 
that for 1:2:4 concrete. For a wide range of mixes the bond 
resistance was nearly proportional to the amount of cement used. 
This relation did not obtain in a mix from which the coarse 
aggregate had been omitted. 

Effect of Continued and Repeated Load. When the application 
of load was continued over a considerable period of time or when 
the load was released and reapplied, the usual relation of slip of 
bar to bond resistance was considerably modified. The few 
tests which were made indicate that the bond stress corre- 
sponding to beginning of slip is the highest stress which can be 
maintained permanently or be reapplied indefinitely without 
failure of bond. 

Effect of Concrete Setting under Pressure. Bond resistance of 
plain bars is greatly increased if the concrete is caused to set 
under pressure. With a pressure of 100 lb. per sq. in. on the 
fresh concrete for 5 days after molding, the maximum bond 
resistance was increased 92 per cent over that of similar bars in 
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concrete which had set without pressure. The greater density 
of the concrete and its more intimate contact with the bar seem 
to be responsible for the increased bond resistance. Light 
pressure gave an appreciable increase in bond resistance. With 
polished bars the effect of pressure was slight. 

As might have been expected, the compressive resistance of 
concrete setting under pressure was increased in much the same 
ratio as the bond resistance. At the age of 80 days the initial 
modulus of elasticity in compression for concrete which set 
under a pressure of 100 lb. per sq. in. was about 37 per cent higher 
and the compressive strength was increased by about 73 per cent 
over that of concrete which had set without pressure. The 
density of the concrete, as determined by the unit weights, was 
increased about 4 per cent by a pressure of 100 lb. per sq. in. on 
the fresh concrete. The increase in strength and density was 
relatively greater for the low than for the high pressure. A pres- 
sure continued for 1 day, or until the concrete had taken its final 
set and hardening had begun, seems to have produced the same 
effect in increasing the strength and elastic properties of the 
concrete as when the pressure was continued for a much longer 
period. 

The comparison of the bond stresses developed in beams and 
in pull-out specimens from the same materials is of interest. 
Such a comparison should be made for similar amounts of slip. 
In the pull-out tests the maximum bond resistance came at a 
slip of about .01 in. for plain bars. The mean bond resistance 
for the deformed bars tested was not materially different from 
that of the plain bars until a slip of about .01 in. was developed; 
with a continuation of slip the projections came into action and 
with much larger slip high bond stresses were developed. The 
beam tests showed that about 79 to 94 per cent of the maximum 
bond resistance was being developed when the bar had slipped 
to .001 in. at the free end; hence the bond stress developed at an 
end slip of .001 in. was used as a basis of the principal compari- 
sons in the pull-out tests. It is recognized, however, that, under 
certain conditions, the stresses developed at larger amounts of 
slip may have an important bearing on the effective bond 
resistance of the bar. 
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The pull-out tests and beam tests gave nearly identical bond 
stresses for similar amounts of slip in many groups of tests, but it 
seems that this was the result of a certain accidental combination 
of dimensions in the two forms of specimens and it did not 
indicate that the computed stresses in the beams were the correct 
stresses. It is believed, however, that a properly designed pull- 
out test does give the correct value of bond resistance, and gives 
values which closely represent the bond stresses which actually 
exist in a beam or other member as slipping is produced from 
point to point along the bar. The relative position of the bar 
during molding may be expected to influence the values of bond 
resistance found in the tests. 

A working bond stress equal to 4 per cent of the compressive 
strength of the concrete tested in the form of 8- by 16-in. cylinders 
at the age of 28 days (equivalent to 80 lb. per sq. in. in concrete 
having a compressive strength of 2000 lb. per sq. in.) is as high 
a stress as should be used. This stress is equivalent to about 
one-third that causing the first slip of bar and one-fifth the 
maximum bond resistance of plain round bars as determined from 
pull-out tests. The use of deformed bars of proper design may 
be expected to guard against local deficiencies in bond resistance 
due to poor workmanship and their presence may properly be 
considered as an additional safeguard against ultimate failure 
by bond. It does not seem wise, however, to place the working 
bond stress for deformed bars much higher than that used for 
plain bars. 

The Joint Committee recommends a bond stress of .04 of the 
ultimate compressive strength for plain bars and .05 for deformed 
bars. 

47. Length of Embedment of Reinforcing Bars to Develop 
Full Strength in Bond. 

Let 
= allowable unit tensile stress in the steel 
= the area of the bar 
o = the circumference or perimeter of bar 
7 = diameter or thickness of bar 
u = allowable unit bond stress between the concrete and the 

steel 


as 
el 
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x = required length of embedment 
For round bars 


oh} 
mi? 
sou = A,f, or rr“ = =: 
For square bars 4iux = ifs 
1 
For any bar ee fat 
y 4u 


48. Reinforced Concrete in Tension. Early tests of rein- 
forced concrete seemed to indicate that the ultimate strength 
in tension was far greater than that of plain concrete. This was 
due to the fact that the bond between the concrete and the steel 
causes a uniform stretching of the concrete, and the cracks 
which occur when the concrete is stressed are so numerous and 
minute as to be difficult to detect when they first begin to open 
up, and do not become visible until a stretching occurs corre- 
sponding to a tensile stress much greater than the ultimate 
strength of concrete. 

A reinforced concrete beam carrying its design load is more 
heavily stressed on the tension side than the ultimate strength of 
plain concrete, provided enough steel is embedded on the tension 
side to develop the full allowable compressive strength of the 
concrete. The presence of the cracks above referred to, there- 
fore, greatly decrease the tension that can be taken by the 
concrete, and most moment formulas now in use for the design 
of reinforced concrete beams neglect entirely the tensile strength 
of the concrete. 

The effect of temperature and moisture changes on plain 
concrete is discussed in Arts. 18 and 36. If a structure having a 
large area of exposed surface is restrained by outside forces, 
these changes cause stresses to be set up in the concrete which 
will in turn cause cracks to appear on the exposed surface. 
In order to prevent the appearance of large and unsightly cracks, 
such surfaces should be reinforced with sufficient steel (generally 
about 14 of 1 per cent of the cross-section of the concrete) to 
cause the stretching due to the tension in the concrete to be 
distributed uniformly over the whole surface, and thus make the 
cracks so numerous as to be invisible. 


CHAPTER III 
BEAMS AND SLABS 


49. Stresses in Homogeneous Beams. Before commencing 
any discussion of reinforced concrete beams, a summary of the 
principles relating to homogeneous beams should be thoroughly 
reviewed. Briefly, these may be set forth as follows: 

1. At any cross-section there exist external forces which may be 
resolved into components normal and tangential to the section. 
These components which are normal to the section are stresses 
of tension and compression; their function is to resist the bending 
moment at the section. The tangential components added 
together constitute a stress known as the resisting shear. 

2. The neutral axis passes through the center of gravity of the 
cross-section. 

3. The intensity of stress normal to the section increases 
directly with the distance from the neutral axis, and is a maxi- 
mum at the extreme fiber. The intensity of stress at any given 
point in the cross-section is represented by the formula f = My/I 
in which 

f = the unit fiber stress at a distance y in. from the neutral axis. 
M =the external bending moment at the section in inch- 
pounds. 
I =the moment of inertia of the cross-section about the 
neutral axis. 

4. The longitudinal shear in pounds per square inch (v) at any 
point in the cross-section is given by the equation v = VQ/Ib 
in which 
V = the total shear at the section in pounds. 

Q = the statical moment about the neutral axis of that portion of 
the cross-section lying between an axis through the point in 
question parallel to the neutral axis, and the nearest face (upper 
or lower) of the beam. 
= the moment of inertia of the cross-section about the neu- 
tral axis, 
60 
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= the width of the beam at the given point. 

The statical moment mentioned above is the product of the 
area of the portion considered and the distance of its center of 
gravity from the neutral axis. 

5. In a beam with constant cross-section, the maximum 
values of f and v will occur where M and JV, respectively, are a 
maximum. 

6. At any point in the beam there exists a vertical shear, the 
intensity of which is equal to that of the longitudinal or hori- 
zontal shear. 

7. The intensity of shear (horizontal and vertical) along a 
vertical cross-section in a rectangular beam varies as the ordinates 
of a parabola, the intensity being zero at the top and bottom 
of the beam and a maximum at the neutral axis. The maximum 


the average intensity or 3 x ue since at the neutral axis 


Q= a and [ = ee in the equation v = ie 

8. Due to the action of shearing forces (horizontal and vertical) 
and flexure stresses, there exist, at any point in a beam, inclined 
stresses of tension and compression, the maximum values of 
which form an angle of 90 degrees with each other. The inten- 


sity of the inclined stress at any point is given by the equation 


sD 


aa v5 Shae 
= 9 + q + vy? in which 
f 


v 


the intensity of horizontal fiber stress. 

the intensity of vertical or horizontal shearing stress at the 
point. 

The inclined stress makes an angle a with the horizontal of 


such an amount that tan 2a = =" 


9. Since the horizontal and vertical shearing forces are equal 
and the flexural stresses zero at the neutral plane, the inclined 
tensile and compressive forces at any point in that plane form 
an angle of 45 degrees with the horizontal, the intensity of each 
being equal to the unit shear at the point. At the end of a simply 
supported beam where the bending moment is zero, these stresses 
act at practically 45 degrees with the horizontal for the entire 
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depth of the beam. Since the shear is zero at the point of 
maximum moment, the stresses here are horizontal. 

50. Assumptions in the Theory of Flexure. The common 
theory of flexure assumes: 

1. A plane cross-section before loading remains a plane cross- 
section after loading. 

2. The stress is proportional to the deformation. 

The first of these two assumptions implies that the unit defor- 
mations of the fibers at any section are proportional to their 
distance from the neutral axis, and the second that the unit 
stresses in the fibers vary as the distances of the fibers from the 
neutral axis. 

The common theory of flexure does not apply for wide ranges of 
stress. In the design of structures, however, the stresses used 
are only a comparatively small percentage of the ultimate, and 
the errors in the above assumptions are small and on the side of 
safety. For stresses in excess of those commonly used in design, 
the relation between stress and deformation is not constant; 
the stress-deformation diagram for such cases assumes the 
form of a parabola. 

In the following discussion, unless exception is noted, a straight- 
line variation between stress and deformation is assumed. Fur- 
thermore, the tensile strength of the concrete is neglected. 

51. Plain Concrete Beams. Plain concrete beams are ineffi- 
cient as flexual members since failure on the tension side of the 
beam occurs when but a small portion of the ultimate compressive 
strength of the concrete has been developed on the compressive 
side of the beam. ‘The strength of a plain concrete beam may 
be expressed by the equation M = es in which 
f: = the working unit stress of concrete in tension. 

e = the distance from the neutral axis to the extreme tensile fiber. 

Illustrative Problem. How great a moment can be developed 
by a plain rectangular concrete beam whose cross-section is 8 X 
14 in. if the safe working stress of concrete in tension is 125 
Ib. per sq. in.? 

uw afl _ fiba? _ 125 x 8 X 1% 
e 6 6 


= 32,670 in.-lb. 
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This assumes that the neutral axis is in the middle of the beam. 
On account of the inequality of strength of concrete in tension 
and compression this assumption is not theoretically correct, 
but for purposes of design usually gives satisfactory results. 


RECTANGULAR REINFORCED BEAMS AND SLABS 


52. Flexure Formulas. ‘The tensile and transverse strength 
of plain concrete is very low and unreliable (see Art. 48). Its 
practical uses are limited to structures or parts of structures in 
which no tensile stresses are induced, 7.e., to arches, piers, and 
certain massive constructions. In order to make concrete 
available for use in structural members involving tension, such 
as beams, for example, steel rods are embedded in the tension 
side of the beam. It is, of course, assumed that the rods are 
embedded so that the union between the steel and concrete 


Deformation Diagram Stress Diagram Section 
Fra. 8. 


is sufficient to make the two materials act as one. The purpose 
of the steel is to carry the tensile stresses. The concrete sustains 
the compressive and shearing stresses, because its resistance to 
these is comparatively large. 

Figure 8 represents a portion of a rectangular reinforced con- 
crete beam. Let AB represent any cross-section before the load is 
applied to the beam, and A’B’ the same cross-section after the 
load is applied. AA’ represents the shortening of the extreme 
upper fiber per unit of length, and BB’ the unit elongation of the 
steel. In the stress diagram, f. represents the unit compressive 
stress in the extreme fiber at the section AB. The total compres- 
sion C = (16f.kd)b = 6f.kbd, and the total tension, neglecting 
that in the concrete (see Art. 50), is 7 = A.fs, in which f, is the 
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unit stress in the steel and A, the cross-sectional area of the steel. 
For the general notation used in the following discussion, see 
Appendix A. 

For equilibrium the total compressive resistance of a beam 
must equal the total tensile resistance. From Fig. 8 


lof kdb == sts (a) 


From the assumption that deformations vary as the distance 
from the neutral axis 
AA’ kd 
BB’ d—kd (0) 
unit stress 


Since ~ unit deformation 
Asay = fe and BB’ = Ja 
Az 7 E, 
AA" xf, 
and By 7, (c) 
Nquating (b) and (c) 
a ea (@) 
from which 
_ nf(1 — k) = See | 
f= k = n(1 — k) U2) 


This equation gives the relation between the actual stresses in 
the steel and the concrete in any beam at any stage of loading, 
provided the value of k is known. 

The actual percentage of steel, p, in terms of the effective cross- 
section of the concrete is 


_ As 
P* bd 
Hence from equation (a), 
Pfs 
k= e 
gf, a 


Substituting the value of f, from equation (1) 
es 2pn(1 — k) 
k 
Solving for k, 
k= V2pn + pn” — pn (2) 
This value of k is independent of the unit stresses in the steel 
and concrete but is dependent upon the proportion of steel in 
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the beam and the ratio of the moduli of elasticity of the two 
materials. It is to be used in reviewing, 7.e., in calculating unit 
stresses or resisting moments of a beam whose dimensions and 
amount of reinforcement are known. 

From Fig. 8, 


(3) 


The resisting moment of a beam is dependent upon the strength 
of both the steel and the concrete. The resisting moment of 
each is equal to the total stress in each, 7.e., compression in 
concrete and tension in steel, multiplied by the lever arm of the 
couple, jd, or 


or jz=l- 


M, = (4f.kbd)jd = Vof.kjbd? (4) 

M, = A.f.jd (5) 
and since A, = pbd, M, may also be written as 

M, = pf.jbd’. 


The internal moments in steel and concrete are each equal to 
the external bending moment at all stages of loading (for equi- 
librium), but if the maximum allowable value of the resisting 
moment of the concrete, M., is reached before that of the steel, /,, 
it means that the beam will fail in compression before the maxi- 
mum fiber stress in the steel is reached; z.e., the beam has more 
steel than is theoretically required—it is overreinforced. 

In designing a reinforced concrete beam, it is desirable to 
place in the beam an amount of steel such that the limiting unit 
stresses or limiting resisting moments as expressed by equations 
(4) and (5) shall be reached simultaneously. If this ideal steel 
ratio is obtained 

M. = M, = Wf -kjbd? = A.f.jd = pf.jbd* 
or, M = Kbd? (6) 
in which K = 16f.kj or pfsj. : 


If the ratio ; = r, equation (d) reduces to the form “ = er 
and by solving for k 


p= — (7) 
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This value of k depends only upon the unit stresses in the steel 
and in the concrete and upon the value of the ration. There- 
fore it cannot be used in review, since the simultaneous values of 
f, and f, are not known. 

An expression for the ideal steel ratio may be obtained as 
follows: Since with this ideal percentage of steel lof.kj = pfsj, 


k n 


then p = and since for any given values of f, and f., k = pee 


or? 
the value of p becomes 
n 
P Gea) 8) 
The values of M, and M, will be equal only when the amount 
of steel placed in the beam is such that the actual steel ratio, 


A; ; : : 
p= bd.’ equals the quantity given by equation (8). On account 


of the commercial sizes of reinforcing steel in use, the actual 
ratio will be greater or less than the ideal. In the former case M, 
will be greater than M, and the strength of the beam will be 
limited by that of the concrete. For underreinforced beams 
(p less than the ideal ratio) the reverse will be true. 

The value of the external bending moment in each case varies 
according to the method of supporting the beams and the type 
of loading. For example, a simply supported beam, 7.e., one 
resting on two supports, one at each end, and not restrained 
in any way, with a uniformly distributed load, may be assumed 
as having a moment equal to )¢wil?; a partially continuous beam 
(continuous over one support only), with the same type of 
loading }4owl?; and a fully continuous beam (continuous over 
two or more supports) 14 gwil* in which w = the load per unit 
of length and 1 = the span. For other loadings and methods 
of support see Chapter VI. 

The span length 1 of freely supported beams and slabs is gen- 
erally taken as the distance between the centers of supports, but 
need not exceed the clear span plus the depth of the beam or 
slab. The span length for continuous or restrained members 
built monolithically with the supports is often considered as the 
clear distance between faces of supports. Many designers 
use the distance between the centers of supports, as the effective 
span length, both for continuous and simply supported beams. 
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53. The equations previously developed are summarized below. 


_ f-(1 — k) Bagge Li 
Is = Piste : Pile wo n(l — k) (1) 
k = \/2pn + pn? — pn (review) (2) 
, k ; 
J= 1 — 3 (3) 
M. = of -kjbd? (4) 
M, = A.f.jd = pfjbd? (5) 
M = Kbd? in which K = 16f-kj or pf (6) 
n ; 
hs rie (design only) (7) 
ry a tallive ays 8 
ee 2r(n + 1) ®) 


It is to be noted that in designing, either equation (4) or (6) 
may be used to determine the cross-section required to insure 
against crushing of the concrete under any given bending 
moment, and equation (5) to determine the area of steel 
necessary to develop the full strength of the concrete in 
compression. 

The above equations refer to flexural stresses only (tension 
and compression) and do not provide for the shearing stresses 
that exist in the beam. These are considered separately in 
Arts. 65 to 82. 

Economic and constructional considerations are usually best 
served when the cross-section of the beam is so proportioned that 
b is from one-half to three-quarters of d. Also, in order to keep 
the amount of mill or carpenter work as small as possible, the 
width of beam 6 should be chosen so that a plank of standard 
width may be used for the bottom form. In fulfilling this 
requirement, most designers consider the nominal width of the 
plank and hence proportion all beams for widths of even integral 
inches. Some designers, however, prefer to consider the actual 
width of the lumber available after dressing and proportion their 
beams accordingly. 

In the problems throughout this work the nominal width, 
only, is considered. 

54. Placing the Reinforcement. In placing the reinforcement, 
three general requirements must be fulfilled. First, there must 


68 DESIGN OF CONCRETE STRUCTURES 


be sufficient space between the rods to permit proper placing 
of the concrete around them; second, there must be sufficient 
section along the plane of the rods properly to transmit the 
stresses of tension and shear; third, there must be sufficient con- 
crete below the steel to afford ample protection for the steel. 

It is advisable in this connection to follow the recommendations 
of the Joint Committee. They require that ‘‘the minimum 
clear distance between parallel bars shall be 114 times the 
diameter of round bars or 11% times the diagonal of square 
bars, . . . but in no case shall the spacing between bars be 
less than 1 in. . . . Metal reinforcement in wall footings 
and column footings shall have a minimum covering of 3 in. of 
concrete. At surfaces of concrete exposed to the weather, metal 
reinforcement shall be protected by not less than 2 in. of concrete 

. Metal reinforcement in fire-resistive construction shall 
be protected by not less than 1 in. of concrete in slabs and walls, 
and not less than 2 in. in beams, girders, and columns . 

In structures where the fire hazard is limited, the metal rein- 
forcement shall not be placed nearer the exposed surface than 
34 in. in slabs and walls or 114 in. in beams, girders, and columns. 

The following values of the depth of concrete below the steel in 
beams and girders are used in general practice: 1 in. in the clear for 
beams whose depth is lessthan 10 in., 114 in. for depths between 10 
and 20 in., and 2 in. for depths greater than 20in. Where two or 
more layers of bars are used, there should be a minimum clear 
distance between the rows of 1 in. 

55. Allowable Unit Stresses. The allowable unit working 
stresses in the concrete as specified by the Joint Committee 
(see Art. 3) are given in Appendix B. These stresses are given 
as a percentage of the ultimate compressive strength, f’., of the 
concrete at the age of 28 days. Thus, the safe working unit 
stress in flexure is 0.40 f’., which gives, for a 2000-lb. concrete, 
a value of 0.40 2000, or 800 lb. persq.in. This issomewhat in 
excess of the working stress that has been in general use for a 
concrete of this strength. While the Joint Committee’s recom- 
mendations may be followed with safety if the work is done with 
careful attention to the details of proportioning and placing, a 
somewhat lower unit stress in flexure is specified in many munici- 
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pal building codes. To emphasize this fact, some of the following 
problems are solved with assumed working stresses which do not 
agree with the recommendations as given in Appendix B. Where 
such exception is taken, the assumed allowable unit stresses are 
given in the data of the problem. 

56. Illustrative Problems. 

I. A rectangular reinforced concrete beam has a total cross- 
section of 8 X 14 in. and a length of 20 ft.-O in. It is rein- 
forced with four 14-in. square bars in one row, the centers of the 
bars being 11% in. above the lower surface of the beam. Assum- 
ing a 2000-lb. concrete, and following the recommendations of 
the Joint Committee, Appendix B, what is the resisting moment 
of the beam? 

eens A Xo 2 

bd °§ 8° 12.6 

beein/2 X01 5015 + (0b X18)? — 01K 15 = 418 

, A18 

j= = 1881 
M. = % X 800 X .418 X .861 X 8 X 12.5” = 180,300 in.-lb. 
M, = 1.00 X 16,000 X .861 X 12.5 = 172,500 in.-lb. 

Therefore the beam is underreinforced, the strength of the 
steel governs, and the resisting moment of the beam is 172,500 
in.-lb. 

II. Use the beam of the preceding problem and find the value 
of the unit stresses in the steel, f,, and in the concrete, f., if a 
uniform live load of 175 lb. per lin. ft. is applied to it. 


Sead: = = 4 
eng Ev x 150 = 115 lb. per 


ft. The total load carried by the beam = 175 + 115 = 290 lb. 
per ft. The actual external bending moment is 


——- 7 
i tecalteas - eee inclb. 
k = .418 and j = .861 as in the preceding problem. 
174,000 = 1.00 X fs X .861 X 12.5 
fe = 16,150 lb. per sq. in. 
A418 X 16,150 


fe = 15d — 4I8) =-775 Ib. per sq. in. 


.0100 


The weight of the beam 
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This value for f, could also have been found from the equation 
for the resisting moment of the concrete. 

III. Determine the cross-section of concrete and area of steel 
required for a simply supported rectangular beam with a span 
of 18 ft.-0 in. which is to carry a live load of 375 lb. per lin. ft. 
Assume the allowable unit stress in the concrete as 650 Ib. per 
sq. in., that in the steel as 16,000 lb. per sq. in., and the ratio n 
as 15. 

Assume weight of beam as 225 lb. per lin. ft. Total load 
to be carried = 600 lb. per lin. ft. Actual external bending 
moment is 


m = 600 X 18 X 12 _ 999 000 in.-lb. 


8 
16,000 
— = = DY. 
7 650 24.6 
15 
= 15 + 24.6 aie 
379 


j=1—“ 3" =.874 


292,000 = 14 x 650 X .3879 X .874 X bd? 
from which bd? = 2710 in.’ 

Since the best proportioned rectangular beam is one in which b 
equals 14 to 34 of d, and since b should be kept in even inches in 
order to simplify the form work, b is taken as 10 in. and d as 
16.5 in. By adding 214 in. below the center of the steel, the 
total cross-section is 10 X 19 in., giving a weight of 

10 x 19 
" 444— 

Since this does not agree with the assumed value, it becomes 
necessary to check back to see whether any revision should be 
made in the design. The revised bending moment equals 

M = 1g X 575 X 18 X 12 = 280,000 in.-lb. 
280,000 = 14 X 650 X .879 X .874 X bd? 
bd? = 2600 in.’ 

To satisfy this, b = 10 in., d = 16.1 = 16.5 in., using the next 
14 in. above the theoretical. Since these results agree with 
those assumed in the revision, the design is satisfactory. 


x 150 = 200 lb. per lin. ft. 
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With these values of 6 and d 


280,000 = A.f.jd from which 
A, = 1.21 sq. in. 


Four 5¢-in. round rods, area 1.23, in one row, are selected. 

If the ideal steel ratio had been used in determining the 
quantity of steel to be placed in the beam, the procedure would 
have been as follows: 


: 15 
From equation (8) p = 2X 24.6(15 + 24.6) ~ .0077 
and A, = .0077 X 10 X 16.5. = 1.27 sq. in. 


This, it will be noticed, is slightly in excess of the area required 
as determined by the first method. This difference may be 
accounted for as follows: The value of A,, as computed by this 
latter method, represents an area of steel that will develop, 
in tension, the full compressive strength of a beam whose effective 
dimensions are 10 X 16.5 in. But in order fully to develop a 
moment of 280,000 in.-lb. as required by the problem, an effec- 
tive cross-section of only 10 X 16.1 in. was needed. The value 
of d = 16.5 in. was selected to simplify the dimensioning of the 
plans. The development of the full strength of a 10 X 16.5- 
in. beam therefore furnishes an excess of steel over that required 
to provide for the maximum external bending moment in the 
beam, and hence is a waste of material. In this case the four 
5¢-in. rods would not be sufficient. A greater difference between 
the theoretical value of d required and that furnished would 
emphasize this to a greater extent. The latter method, therefore, 
is not recommended for general use. 

57. Tables for Rectangular Beam Problems. Many of the 
computations in the design and review of rectangular beams 


may be eliminated by the use of previously prepared tables. 
n 


i Maa ae 
upon the ratio of the moduli of elasticity and the allowable unit 
stresses of the two materials. Table IV gives, for the most 
common values of and for all practical combinations of f, and f., 
the corresponding values of k as determined by the above equation. 


For example, in design, the value of k = depends only 
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k : ; 
Similar values of 7 = 1 — 3) K = !of.kj = pf.j (for use in the 


formula M = Kbd?), and p = are also given. 


2Qr(n 4 a a - 7) 

In problems involving the design of rectangular beams, if for 
any reason it should be desirable or necessary to use a value of 
d greater than that theoretically required to provide for the 
bending moment, the value of j may still be found from Table IV. 
The arguments, however, are then f,, the allowable unit stress in 


the steel, and K, the quotient of The corresponding value 


M 
bd? 
of the unit concrete stress will also be given in this table. This 
will be less than the allowable, because an effective depth in 
excess of that required for moment was used. 


Similarly, Table V, for use in the review of beams, gives the 
A 8 ' k ‘ 
values of k = V2pn + pn — pn, andj =1-— 3 for sufficient 


values of the variables p and n to make the solution of ordinary 
problems possible with but a slight amount of interpolation. 

58. Illustrative Problems Involving the Use of Tables. 

I. The use of Table IV in designing a beam may be shown by 
its application to Problem III of Art. 56. 

From this table, for values of n = 15, f. = 650, and f, = 16,000 

K = 107.7 andj = .874 
Therefore, 
280,000 = 107.7bd? and 
bd? = 2600 in.’ as before. 
Selecting 6 = 10 in. 
and d = 16.5 in. 
280,000 = A,X 16,000 X .874 & 16.5 from which 
A, = 1.21 sq. in. 
The use of the equation M = Kbd? is identical with the use of 
M. = 16f-kjbd*, since K = 16f-.kj. 

II. Problem I of Art. 56 may be solved by combining Tables IV 
and V. The problem might be reworded as follows: A rectangular 
reinforced concrete beam has a total cross-section of 8 X 14 in. 
and a length of 20 ft.-O in. It is reinforced with four 14-in. 
square bars in one row, the centers of the bars being 114 in. above 
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the lower surface of the beam. As the load is increased, which 
will fail first, theoretically, the concrete or the steel? .e., is 
the beam over- or underreinforced? What is the resisting 
moment of the beam? Use a 2000-lb. concrete, and allowable 
unit stresses as given by the Joint Committee. 

The ideal percentage of steel required to give equal strength 
in tension and compression with the allowable unit stresses for 
a 2000-lb. concrete is given in Table IV as .0107. 

g 1.0 

The actual value of p in the beam = 8x 195 .0100 

The beam is, therefore, underreinforced, and its strength is 
limited by that of the steel. 

Table V shows k = .418 andj = .861 and the resisting moment 
M = 1.0 X 16,000 X .861 X 12.5 = 172,500 in.-lb. 

Note: Table IV has been used only to determine the relative 
strength of the steel and the concrete in the beam, and not to 
determine the values of k and j. 

59. Slabs. A slab is a rectangular beam of comparatively 
large ratio of width to depth. There are, however, certain 
modifications entering into the design and review of a slab which 
it was not necessary to consider in the solution of rectangular 
beam problems. 

60. Slabs Supported on Two Sides Only. The simplest form 
of slab is one of indefinite length, supported only by two beams 
running its full length. From Fig. 9 it is seen that if a 12-in. 
strip of slab were cut out at right angles to the supporting beams, 
a rectangular beam 12 in. wide, with depth equal to the thickness 
of the slab, and length equal to the distance center to center of 
supports, would result. This strip may then be analyzed by the 
same formulas which were used in problems on rectangular beams, 
the bending moment being computed for a width of 1 ft. The 
load per square foot now becomes the load per linear foot on the 
imaginary beam. Since all of the load on the slab must be 
transmitted to the two supporting beams, it follows that all of the 
reinforcing steel should be placed at right angles to them, with 
the exception of any bars that may be placed in the other direc- 
tion to take care of shrinkage and temperature stresses. A slab 
thus consists of a series of rectangular beams side by side. 
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The ratio of steel in a slab is most readily determined by divid- 
ing the sectional area of one bar by the area of concrete between 
two successive bars, the latter being the product of the depth to 
the center of the bars and the distance between them, center to 
center. The spacing required to furnish a certain area per foot 
of width is found by dividing the area of one bar by the area 
required per inch of width. 


Fig. 9. 


61. Slabs Supported on Four Sides. When a slab is square, 
or nearly so, and the nature of the construction makes it desirable 
to have a beam or girder along each side of the slab, it is advan- 
tageous to reinforce it in both directions. In the case of a square 
slab one-half of the total load is transmitted to each pair of 
beams or girders provided there is a uniform distribution of the 
load on the slab. If, however, one dimension of the slab is much 
greater than the other, so much of the load is transferred over the 
short direction to the supports that reinforcement in the long 
direction is of little value in carrying loads. Numerous tests 
bear out these conclusions. For slabs nearly square somewhat 
more than one-half of the load is transmitted in the short direc- 
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tion to the longer beams, and the remainder at right angles to 
the shorter beams. The usual assumption of load distribution is 
that the part, wi, of the total load, w, which is transferred in the 
short direction may be represented by the equation 


a € s 2) 


in which | = the longer and lI’ the shorter dimension of the slab. 
Use of this equation indicates that for slabs whose ratio . is 


greater than 114, all of the load must be considered as distributed 
to the longer beams, and the shorter rods designed accordingly. 
The only reinforcement required in the long direction is then that 
necessary to prevent shrinkage and temperature cracks and to 
assist in binding the entire structure together. 

After the proportion of the total load to be transmitted in each 
direction has been determined, a strip of slab 12 in. in width is 
considered in each direction and each strip designed or reviewed 
as previously explained. 

When a slab is reinforced in both directions, the value of d 
determined for one set of rods fixes that to be used in the computa- 
tions of the other set. The rods running at right angles to one 
another are placed one above the other, the upper resting directly 
on the lower. In a square slab it is customary to use the d for 
the upper row in all computations and to place the same reinfore- 
ing, similarly spaced, in the lower row. On account of the 
larger value of d, this provides a slight excess of steel in the 
lower row, but is desirable, as it simplifies the details of con- 
struction. In rectangular slabs, it will generally be found econom- 
ical to place the shorter bars, which carry the larger part of the 
load, as the lower row, thus making the d for these bars as great 
as possible. In this case also, it is general practice to space the 
reinforcement equally in both directions in order to insure its 
correct placing and to facilitate construction. The short bars 
then govern the design except in slabs nearly square. 

62. Theoretical Discussion of Load Distribution. The above 
discussion of load distribution on a concrete slab treats the load- 
ing on each system as uniformly distributed, thus resulting in an 
equal spacing of rods throughout the slab. This is theoretically 
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incorrect. An element parallel to a supporting beam, close to 
the beam, sustains practically none of the load; the element at 
right angles to this supports the entire load at that point. 

In a square slab the loading curve on any element actually 
approximates a parabola with ordinates varying from a minimum 
at the center to w lb. per sq. ft. at the ends, w being the total 
load per sq. ft. on the slab. The center minimum depends 
upon the location of the element in the slab, decreasing from 3 
for an element at the center of the slab to zero for one at the 
supporting beams. 

The center bending moment for an element at the center of 
the slab as found by this analysis is a trifle larger than that found 
by assuming a uniform distribution of the load to the various 
elements over the entire slab, thus requiring a slightly closer 
spacing of the rods over this area. For a strip closer to the 
support, the spacing of rods could be increased, since the center 
moment decreases as the support is approached. 

Some designers take into account the fact that in slabs sup- 
ported along four sides the bending moment is greater near the 
center of the slab than near the edges, and assume that two- 
thirds of the previously calculated moments are carried by the 
center half of the slab and one-third by the outside quarters. 

To assume the load uniformly distributed along the various 
elements and to space the rods equally throughout the slab 
simplifies the construction and is usually preferable to solving 
by the more exact analysis which gives a variable spacing of the 
rods. 

In a rectangular slab of length / and width 1’, the amount of 
load carried by each system of reinforcement is found analytically 
by equating the deflections of two strips, one parallel to each of 
the edges of the slab. The deflection of a beam uniformly loaded 
may be shown to be proportional to the load per ft. multiplied 
by the fourth power of the span. Hence, since the deflections 
of the two strips must be equal at the center 

wil'* = wel4 

therefore 
1p ade 
w, I 
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The amount of load per sq. ft. carried by each of the two sets of 
bars is thus inversely proportional to the fourth power of the 
dimensions. The recommendation given in the preceding article 
agrees very closely with the results of the above analysis within 
practical limits, and is satisfactory for the majority of designs. 

63. Placing of Reinforcement. The insulation at the bottom 
should follow the recommendation of the Joint Committee unless 
conditions warrant some change (see Art.54). In general, a depth 
below the center of the steel varying from 34 in. for a slab whose d 
is less than 31% in. to 1!4 in. for a slab whose d is greater than 434 
in. may be used. 

The lateral spacing of rods, except where used only to prevent 
shrinkage and temperature cracks, should not exceed 214 times 
the thickness of the slab. The bars should not be placed closer 
together than 214 diameters, center to center, nor should there be 
less than 1 in. in the clear laterally, between the bars. 

64. Illustrative Problems. 

I. Design a reinforced concrete slab, fully continuous, sup- 
ported on two sides only, to sustain a live load of 120 lb. per sq. 
ft. The span of slab is 11 ft.-O0 in. A 2000-lb. concrete is to 
be used. f. = 16,000. 

Assume a 414-in. slab and consider a 12-in. strip at right 
angles to the supporting beams. The maximum external bend- 
ing moment on this strip, which may be considered a rectangular 
beam 12 in. wide, is 

M = \»y X 176 X 11’ X 12 = 21,300 in-lb. 


Since M = Kbd?, in which K from Table IV = 146.7, the 
required effective cross-section of the imaginary beam is 
21,300 


ee = Fy 
bd 146.7 145 in. 


Since b = 12 in., d = 3.48, and taking the nearest 14 in. 
above the theoretical, the depth to steel is made 314 in., and the 
total thickness of 414 in. as assumed is satisfactory. No revi- 
sion is necessary. 

The area of steel per foot of slab width may now be obtained. 

M =A, f. jd in which 7 from Table IV = .857. 
21,300 = A, X 16,000 X .857 X 3.5 
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from which A, = .444 sq. in. per ft. of width 


or ae = .037 sq. in. per in. of width. 


Selecting 14-in. round rods, the maximum allowable spacing is 


.1963 


“037. = Hsia. 


To simplify construction, a spacing of 514 in. is used through- 
out the slab. Since this gives a suitable arrangement, the 
14-in. round rods are satisfactory. 

The required effective cross-section determined above could 
have been found from equations (7), (3), and (4) of Art. 53 in the 
order named, if no tables had been available. 

II. A floor panel is to be 9 ft.-0 in. by 10 ft.-0 in.; the slab is to 
be fully continuous and reinforced in both directions. Design 
the slab to carry a live load of 300 lb. per sq. ft. Assume 
fe = 650, fs = 16,000 and n = 15. 

Let w; be the part of the total load that is transmitted in the 
short direction. 


WwW, = e a ; w= (= ee 5 ye = .6lw 
Assuming the weight of the slab to be 62.5 lb. per sq. ft. 
(or a total thickness of 5 in.), the total load on the slab is 
w = 300 + 62.5 = 362.5 lb. per sq. ft. 
Design of Transverse or Short Direction. 
w, = .61 X 362.5 = 222 lb. per sq. ft. 
The actual external bending moment per ft. of slab width is 
M, = 4g X 222 X 9? X 12 = 17,900 in.-lb 


n 15 
siamese Aa i spuegy @ aint 
. k 79 


17,900 = 16 x 650 X .3879 X .874 X bd? 
from which bd? = 166 in.® 
Since 6 = 12 in., d = 3.72 in. 
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By using a value of d = 4 in. and allowing 1 in. of concrete 
below the center of steel for fire-proofing, the total thickness of 
slab = 5 in. as assumed. No revision is necessary. 


17,900 = A, X 16,000 X .874 x 4 
from which A, = .320 sq. in. per ft. of slab width. 
By using 14-in. round rods, the maximum spacing equals 
1963 
320 
12 
The above computations could be much simplified by the use 
of Table IV. 
From this K = 107.7 and since M = Kbd? 
17,900 
Of a a Ae 
ua 107.7 
By selecting d = 4 in. and taking the value of 7 = .874 from 
the same table, 17,900 = A, X 16,000 X .874 X 4 or 


A, = .320 sq. in. per ft. of slab width. 


= 7.2 in. which is reduced to 7 in. 


= 166 as before. 


Design of Longitudinal or Long Direction. Let the part of the 
total load that is transmitted in the long direction be wy». 

Then We = 362.5 — 222 = 140.5. 

The actual external bending moment on a 12-in. strip in this 
direction is Mz = {2 X 140.5 X 10° X 12 = 14,050 in.-lb. 
k = .379 and 7 = .874 as in the preceding computations for the 
short direction, and K = 107.7. Therefore 
14,050 
scr 

As before stated, these rods are placed directly on top of the 
transverse rods, the latter being placed underneath so as to give 
them the benefit of the maximum lever arm about the center of 
the compressive forces, since they carry the bulk of the load. 
The value of d, then, for the longitudinal rods is fixed, and equals 
316 in. Therefore 


bd? as furnished = 12 X 344 = 147 


Since this is greater than that required, the strength of the 
concrete is sufficient to carry the load in this direction. 


bd? required = = 131 in.® 


D 
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The area of the steel required is found from the steel resisting 
moment equation, 14,050 = A, X 16,000 X S74 X 3ho 
from which A, = .288 sq. in. per ft. of slab width. 
The spacing required for o-in. round rods is 


Since this is so nearly equal to the spacing adopted in the 
other direction, it is reduced to that value, or 7 in, 

III. A typical floor panel, 10 ft.-0 in, by 12 ft-0 in., is rein- 
forced in both directions with b¢-in, square bars 8 in. center to 
center, the center of the lower row of bars being placed 1 in. 
above the lower surface of the slab. The total thickness of 
slab is 5 in., f, = 16,000, f. = 650, and n = 15. What live 
load per square foot will the panel sustain? 

Investigation of Short Directton. The bars in the short 
direction are placed beneath the others. Their @, therefore, is 4 
in. The percentage of steel in the short direction is 


Sy 


.420 
p= = = .0078 
nae a4 
For a 12-in. strip parallel to the short sides of the slab: 
The resisting moment of the concrete is 


M,. = 14 X 650 X .880 X 873 X 12 & 4? = 20,800 in. Ib. 
The resisting moment of the steel is 
M, = .0078 X 16,000 X 873 X 12 X 42 = 20.900 in.-lb. 


The values of k and j are taken from Table VY. 

The smaller of these two resisting moments muse not be 
exceeded by the actual external bending moment. The values 
shown above indicate that the slab is slightly overreinforeed 
in the short direction, t.e., there is more steel than is required to 
develop the full compressive strength of the conerete. This fact 
could have been determined by comparing the actual percentage 
of steel with the ideal ratio for the given allowable unit stresses. 
The percentage furnished, .0078, is greater than the ideal, .0077, 
as given in Table IV. 
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The external bending moment equals 14 9w,l’’, and its maxi- 
mum allowable value equals 20,800 in.-lb. Therefore, 


20,800 = %» X wi X 10° X 12 


from which w; = 208 lb. per ft. 
This is the total load that can safely be carried in the short 


direction. Since this is ‘ _ : = .70 of the total load on the 


slab w, the total load that can be carried on the slab before the 
short rods will reach their allowable stress (as governed by 
the concrete in this case) equals 
208 
70 

Investigation of Long Direction. The effective depth of the 
long bars is 314 in. 

16) 420 
PVT R Sais 

For a 12-in. strip of the slab parallel to the long sides: Table 
IV shows that the slab is overreinforced in this direction and the 
resisting moment of the 12-in. strip is limited by the strength of 
the concrete. 

M. = % X 650 X .400 X .866 X 12 X 3.5” = 16,600 in.-lb. 
The actual bending moment is 14 gel”, hence 

16,600 = %y X we X 12” X 12 
from which We = 115 lb. per ft. 
This represents the load that can be carried safely in the long 
direction; it is equal to but .30 of the total load on the slab. 
115 = .30w, hence w = 382 lb. per sq. ft. 

From the two investigations above, it is seen that a total load of 
382 lb. per sq. ft. could be placed on the slab without overstressing 
it in the long direction. This load, however, would considerably 
overstress the slab in the short direction. The maximum total 
load per square foot that can be placed on this slab is thus deter- 
mined by the strength in the transverse direction, and equals 297 
Ib. as computed above. 

The slab itself weighs 62 Ib. per sq. ft., hence the safe live load 
equals 297 — 62 = 235 lb. per sq. ft. 


= 297 lb. per sq. ft. 


= .0089;k = .400; 7 = .866 
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IV. A fully continuous floor panel 9 ft.-0 in. by 9 ft.-0 in. is to 
support a live load of 300 lb. per sq. ft. Determine the required 
thickness of slab and the arrangement of the reinforcement. 
Assume maximum allowable unit stresses of 750 and 16,000 for 
the concrete and steel, respectively and n = 15. 

Assume t = 414 in.; then the total load per square foot is 356 
Ib. Since the slab is square, one-half of this load will be trans- 
mitted in each direction. Hence w; = 178 lb. For a 12-in. 
strip of slab in either direction, 

M = Yo X 178 X 9° X 12 = 14,400 in.-lb. 
Since M = Kbd?, in which K (Table IV) is 133.8, 
, _ 14,400 
Oa 7358 
b = 12 in., therefore d must be at least 2.98 in. 

In a square slab, since the moments for strips in either direction 
are equal, the strength of the strip parallel to the upper row of 
bars will govern the design. Selecting an effective depth of 3 in. 
for this row, allowing 1 in. of insulation below the center of the 
lower row, and assuming !4-in. bars, the total thickness of slab 
required is 3 + 14 + 1, or 414 in. as assumed. 

For the upper row, 


— Oa) rh 


14,400 rane ; 
A, = 16,000 X .862 X3 > .348 sq. in. per ft. of width 
348 , : : : : 
Oa .029 sq. in. per in. of width. The maximum spacing 


: . 1963 ae 
of 14-in. round bars is then 029 °F 634 in. 

The spacing of bars in the lower row is made the same for 
uniformity. Since the effective depth for this row is !% in. 
greater than for the upper row, this arrangement is safe but not 
excessively uneconomical. 


DiaGonaL TENSION, SHEAR, AND Bonp 


65. Stresses in a Concrete Beam. The preceding paragraphs 
contain an outline of the methods of calculating the maximum 
fiber stresses in the concrete and steel of a reinforced concrete 
beam, and of so proportioning the amounts of steel and concrete 
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that the working strength of any part of the beam in flexure is 
not exceeded. 

As indicated in Art. 49, there are other internal stresses existing 
in a concrete beam which, if not properly cared for, may in them- 
selves cause failure of the beam. These stresses are: (1) shearing 
stresses, or those tending to make one plane of concrete, either 
vertical or horizontal, slide along an adjacent plane; (2) diagonal 
tension stresses, or those which cause cracks in the concrete 
along inclined planes near points of maximum shear; and (3) in 
reinforced beams, bond stresses, or those tending to cause the 
steel to pull away from the concrete when under stress and thus 
destroy the unity of the beam. 

66. Shearing Stresses. If a pile of boards is used to support 
a load, the boards being free to slip on each other, it is noticeable 
that the ends overlap even 
when the boards are of equal 
length (see Fig. 10). Slip- 
ping has occurred along the 
surfaces of contact. If, how- 
ever, they are glued together, Fig. 10. 
piled as before, the slipping 
is prevented, but the tendency to slip still exists and is known 
as the shearing stress in surfaces parallel to the neutral 
axis. These shearing stresses exist in beams of any material 
as long as the two sides of the surface considered form a continu- 
ous substance. 

In addition to the horizontal shearing stresses described 
above, there exist vertical stresses of the same nature, 7.e., a 
tendency for one side of the beam to slide upward past the other 
side. These two kinds of shearing stresses are of the same 
intensity per unit of area at any point in the beam. 

67. Intensity of Shearing Stress in a Plain Concrete Beam. 
As before stated (Art. 49), the value of the unit shear in a plain 
concrete beam (or any homogeneous beam) equals 

QV 
v= Th (9) 

The value of the unit shear as represented by this equation 

becomes zero at the top and bottom surfaces of the beam, and a 
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maximum at the neutral axis. The maximum stress equals 39 


y 


3 ; 
the average, or ae (Art. 49). Between the neutral axis and 


the extreme surfaces the value of the unit shear varies as the 
ordinates of a parabola. The absolute maximum value of v 
occurs where the total external vertical shear is greatest. 

68. Intensity of Shearing Stress in a Reinforced Concrete 
Beam. In a non-homogeneous beam the unit shearing stresses 
vary in a very different manner from that described above. To 
derive an equation which expresses the variation of the unit 
shear at any section of a reinforced concrete beam, consider a 
short section of the beam as a free body. The forces acting on 
this element are those of compression, C and C’, of tension, T' 


lives a Gti Fig. lla. 


and T’, and of total vertical shear, V. Hence in Fig. 11, which 
represents a section so short that no part of the external vertical 
load need be considered (the total vertical shear on the left 
equals that on the right of the element), 7 — T’ = the total 
shearing stress, or tendency for the upper portion to slide along 
the lower, on any plane between the steel and the neutral axis, 
assuming that the concrete will take none of the tension. 

This is illustrated in Fig. lla. If the element is assumed on 
the left portion of the span, and the beam subjected to a uniform 
load, the fiber stresses on the right are greater than those on the 
left. The lower portion tends to slide toward the right and the 
upper portion toward the left as shown in Fig. lla. The force 
producing this horizontal sliding is equal to the difference in 
the forces acting on each part of the section, z.e., 7 — T’ for the 
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lower and C — C’ for the upper. C — C’ must equal T — 7’, and 
the shearing strength of any two consecutive horizontal planes 
between the neutral axis and the tension steel must be sufficient 
to transmit the effect of one set of these forces to the other, so as 
to prevent the movement indicated in Fig. 11a. 

The unit shear for any plane in this region equals 


bx being the area of the surface under consideration. The 
external forces acting on this portion of the beam must be in 
equilibrium, hence the summation of moments about any point 
such as A on the line of action of the compressive forces must 
equal zero, or 


(T —T jd = Va 
Therefore TT = led 
qd 
Substituting this value of 7’ — 7’ in the above equation for v 
Ms 10 
= bjd (10) 


This represents the value of the unit shearing stress along any 
plane between the steel and the neutral axis, it being also the 
maximum unit shear in the section. The amount of this shear 
per linear inch of beam equals 


v= i (11) 
The value of 7 for working loads varies between narrow 
limits, and this variation causes but insignificant differences 
in values of v. For this reason it is satisfactory to use the value 
of j = 7 in all computations involving shear and bond. This 
is an average for beams in ordinary construction. Where the 
more exact value of 7 has previously been determined in the com- 
putations for flexure, it may be used, if desired, in the calcula- 
tions for shear and bond. 
Above the neutral axis the shear follows the parabolic law as in 
the plain concrete beam (see Fig. 11). 
69. Inclined Tensile Stresses (Diagonal Tension). Assume 
an infinitely small cube to be removed from a beam at any section 
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along the neutral axis. Two pairs of shearing forces, horizontal 
and vertical, must be considered. These forces form two couples 
acting as shown in Fig. 12. Since the prism has been assumed 
at the neutral axis, the flexural stresses of tension and compression 
are zero. Therefore, the shearing stresses vbx develop inclined 
stresses of tension in the direction MN, and compression along 


2ub : : 
the line PQ, each equal to 75 Since the length of each diag- 


onal of the prism is 7+/ 2, the intensity of these inclined stresses, 


potest 
that is, the amount per unit area, equals 5 divided by bx~/2, 


or v. It follows that at any point along the neutral plane there 
exist tensile and compressive forces 
inclined at 45 degrees with the horizon- 
tal, and that the value of these forces 
per unit of area equals the unit shear at 
that point. 

Since at all points above and below 
the neutral axis there exist, in addition 
to the horizontal and vertical shearing 
forces, horizontal fiber stresses of ten- 
sion and compression, the values of the 
inclined tensile and compressive forces at such points are found 
by combining the fiber stresses with the shearing stresses. 

Treatises on Mechanics prove that the intensity of the inclined 
stress at any point in a beam may be represented by the equation 


25 Lio a ae 
tay a/ly tee (12) 
and the direction of this stress by the equation 

tan 2a = = 


where f = the fiber stress per unit of area. 
v = the intensity of vertical or horizontal shearing stress 
at the point. 
a = the angle made by the stress ¢ with the horizontal. 
In the equation for the angle of inclination of the inclined 


stress, two values of a, differing by 90 degrees, will satisfy, show- 
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ing that the maximum compressive stress and the maximum 
tensile stress at any point make an angle of 90 degrees with each 
other. 

On account of the comparatively large compressive strength 
of concrete, the inclined compressive stresses as determined above 
may be neglected; failure, if any, occurs because of the opening of 
the concrete due to tensile stresses in excess of its strength. 

For ordinary beams of homogeneous materials, such as beams 
of steel or timber, a determination of the normal, or flexural 
stresses, and the shearing stresses described above, gives sufficient 
information for purposes of design. In concrete beams, both 
plain and reinforced, the inclined stresses of maximum tension 
induced by the shearing and bending stresses are usually fully as 
important as the maximum fiber stresses, and it is necessary 
to make some provision for them. ‘This is because of the very 
low strength of concrete in tension. Hence the necessity for the 
further investigation of such stresses. 

70. Diagonal Tension in Plain Concrete Beams. [Examination 
of the above equations shows that at the center of a homogeneous 
beam, where the moment is a maximum, the direction of the 
lines of maximum tension is horizontal for the entire depth of the 
beam. As the end of the beam is approached, the shear becomes 
large and the bending moment small (assuming a simply supported 
beam). The effect of the shear on the diagonal tension is great, 
while the horizontal fiber stress has little weight in determining 
the inclination and amount of the inclined tensile stress near the 
support. At the end of the beam, where the horizontal tension is 
zero, the diagonal tension 
stresses lie at practically 45 oe Neutral Plare 
degrees throughout the entire 
depth of the beam. 

Figure 13 illustrates the 
variation in direction of the maximum tensile stresses in a homo- 
geneous rectangular beam. As seen above, the exact direction 
at any point depends upon the relation between shear and bend- 
ing moment at the point. Lines of maximum compression run at 
right angles to those shown. 


Eyre. 13. 
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71. Diagonal Tension in Reinforced Concrete Beams. In 
reinforced beams, due to the concentration of the tension in the 
steel, the direction of maximum tension at various depths is 
somewhat different from that in plain or homogeneous beams. 
Large shearing stresses exist immediately above the steel, and the 
maximum tensile stresses be- 
come considerably inclined 
at that plane, the exact direc- 
tion depending upon the rela- 
tion between the shear and 
horizontal fiber stress. 

Figure 14 represents the general direction of the inclined tensile 
stresses in a uniformly loaded beam, the wavy lines representing 
the probable planes of rupture. The diagonal cracks near the 
bottom are approximately vertical at the center and become more 
and more inclined as the end of the beam is approached. 

In beams with tensile reinforcement the value of ¢ as expressed 
by equation (12) is indeterminate, since the value of f, the 
horizontal fiber stress in the concrete, is variable. This is due to 
the fact that as the loading increases, the concrete cracks more 
and more, and the amount of tensile stress carried by it therefore 
decreases. The excess is picked up by the steel, and immediate 
failure prevented. In a plain beam, increasing the loading after 
the concrete commences to crack results in eventual rupture of 
the beam. Therefore the exact amounts of the inclined tensile 
stresses are unknown. It is seen, however, from a study of 
equation (12), that the vertical shearing stresses furnish a means 
of comparing or measuring the diagonal tensile stresses existing 
in the beam. It must be remembered that the vertical shearing 
stress is not the numerical equivalent of the diagonal tensile 
stress, nor is there any definite ratio between them. 

By limiting the allowable unit shearing stress to a value which 
has been found by actual tests to be low enough to insure against 
failure by diagonal tension, it may be considered that the danger 
of such failure has been eliminated. This limit of the allowable 
shearing stress is considerably below the safe working stress 
of concrete in direct shear because of the fact that, when the shear 
in a beam is still low, the diagonal tension may be excessive. 


Fia. 14. 


BEAMS AND SLABS ° 89 


Failure occurs not by direct shear, but by the cracking of the 
concrete along inclined planes. 

72. Methods of Strengthening Beams against Diagonal Ten- 
sion. An examination of equation (12) shows that diagonal ten- 
sion at any point varies with both the shear and horizontal tension 
in the concrete. In order to reduce the danger of failure by 
diagonal tension, heavy shearing stresses should be avoided 
and the horizontal tension in the concrete kept as small as pos- 
sible. This latter may be accomplished by furnishing a large 
amount of steel at points of heavy shear, thus reducing the 
horizontal deformation and consequently the tension in the 
concrete. 

When relatively heavy shearing stresses exist (the shear being a 
measure of the indeterminate diagonal tension) it becomes neces- 
sary to provide some form of web reinforcement. The Joint 
Committee recommends 2 per cent of the compressive strength 
of the concrete as the safe limit of shearing stress for beams 
without web reinforcement, and 6 per cent for beams in which 
adequate provisions have been made to care for the inclined 
stresses. If the longitudinal bars are adequately anchored by 
means of hooks at both ends, or by some other satisfactory 
method, somewhat higher stresses are allowed, 7.e., 0.03 f’. for the 
concrete when no web reinforcement is provided, and not more 
than 0.12f’. for beams with web reinforcement. This latter value 
should be used only in cases of extreme refinement in the design 
and placing of the reinforcement. 

73. Types of Web Reinforcement. A study of Fig. 13 shows 
that the most efficient web reinforcement consists of an arrange- 
ment of steel as shown in Fig. 
15, the inclined portions being 
either a continuation of the 
horizontal rods or additional 
rods rigidly connected to the 
horizontal rods at their lower 
ends. Suchanarrangement is, however, not practical. Slight var- 
iations between the inclination of the reinforcing rods and the lines 
of maximum tension have but little effect on the efficiency of the 
system; hence in practice the most commonly used methods of 
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arranging diagonal tension reinforcement are divided into three 
groups: (1) vertical rods or stirrups, attached to or looped about 
horizontal rods; (2) inclined rods secured to the horizontal rods 
in such a way that there shall be no slipping; (3) longitudinal 
rods, some of which are bent up at regions of large shear. A com- 
bination of vertical stirrups and bent bars properly arranged 
gives the most practical effective protection against diagonal 
tension failure. See Fig. 28. 

When separate members, either vertical or inclined, are used as 
diagonal tension reinforcement, care must be taken to see that 
they are properly connected to the longitudinal steel so that 
slipping is prevented. When web reinforcement comes into 
action as the principal tension web resistance, the bond stresses 
between the longitudinal bars and the concrete are not dis- 
tributed as uniformly along the bars as they otherwise would be, 
but tend to be concentrated at and near stirrups, and at and near 
the points where bars are bent up. When stirrups are not rigidly 
attached to the longitudinal bars, and the proportioning of bars 
and stirrups is such that the local slip of bars occurs at stirrups, 
the effectiveness of the stirrups is impaired, though their presence 
still gives an element of toughness against diagonal tension 
failure. It is on the tension side of a beam that diagonal ten- 
sion develops in a critical way, so proper connection should 
always be made between stirrups or other web reinforcement and 
the longitudinal tension reinforcement, whether the latter 
is on the lower side of the beam or on its upper side. Where 
negative moment exists, as is the case near the supports in a 
continuous beam, web reinforcement to be effective must be 
looped over, or wrapped around, or be connected with the 
longitudinal tension reinforcing bars at the top of the beam in the 
same way as is necessary at the bottom of the beam at sections 
where the bending moment is positive. 

The Joint Committee requires that the web reinforcement shall 
be anchored at both ends by: 

(a) providing continuity with the longitudinal reinforcement; or 

(b) bending around the longitudinal bar; or 

(c) a semicircular hook which has a radius not less than four 
times the diameter of the web bar. 
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The committee further specifies that stirrup anchorage shall 
be so provided in the compression and tension regions of a beam 
as to permit the development of the safe working tensile stress 
in the stirrup at a point .3d from either face; 7.e., the length of the 
anchorage beyond this point shall be such that the bond strength 
of this portion (see Art. 80) equals the tensile strength of the 
stirrup. Generally a properly anchored stirrup whose diameter 
does not exceed one-fiftieth of the depth of the beam will meet 
this requirement. 

In case the end anchorage of the web member is not in bearing 
on other reinforcement, the anchorage should be such as to engage 
an adequate amount of concrete to prevent the bar from pulling 
off a portion of the concrete. In all cases the stirrups should be 
carried as close to the upper and lower surfaces as fire-proofing 
requirements will permit. 

74. Distribution of Diagonal Tension. Tests show that in 
beams with web reinforcement, both steel and concrete resist 
the diagonal tension. There are two methods of proportioning 
the amounts of diagonal tension to be taken by the steel and 
by the concrete. (1) The web reinforcement is designed to provide 
for a proportion (usually two-thirds) of the vertical shear, the 
remainder to be taken by the concrete. (2) The concrete is 
assigned a definite unit stress in shear and the remainder of 
the shear is taken by the web reinforcement. The Joint Commit- 
tee specifies the latter method and recommends for the concrete a 
maximum unit shear of 0.02f’, Ib. per sq. in. for beams whose 
longitudinal rods are not thoroughly anchored, and 0.03f". lb. per 
sq. in. for beams in which the longitudinal rods are adequately 
anchored. 

75. Spacing and Size of Vertical Stirrups. In Art. 68 it was 
shown that the horizontal shear per linear inch of beam on any 


, V 
plane below the neutral axis equals qa Hence for a length 
of beam, s, the amount of horizontal shear may be represented 
Vs 


me 
by the equation te in which V equals the average external verti- 


cal shear over the length s (at B in Fig. 16). Since the hori- 
zontal shear equals the vertical shear, it follows that this 
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equation also represents the vertical component of the diagonal 
tensile stress in a length s. The horizontal component is resisted 
by the horizontal steel, while the vertical component is resisted 
A B c by the concrete and web reinforcement. 

If vertical stirrups of an effective area 

A, are employed, and if the allowable 

unit stress in the stirrups is f,, then the 

safe strength of each stirrup equals A,/f,. 

ee For the first method of distribution 

5 i oiohee § ---€--3 given in Art. 74, the vertical component 

of the diagonal tension to be provided 


2 V 
for by the stirrups over a distance s equals 3 a Hence 


2 Vs 

3 jd 

and the required spacing of stirrups equals 
3 Aadvid 


s= 5 Ee (13) 


For the second method of distribution, the vertical component 
of the diagonal tension to be resisted by the stirrups over a 


(V — V.)s 


distance s equals "a » in which V, is the amount of total 


A a = 


shear that is assigned to the concrete as determined from equa- 
Ve ae: ; 
tion (10), ». = bid: The value of v. to be used is given in the 


latter part of Art. 74. Let V — V. = V’, then 
V's 
has jd 
and the required spacing of stirrups is 
eeiagd 
$= ee (13a) 
The Joint Committee recommends that the longitudinal 
spacing of vertical stirrups shall not exceed 0.45 of the effective 
depth of beam, except that in beams where the unit shearing 
stress exceeds 0.06f’. the limit is 0.3d. A spacing of less than 4 
in. is generally undesirable. Tests indicate that the most effec- 
tive results are obtained when s = 14d. It is usually satisfac- 


tory to select a certain size of stirrup and calculate the spacing 
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at different points along the beam; if the computed spacings are 
unsatisfactory, another size of stirrup may be assumed and the 
corresponding spacings determined. 

Common sizes of stirrup rods are 14-, 3¢- and 14-in. rounds. 
The diameter varies with the depth of the beam; 14-in. rods for 
beams less than 10 in. deep, 14-in. rods for beams 36 in. deep, 
and intermediate sizes for intermediate depths. 

Where web reinforcement is provided by means of vertical 
stirrups and is required over a comparatively short distance, 
it is good practice to space the stirrups uniformly over the entire 
distance, the spacing being calculated for the point of greatest 
shear (minimum spacing). 

76. Bent-up Rods or Inclined Stirrups for Web Reinforce~ 
ment. When web reinforcement consists of inclined rods, more 
of the probable planes of rupture are 
crossed by a given length of rod than 
is the case when vertical rods are 
used. Inclined steel is, therefore, 
more effective than vertical steel of 
the same amount. In Fig. 17, the 
diagonal force DE representing the 
diagonal tension over a distance s is 
the sum of the components of the 
horizontal foree AB and the vertical 
force BC in the direction of DE. The Fie. 17. 
components normal to the direction of 
DE are compressive forces and are absorbed by theconcrete. It is 
assumed that the horizontal force AB is prevented from causing 
failure in the concrete by the longitudinal steel in the beam. 
The force BC or its component BE must be otherwise provided 
for. If this force is taken care of by vertical stirrups or bars, 
the amount to be resisted is represented by BC. When resolved 
into components, BE and CH, the amount to be resisted by 
inclined bars or stirrups is BE, which is BC(sin a), where a is 
the angle of inclination of the bar. BC represents the total 
external shear over the distance s. The amount of stress to be 
resisted by the inclined bars now is Vs(sin a). The maximum 
spacing of inclined rods is calculated in the same manner as for 
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vertical stirrups, V(sin a) being substituted for V in equation 
(13), giving as a result 


Sede 
~ 2 V(sin a) 

Since a is usually 45 degrees, this equation may be reduced to 
AP Anyage 

cane ae 


For the second method of diagonal tension distribution given in 
Art. 74, equation (14) becomes 
i Arfrojd 


~ V' sina Ore) 


or Aof 


ege 
me 

77. Spacing of Inclined Stirrups. The required spacing of 
inclined stirrups may be obtained by means of equation (14) 
or equation (14a). When the shearing stress is not greater than 
0.06f’., the distance s, measured in the direction of the axis of the 
beam between two successive inclined stirrups, is limited by 
the Joint Committee to a maximum value as given by the 
following equation: 

45d 
~ at 10 
in which a is the angle of inclination which the stirrup makes 
with the longitudinal bar in degrees. When the shearing stress 
is greater than 0.06f’., the distance s is limited to two-thirds of 
the value given in the above equation. 

While inclined stirrups are more efficient theoretically than 
vertical stirrups, this advantage is counteracted somewhat 
because of the difficulty in fastening them to the tension steel and 
of assuring their correct position after the concrete is poured. 

78. Arrangement of Bent-up Rods. The points where 
horizontal rods may be bent up are governed by the amount of 
steel required to care for the horizontal fiber stresses caused by 
the bending moment at different sections along the beam. Since 
this decreases toward the ends, the amount of fiber stress 
decreases in the same ratio. Enough steel must always remain 
at the bottom to care for these stresses; the remainder may be 
bent up to aid in overcoming the diagonal tension. 

The location of the points of bending may be determined 
graphically as follows: plot the bending moment diagram for the 
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given loads. Since the amount of tensile steel required at any 
section of the beam is proportional to the bending moment, the 
maximum ordinate of the bending moment diagram may also be 
made to represent the total area of steel reinforcement. Assum- 
ing that all of the reinforcing bars are of the same area and will be 
equally stressed at the point of maximum moment, divide the 
maximum ordinate into the same number of equal parts as there 
are bars crossing the section of maximum moment. Draw a 
horizontal line through each point of division. 

The intersection of any one of these horizontal lines with the 
bending moment curve locates a point beyond which all of the 
rods in excess of the number represented by the line may be 
bent up. It is well to exceed the theoretical points by at; least 
2 ‘in. to allow for the irregularities in the loading. The moment 
diagram for a uniformly loaded beam, when the condition of the 


supports is such as to give values of maximum moments equal 
wl? wl? 


to either gO 49> is shown in Diagram 1. Percentages of 
steel are given in place of numbers, as explained above. 

The bars which are bent should be selected so that the sym- 
metry of the remaining bars about the axis of the beam is not 
destroyed. As a rule, at least two rods are bent up together 
from corresponding points on either side of the beam. Some- 
times, however, it becomes necessary to depart from this pro- 
cedure, as when three bars are to be bent. Then either first 
one, and then two, are bent, or the three at the same place. In 
either case the odd bar is bent from the middle of the section 
of the beam if possible. 

The Joint Committee recommends that the bending of longi- 
tudinal reinforcing bars at an angle across the web of a beam 
may be considered as adding to diagonal tension resistance for a 
maximum horizontal distance from the point of bending as 
given for inclined stirrups in Art. 77. Where the bending is 
made at two or more points, the distance between the points of 
bending, or between the point of bending of the bar nearest the 
support and the edge of the support, should not exceed the value 
given in Art. 77. 
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79. Region Where No Web Reinforcement Is Required. As 
mentioned in Art. 72, web reinforcement is not required in regions 
where the unit shear is less than a given percentage of the ulti- 
mate compressive strength of the concrete; that is to say, the 
concrete is assumed capable of withstanding all of the diagonal 
tension as measured by a unit shear of that amount. In a 
uniformly loaded beam, the distance from the support beyond 
which stirrups are not required is determined as follows: 

Let 2, = the distance to be found, v; the unit shear 2, ft. from 


the support, and V, the total shear at that point. 
a a: — wx, and v; = Vu 
2 bjd 

By substituting the value of V, from the former in the latter 
equation, and solving for 2, this becomes 
l vibjd 
Dp nat Ti 

For beams with unsymmetrical or concentrated loads, the 
points where web reinforcement may be discontinued may be 
located by constructing the shear diagram for the beam and 
noting the point or points at which the unit shear is less than 
the given percentage of the compressive strength of the concrete. 

80. Bond Stresses. When steel rods are placed in a beam, 
there must be sufficient bond between the steel and the concrete 

to prevent the rods from pulling out 

V when stressed. This bond stress, or 
tendency for the steel to slide out 
of the concrete, per square inch of 
bar surface may be determined as 
follows. 

If, in the short section of beam 
discussed in Art. 68, moments about 
the point A (Fig. 18) are taken 


(T —T'\id = Vax 


(15) 


t= 


Sit Si 


and 
oad aa 
ra ~ 5d 
But T — T’ represents the force benae to pull the bars out of 


the concrete in a length x, hence represents this force per 
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; V 
unit length of beam. Therefore pi equals the bond stress per 


unit of length between the two materials. If wu equals the bond 
stress per unit area of exposed steel surface, and >, the total 


perimeter of steel, 
V 
u= og (16) 
This equation applies to the steel in tension only. 

In order to prevent the pulling out of the rods when stressed, 
the value of the unit bond stress as computed by equation (16) 
should not exceed a safe working limit which has been fixed by 
the results of tests on beams in which such failure has occurred. 
(See Chap. II.) Where high bond resistance is required, the 
deformed bar is a suitable means of supplying the necessary 
strength. As an additional safeguard, end anchorage, consisting 
of hooks bent through an angle of 180 degrees, may properly be 
used in special cases. It must be remembered, however, that 
adequate bond strength throughout the length of the bar is prefer- 
able to such anchorage. 

The Joint Committee recommends that the unit bond between 
concrete and plain reinforcing bars shall not exceed 4 per cent 
of the ultimate compressive strength of the concrete. In the 
best types of deformed bars this may be increased, but not to 
exceed 5 per cent of the ultimate compressive strength of the 
concrete. 

Tests show that under favorable conditions the actual bond 
stress at the ends of simply supported beams with inclined: rods 
for web reinforcement is considerably below the theoretical. If 
more than two bars are bent up at two or more places, it can be 
assumed that the inclined rods will assist in reducing the actual 
bond stress, and the above limits may safely be increased by 50 
per cent for the remaining rods. The same increase is also safe 
for bars which are adequately anchored at both ends by means of 
hooks or other means, in either simple, continuous, or cantilever 
beams.! Therequirements for footings are discussed in Chap. VII. 


1The Joint Committee allows a greater increase than is recommended 
above provided adequate anchorage is added, the amount of increase 
depending entirely upon the amount of anchorage. The Committee on 
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In a beam with bent rods for diagonal tension reinforcement, 
each bent rod should have a length for anchorage sufficient to 
develop enough bond between the steel and concrete to resist the 
direct tension in the rod. This length is measured from the point 
where the rod crosses a horizontal plane distant 0.6d from the 
compressive surface to the end of the rod, and may be either 
straight or bent. It may be computed from the equation 

fst 

= a 
as given in Art. 47. Bars in cantilevers, restrained beams, and 
columns, where the full stress in the steel exists at the point of 
support, should be embedded in the concrete beyond this point 
of maximum stress far enough to develop in bond the full stress 
in the steel. The length of embedment is determined by the 


Concrete Building Design Specifications of the American Concrete Institute 
allows a maximum increase of 150 per cent where proper anchorage is 
provided. The required anchorage is given by this committee in the 
following specification. 

“In members in bending, bond stresses exceeding 0.04/’, or 0.05/’, for plain 
and deformed bars, respectively, but in no case more than 21% times the 
latter, may be used, provided that sufficient additional length of bar is 
added beyond the theoretical point of zero moment (end of span or point of 
inflection) to provide for the development of the excess in bond stress over 
that specified above. The length x to be added for this purpose may be 
expressed algebraically as follows: 

Lule = F — FF’ 
where x = the length of bar added for anchorage, including the hook, if any; 
u = the permissible bond stress given above; 
2. = the perimeter of the bars under consideration; 
F = the total tension in the bars under consideration; 


F’ = the total tension in the bars which would be developed in the 
length y by the computed bond stresses except that no values greater than 


those specified above be used in the computation; 
y = the distance from the point at which the tension is computed to 
the point of beginning of anchorage. 

“The point of beginning of anchorage shall be taken at the edge of the 
support for freely supported beams, and at the point of inflection (for the 
loading under consideration) for fixed or continuous beams; anchorage of 
negative reinforcing bars to be toward the center of the beams from this 
point. The length of bar added for anchorage may be either straight or 
bent. The radius of bend shall not be less than 4 bar diameters.”’ 
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above equation. The length of lap for a splice in a reinforcing 
rod is likewise determined by the bond required to provide for 
the stress in the rod at the point of splicing. In determining the 
length of embedment in all of these cases, a value of wu equal to 
0.04f’, or 0.05f’. for plain and deformed bars, respectively, should 
be used even though larger values than these were used in deter- 
mining the perimeter of bars required at the point of maximum 
shear. 

81. Illustrative Problem. 

A reinforced concrete beam has a span of 18 ft.-0 in. and is to 
sustain a live load of 1000 lb. per lin. ft. The reinforcement con- 
sists of three 34-in. round bars placed 18 in. below the upper and 2 
in. above the lower surface of the beam. The width of beam is 8 
in., and a 2000-lb. concrete is to be used in its construction. 

Determine the unit shear at the support, the maximum unit 
bond stress on the horizontal rods, the distance from the support 
beyond which stirrups are not required, and the spacing of 3¢-in. 
round U-stirrups at the support and 2 ft. from the support. 

The weight of the beam per foot = : ate >< 150, = 167 Ib. 
The total load = 1167 lb. per ft. 
V atend = 9 X 1167 = 10,500 lb. 
The unit shear at the support, from equation (10), is 
10,500 
C= Ree eSTs 18 
(This value shows that the beam is safe from diagonal tension 
failure provided stirrups are placed throughout the beam suffi- 
ciently close to satisfy the following computations. ) 

The maximum unit bond stress is, from equation (16) 

10,500 
~ 3X 21356 X .875 X 18 
(This shows that deformed bars are necessary to insure against 
slipping of the steel along the concrete.) 

The distance from the support beyond which stirrups are no 
longer required, 7.e., where the unit shear becomes 40 lb. per sq. in. 
(2 per cent of 2000) is, from equation (15), 

18 40X8 X .875 X 18 
i) 1167 


= 83 lb. per sq. in. 


U = 94 lb. per sq. in. 
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Assuming the first method of distribution of the total diagonal 
tension as given in Art. 74, the maximum allowable spacing of 
3¢-in. round U-stirrups at the support, from equation (13) is, 


ps 39 X 2 X .1104 X 16,000 X .875 X 18 


10,500 = 8.0 in. 
and the spacing 2 ft. from support is, 
34 
«= YX 2X «1104 X 16,000 X 875 X 18 _ joo in 


~ 10,500 — (2 X 1167) 


This should be reduced to .45 X 18 = 8.1 in. in order to satisfy 
the recommendation of the Joint Committee, and for uniformity, 
good practice would space the stirrups 8 in. throughout the entire 
distance where they are required. 

If the second method of distribution given in Art. 74 is used, 
as recommended by the Joint Committee, the amount of total 
shear that can be resisted by the concrete is found from the rela- 


Vis P 
COMO. = id from) which) Vee—= 40> 8) 3870 >< 18 — D050 bs 


The amount to be resisted by the web reinforcement at the 
support is then 10,500 — 5050 = 5450 lb. From equation (13a), 
with V’ = 5450 lb. the maximum allowable spacing of the stirrups 
at the support is, 


si 2 xX .1104 X 16,000 X .875 X 18 


5450) = 10.2 in. 


and 2 ft. from the support, 


«= 2X -1104 x 16,000 X .875 X 18 
“ 5450 — (2 X 1167) 


17S .an. 


As in the preceding case, the spacing throughout the entire dis- 
tance over which the stirrups are required must be reduced to 
8 in. in order to satisfy the recommendations of the Committee. 

82. Typical Web Reinforcement Problem. The method of 
providing for diagonal tension in a beam by means of bending up 
some of the horizontal steel at points of heavy shear may best 
be illustrated by making a complete design of a simply supported 
beam. The connection between the preceding discussion of the 
Joint Committee’s recommendations and this problem should be 
closely followed. 
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Design a simply supported rectangular reinforced beam having 
a span of 16 ft.-0 in., to support a uniform live load of 425 lb. 
per lin. ft., and three concentrated loads of 12,000 Ib. each, 
these being placed at the quarter points of the span. A 2000-lb. 
concrete is assumed. 

Design for Flexural Stresses. 

Assume weight of beam = 440 lb. per lin. ft. 

The total uniform load is 865 lb. per lin. ft. 

The maximum moment due to uniform load = M, 

M, =  X 865 X 16” X 12 = 333,000 in.-lb. 

The moment due to concentrated loads = M, 

M, = (18,000 X 8 — 12,000 & 4) & 12 = 1,152,000 in.-lb. 

The total maximum moment = 1,485,000 in.-lb. 

M = Kbd’, in which K, from Table IV, = 146.7. 


1,485,000 
bd? = i467. 7 10,100 in.# 

Selecting a beam whose b is between 14 and 34d, and taking b 
in even inches to facilitate form work, requires b = 14 in.,d = 
26.9 or 27 in. 

Since two rows of steel will undoubtedly be necessary, the 
total height of beam is 30 in., and the weight per foot is 440 lb. 
as assumed. 

From Table IV, 7 = .857, and the required area of steel is 

(Ve 1,485,000 
"StS. 000) <A 85 tC 27 

Four 34-in. round bars and four 7<-in. round bars will be used, 
the four larger bars placed in the lower row with their centers 
2 in. above the lower surface of the beam, and the four smaller 
bars in the upper row, the distance center to center of rows 
vertically being 2 in. With this steel area p = .0110, k = .432, 
7 = .856. 

Design for Diagonal Tension Stresses. The rods that can be 
bent up and used to provide for the diagonal tension stresses are 
those which are not needed to furnish sufficient surface for the 
development of the bond stresses at the support. 

The maximum end shear = 18,000 + 8 X 865 = 24,920 lb. 
Since the allowable maximum unit bond stress according to the 
recommendations in Art. 80, assuming deformed bars, equals 


= 4.00 sq. in. 
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05 X 2000, or 100 lb. per sq. in., the total perimeter of rods 
required at the support, from equation (16) is, 

See ee PA,900.» 2 
© 100 856 X 27 
The four 7Z-in. bars are required, thus leaving the four 34-in. 
bars to be bent up to reinforce the beam against diagonal tension. 

As previously stated, a value of 7 = 74 might be used in all 
computations involving shear and bond without material error. 
24,920 
14 X .856 X 27 

At the left of the first concentrated load, V = 24,920 — 
(4 K 865) = 21,460 lb., and 

ete 21,460 
14 X .856 XK 27 

At the right of the first concentrated load the unit shear is 
less than the allowable value of 40 lb. per sq. in. and no web 
reinforcement is required beyond this load. 

The amount of external shear that can be resisted by the 
concrete equals 40 K 14 & .856 & 27 = 13,000 lb. The shaded 
portions of the shear trapezoid, Fig. 19, represent the amount of 
external shear at any section to be resisted by the web 
reinforcement. 

In order to preserve the symmetry of the reinforcement at all 
points, the 34-in. bars will be bent up in pairs and at 45 degrees 
with the horizontal. The maximum distance, measured from 
the point of bending, over which each pair of bars can provide 
for diagonal tension without overstressing the bars is, from 
equation (14a) 

, = 2X A418 X 16,000 X 856 X 27 _ a9. 
.7(24,920 — 13,000) 

Since this is computed for the point of maximum shear, and since 

it is greater than the arbitrary maximum permitted by the 


; , . ; ; 45 X 27 : 
specification as given in Art. 77, 1.€., 8 = FT 22 in., the 


Oy 7 olde 


At the support, » = = 77 |b. per sq. in. 


= 66 lb. per sq. in. 


latter value will govern the final selection of the points of bending 
and no further investigation of the diagonal tension stresses in 
the rods will be necessary. 
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Investigation must now be made to determine whether these 
rods may be bent up at the proper points to care for all of the 
diagonal tension, and still leave enough steel at the bottom 
at all sections to care for the flexural stresses. Part (c) of Fig. 19 
shows the bending moment diagram plotted to scale. This is 
constructed by plotting the curves for uniform load bending 
moment and for concentrated load bending moment on the same 
coordinate axis, and then adding the two graphically. 

In determining the points at which the bars may be bent and 
still leave sufficient tensile resistance at the bottom of the beam, 
the difference in sizes of the bars must be considered. One pair 
of 34-in. bars is equivalent to .21 of the steel. When the first pair 
is bent, there is left .79 of the total center steel. When the second 
pair is bent, .58 of the total remains at the bottom of the beam. 

Point A, vertically above the point of intersection of a hori- 
zontal line through the .79 point of the maximum ordinate of the 
moment diagram and the total bending moment curve, repre- 
sents a point to the left of which two 34-in. rods may be bent up. 
The remaining six rods are sufficient properly to provide for the 
fiber stress due to bending at any section between point A and 
the support. Similarly, at point B a total of .42 of the steel, 
or four rods, may be bent. ‘The rods should be continued at 
least 2 in. beyond these theoretical points before bending. 

The first pair of bars will be bent at the concentrated load, 
and the next pair 22 in. to the left of this point. The remaining 
distance to the edge of the 12-in. support is 20 in. Since the 
amount of shear to be resisted by the web reinforcement is 
practically constant throughout the entire distance, being only 
slightly greater as the support is approached, the above arrange- 
ment assures practically equal stresses in each pair of bent bars; 
the slightly smaller distance from the point of bending of bars 
R to the edge of the support, 20 in., as compared with the distance 
between the points of bending of bars S and R, 22 in., is sufficient 
to equalize the total amount of diagonal tension, as measured 
by the shear, that is to be resisted by each pair of bars. 

The bent bars must have a length beyond a point .6d below 
16,000 3 
4x 100 * 4 


the top face of the beam equal to = 30 in. As an 
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additional safeguard, a hook will be made on the end of each bent 
bar as shown in Fig. 19. 


T-BEAMS 


83. Types of T-beams. When a reinforced concrete floor slab 
is constructed as a monolith with the supporting beam, and the 
slab and the beam thoroughly tied together by means of stirrups 
and bent-up bars, part of the slab may be assumed to assist 
the upper part of the beam in resisting compressive stresses. 
These two acting together constitute what is known as a T-beam 
(Fig. 20). The slab is spoken of as the flange, and the beam 
proper beneath is called the web or stem. 


ar ceva B wren n-- == > 
ZZ 


Fira. 20. 


The exact width of slab that can be assumed as resisting the 
compressive forces is a variable. Tests have shown that it is 
dependent principally upon the relative thickness of the slab 
and upon the span of the beam. The Joint Committee recom- 
mends that the effective width of slab be determined as follows: 

(a) It shall not exceed one-fourth of the span length of the 
beam. 

(b) Its overhanging width on either side of the web shall not 
exceed eight times the thickness of the slab.” 

In any case the flange width must not be greater than the 
distance between adjacent beams. 

Another form of T-beam, which is of infrequent occurrence, is 
one which does not form a part of a floor system, the flange being 
provided merely to furnish sufficient area in compression. Since 

2 For beams having a flange on one side only, the effective width of 
flange is limited by the Joint Committee to a maximum of one-tenth of the 
span length of the beam; its overhanging width from the face of the web 
shall not exceed six times the thickness of the slab nor one-half the clear 


distance to the next beam. 
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the concrete in the lower part of the beam is assumed as taking 
no tension, its only purpose is to bind the tensile steel and the 
compressive concrete together. This involves mainly shearing 
stresses; all of the rectangular section is not required in large 
beams, so a saving in concrete results when the T-form is used. 
It.is, however, usually more satisfactory to use a rectangular 
beam with compressive reinforcement to care for cases requiring 
an excessive amount of concrete rather than to resort to the T- 
section. A saving in cost of forms, and certain evident structural 
advantages of the rectangular beam will, in general, outweigh 
the good points of the T-beam. 


Fiaq. 21. 


The neutral axis of a T-beam may lie either in the flange or in 
the web, depending upon the relation between the thickness of 
the flange, the depth of the beam, and the amount of steel. 
When the neutral axis is in the flange, 7.e., when kd is less than f, 
the equations derived in Art. 52 for rectangular beams must be 
used, the width of beam being equal to the effective width b 
of the flange. The reason for this is shown with the aid of Fig. 
2la, which represents a beam, T-shaped in cross-section. The 
neutral axis is assumed above the bottom of the flange. The 
compressive area is represented by the shaded portion of 
the figure. If the additional concrete, indicated by the areas (1) 
and (2), had been added when the beam was poured, the physical 
cross-section would be rectangular in shape, with a width equal 
to b. No bending strength would be added by the addition of 
this extra concrete, because the areas (1) and (2) are in the ten- 
sion portion of the cross-section, and, as stated before, the tensile 
strength of the concrete is disregarded in all flexure formulas. 
The original T-shaped beam and the revised rectangular-shaped 
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beam are equal in flexural strength, and the rectangular beam 
equations for flexure apply. 

When the neutral axis is in the web, 7.e., when kd is greater 
than t, the rectangular beam equations no longer apply. For, 
in Fig. 21b, if the extra concrete represented by the areas (1) 
and (2) were added to the original T-shaped beam, the resulting 
rectangular-shaped beam would actually be stronger in flexure 
than the original beam, because some of the added concrete 
(those portions of areas (1) and (2) which are above the neutral 
axis) would be in compression. The application of the rectangu- 
lar beam equations to this condition would therefore be incorrect 
in theory. The proper equations for use in this case are derived 
in the following article in a manner similar to that used in the 
derivation of the rectangular beam equations, the difference in 
compression areas being taken into consideration. 

When the neutral axis is at the bottom of the flange, z.e., when 
kd = t, then by comparison of Figs. 21a and 216 it is obvious 
that both the rectangular beam equations and the T-beam equa- 
tions will give the same results, 7.e., the values of k, 7, M., Ms, etc., 
obtained by the one set of equations, will be the same as the 
corresponding values obtained by the other set of equations. 


Fie. 22. 


84. Flexure Formulas (Neutral axis in the web). Figure 22 
represents an element of a T-beam. The amount of compression 
in the web, represented by the area qrst in the cross-section, is 
usually small in comparison with that in the flange, and hence is 
neglected in the derivation of equations for ordinary design. 
From the assumption that deformations vary as the distance 


from the neutral axis, 


AA’ __kd_ ke a 
BB’ d—kd 1-—k 
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: unit stress 
Since 2 = zh 
unit deformation 


AA’ = £ and BB’ = & 


By, E, 
AALS ee eh 
BR agi cnt ©) 


Equating (a) and (b) and solving for k, 


n 
ey Mae ey 

This gives an expression for the value of k when n and r are 
known. This equation can be used only in the design of a true 
T-beam, that is, one not a part of a floor system, since in such a 
problem just enough flange width will be provided to bring the 
unit stress in the concrete to its maximum allowable value 
simultaneously with that in the steel—the ratio r is known. 
In a T-beam which is part of a floor system already designed, the 
compressive area is so large (b is taken as one-fourth the span or 
16¢t plus 6’) that when f, is a maximum, f, is only a relatively 
small value—the ratio r is not known. 

The total tension = A,f,. 

The total compression is represented by a trapezoid whose 


parallel sides are f. and f, eZ “ » the amount of compression 
being, therefore, 
deep sebce a : okd — 
SU ee Se bt 


For equilibrium, the total tension must equal the total compres- 
sion, hence 
2kd —t 
fy aur: hig? Fea aoe ; 
ti pedis hed bt (c) 
As in the derivation of rectangular beam equations, the relation 
between the unit stresses in steel and concrete is given by the 
equation 
k 


fe ai 23 (18) 
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Substituting from equation (18) in (c) to eliminate unit stresses, 


ernie (19) 


The distance of the center of compression (center of gravity 
of the trapezoid) from the upper face of the beam is 


_ 8kdi— 2t € 
= Oe (20) 


and the lever arm of the couple formed by the tensile and com- 
pressive forces is 
jd =d-z (21) 


From equations (19), (20), and (21), 


ie 6; ) +2(3) + @) (apa) 


o 6-3) ie 


The resisting moments of the steel and concrete equal, 
respectively, 


M, = A,f.ja (23) 
and 


Mie f.(1 - 5 v)bi id (24) 


Since the center of gravity of the trapezoid is always above the 
middle of the slab, the arm of the resisting couple is never less 
than d — 14t. The sie Si unit compressive stress 


fetter oo 


t 
Bog UE oe 2) 
is never so small as 14f. except when the neutral axis is at the 
bottom of the slab, in which case rectangular beam equations 


apply. The above equations for resisting moments may then 
be approximated by substituting these limiting values for jd 


and f(1 _ a) respectively. Then 
M, = A.fs(d = Lot) (25) 
and M,. = of-bt(d — 14t) (26) 
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In the design of a continuous T-beam at the support, a slightly 
larger amount of steel will be required there than at the center. 
This is due to the fact that the value of 7 at the support will in 
all cases be less than at the center. Since the tension steel at the 
support of such beams is usually provided by bending up from 
each side one-half of the steel furnished at the center, a slight 
excess at this latter point is often of advantage. The use of 
equations (25) and (26) in design is therefore justified for all 
practical purposes (see Art. 96). 

85. Shearing Strength of T-beams. Due to the relatively 
large width of flange, it is safe to say that the compressive 
strength of the beam will seldom govern the design. Since the 
only stress that will be imposed upon the concrete below the 
neutral axis is that of shear (the concrete is assumed incapable 
of resisting tensile stresses), it follows that the effective cross- 
section of the stem of the beam, b’d, need merely be large enough 
to keep the horizontal shear below its allowable value. 

Since I= na 

bid 
the amount of web area required equals 


b’d = ¥ (27) 
vy 


Figure lla explains the use of 6’ instead of b in equation (27). 

The value of 7 may be taken as seven-eighths in the preliminary 
investigation, and revision made later if necessary. It should 
be noted that in a continuous T-beam, the negative moment at 
the support results in a rectangular beam section. The value of 
j should be selected accordingly if it is deemed necessary to 
make this revision (see Art. 96). 

In long beams with light loads, it is possible that the compres- 
sive strength of the beam may govern. In such cases equation 
(26) may be used to get an approximate value of d; the review of 
the assumed section will then determine if any revision 
should be made. 

86. Ratio of Depth of Beam to Breadth of Stem. Numerous 
formulas have been devised to determine the economical depth of 
a T-beam, but very often the available head room is limited and 
the results of these formulas would exceed the limitation. The 
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use of economica) depth formulas for shallow beams such as are 
encountered in ordinary building construction involves, for this 
reason, an unnecessary computation, practical considerations in 
most cases governing the design. 

A study of numerous successful designs shows that for ordinary 
beams 2 ratio between b’ and d of one-half to one-third gives 
satisfactory results. Vor very large and deep beams a ratio of 
one-fourth is permissible. In modern building construction, the 
shallower and wider beam is to be preferred in order to obtain 
the maximum head room and minimum light obstruction. 

Taylor and Thompson, after 4 comparison of 4 number of 
representative designs, suggest the approximate rule to make 
the depth in inches equal to the span of the beam in feet. The 
breadth of stem is then fixed by the shearing area required.” 

87. Diagrams for Design and Review of T-beams. Since 
equations (19) and (22) depend only upon the relation between 
t and d, percentage of steel and value of n, all of which would be 
known in reviewing a T-beam, the values of k and j as expressed 
by these equations may be obtained from Diagrams 5 and 6, which 
are constructed with the known quantities as variables. Dia- 
gram 5 is based on n = 12, and Diagram 6 on n = 15. Points 
which do not fall within the limit of the curved lines indicate 
that the neutral axis is in the flange (kd ia less than t) and so the 
tables for rectangular beams should be used. Since the value of p 
must be known, Diagrams 5 and 6 are of no use in design. 

Diagrams convenient for use in designing 4 T-beam may be 
constructed from equation (24), rewritten in the form 


M t t ; 
pgs =I (1 ~ ayy) % 9g XI 
Since k and j are functions of f. and f., the variables are f., f., 
pe and Mu With f. = 16,000 (an economical design stresses the 
steel to the limit), Diagrams 2 and 4 have been plotted so that 
from the left half the value of f. corresponding to any given rela- 


*The Joint Committee recommends that beams in which the T-form is 
used only for the purpose of providing additiona) compressive area of con- 
ercte shall have a flange thickness not less than one-half the width of web, 
and 4 total flange width not more than four times the web thickness. 
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' M i ' , ; 
tion between bd and q may readily be found, and from the right 


half, the value of 7 which will give this relation between j, and /.. 
These diagrams cannot be used in the review of a beam since 
the relation between f, and f. is unknown. Diagram 4 is simi- 
lar to Diagrams 2 and 3, but is based on f, = 18,000 and n = 15. 
* 88. Types of T-beam Problems. There are three main types 
of problems that may be encountered in practice. 

1. To find the moment of resistance or fiber stresses, 

The values of * and j may be found from equations (19) and 
(22) or from Diagrams 5 and 6, the values of the fiber stresses 
from equations (23) and (18), or the resisting moments from 
equations (23) and (24), the smaller of the latter being the 
resisting moment of the beam. Since the resisting moment of the 
steel will usually govern in T-beams whose flange is a part of a 
floor system, it is generally quicker to find the value of .W/, from 
equation (23), and then substitute in equation (18) /, = 16,000 
(or its limiting value) and determine f.. If this is less than the 
allowable, the assumption that the steel governs is correct for the 
case in question. If it is greater than the allowable, determine 
from equation (18) the value of f, that corresponds to the maxi- 
mum permissible value of f., and use this value of f, in equation 
(23). The result will be the moment in the steel when the 
concrete is stressed just to its limit, and hence is the true resisting 
moment of the beam. (If kd is less than ¢, then the neutral 
axis is in the flange; formulas for rectangular beams should then 
be used, the width being equal to the flange width b of the 
T-beam. ) 

2. To design a T-beam in which the flange is a portion of a 
floor slab already determined. 

Find from equation (27) of Art. 85, the cross-section b’d 
required, and select the width of stem and depth of beam with 
reference to the most satisfactory shape of beam, spacing of 
rods, ete. Usually d should be taken as from two to three times ’, 
The amount of steel may then be determined from equation (25), 

In order to determine the steel area more accurately, compute 
the value of 7 from equation (22), substituting the value of p corre- 
sponding to the approximate area of steel. Equation (23) will 
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then give the true steel area that is required. A slight variation 
between the values of p as determined by the approximate 
method and the true method will cause but insignificant difference 
in equation (22), so further substituting is unnecessary. The 
value of k should be found from equation (19) to ascertain 
whether the neutral axis is in the stem or flange. Equation (2) 
for rectangular beams would give the same information. 

3. To design a T-beam whose flange is not a part of a floor 
system. 

In designing a beam of this type, determine from equation (27) 
of Art. 85 the shearing area required and select suitable propor- 
tions for the breadth and depth of web. From equations (17), 
(20), and (21), the values of k andj may be determined. FEqua- 
tions (23) and (24) will then give the area of steel and breadth of 
flange required. 


Fie. 23. 


In all work on T-beams where flexural stresses are concerned, 
that is, in the determination of k, j, fiber stresses, resisting 
moments, and area of steel, the value of b is the width of flange. 
In the determination of the shearing area required, the value of b’ 
is the width of stem. The reasons for each should be obvious 
from a study of the foregoing articles. 

89. Illustrative Problems. 

I. A slab floor 4 in. thick is supported by reinforced concrete 
beams 9 ft.-0 in. center to center (Fig. 23) which together with 
the slab act as T-beams. The beams are continuous and their 
span is 19 ft.-0 in. The slab supports a live load of 175 lb. per 
sq. ft. The section of the beam below the slab is 10 X 20 
in. The reinforcement consists of six 34-in. round bars in two 
rows, 2 in. center to center vertically, the center of the lower 
row being 2 in. above the lower surface of the beam. n = 15. 
Determine f, and f. at the center of the span. 
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Weight of slab = 442 X 150 = 50 lb. per sq. ft. 
Total load on slab = 225 lb. per sq. ft. 
Load from slab on each beam = 9 X 225 = 2025 Ib. per ft. 


10 X 20 a 
ape < 150 = 208 lb. per ft. 


Total load on beam = 2233 Ib. per ft. 
M = 45 X 2233 X 19 X 12 = 805,000 in.-Ib. 


Weight of beam below slab = 


The breadth of flange cannot exceed either of the following: 
14 X19 X 12 = 57 in. 


or (16 X 4) + 10 = 74 in. 
Hence 6 = 57 in. 
2.65 
t 4 
patos 
From Diagram 6, k = .230 and j = .928; kd = 4.83 in. 
- SOOO 988 aoe : 
Hence fs = 265 % 998 X21 ~ 15,500 Ib. per sq. in. 
j= ee ea 310 lb. per sq. in. 


(1 — .230) x 15 

II. Determine the true resisting moment of the beam whose 
dimensions and reinforcement are given in the preceding example, 
assuming a 2000-lb. concrete. 

M, = 2.65 X 16,000 X .928 X 21 = 827,000 in.-lb. 
The corresponding stress in the concrete 
16,000 x .230 
Je = 50 — .230) 

The steel, therefore, governs as assumed, since when it is 
stressed to its limit, 16,000 lb. per sq. in., the concrete unit stress 
is well within the allowable. 

III. Using the specifications of the Joint Committee for a 
2000-lb. concrete, determine the cross-section of the web below 
the slab and the sectional area of steel required for a continuous 
T-beam supporting a 5-in. floor slab which sustains a live load of 
100 lb. per sq. ft. Distance center to center of adjacent beams, 
11 ft.-0 in. Span of beams, 23 ft.-0 in. (Fig. 24). 


= 319 lb. per sq. in. 
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Weight of slab = {2 X 150 = 62.5 lb. per sq. ft. 

Total load on slab = 162.5 Ib. per sq. ft. 

Load on beam from slab = 11 X 162.5 = 1790 lb. per ft. 

Assume weight of stem = 149 X 1790 = 180 lb. per ft. 

Total load on beam = 1970 lb. per ft. 

Maximum shear = V = 1970 X 234 = 22,600 lb. 

Assuming that web reinforcement is to be provided, the allow- 
able unit shearing stress equals .06 2000 = 120 lb. per sq. in. 


S22 COD 
Cross-section required for shear = b’d = 875 x 120 > 


215 sq. in. 

Selecting values so that d is from two to three times b’, let 
bf = 10 in. and d = 22 in. 

Since two rows of rods will undoubtedly be necessary, the total 
height of beam equals 22 + 3 = 25 in., and the cross-section 
below the slab equals 10 X 20 in. 

The actual weight of stem below slab = ahade | x 150 = 

210 Ib. per ft. 

The revised maximum shear = (1790 + 210) x 239 = 23,000 
lb. 

23,000 
.875 X 120 

This amount is furnished by the selected cross-section. 

The maximum moment =A 5 2000, X03" K_194= 
1,060,000 in.-lb. 


A,= 


The revised 6’d required = = 219 sq. in. 


1,060,000 
16,000(22 — 2.5) 
This is furnished by eight 34-in. round rods, the area of which is 
3.53 8q. In. 


= 3.40 sq. in. 
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For all practical purposes of design this approximate area of 
steel would be satisfactory. If the true area were to be deter- 
mined, the procedure would be as follows: 


t 5 
Sot g 227 
b is fixed in this case as 14 span or 14 (23 X 12) = 69 in. 
Assuming that the true area of steel will be equal to the approxi- 
mate value just found, 
3.53 : 
Equation (22) or Diagram 6 gives 7 = .923 and the true area 
of steel required becomes 
t 1,060,000 
= A600 eed 22 


A, = 3.26 sq. in. 
The assumed bars are satisfactory. 

Equation (19) or Diagram 6 gives k = .235. Therefore, kd = 
5.2 in. so the equations for T-beams apply as assumed. The 
maximum unit concrete stress is found by equation (24) to be 
below the allowable value of 800 Ib. per sq. in. 

IV. Design a simply supported, isolated T-beam with a span 
of 30 ft.-0 in. which must support a live load of 3000 Ib. per lin. 
ft. Use working stresses as follows: f. = 650, f, = 16,000, » = 
120, n = 15. 

Assume the weight of beam = 950 lb. per lin. ft. 

The total load to be carried = 3950 lb. per lin. ft. 

The maximum moment = 1¢ X 3950 & 30° 12 = 5,330,000 
in.-lb. 

The maximum shear = 3950 X 394 = 59,300 lb. 

59,300 


b’d required = 120 x 876 


= 565 sq. in. 

Since b’ is to be from 1% to 14d, the values selected will be 
b’ = 16 in. and d = 36 in. These are selected in preference to 
any other possible combination that falls within the limits 
stated above, in order to keep b’ in even inches and to secure as 
wide a beam as possible to allow for convenient placing of the 
reinforcement. 
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The thickness of flange is usually made 14d, hence t will be 
taken as 12 in. 


t 12 
15 
k = ——_— = .379 and kd = .379 X 36 = 13.6 in. 
16,000. 
15 are 650 


Therefore, the neutral axis is in the stem and involves a T-sec- 
tion for the problem. 
From equations (20) and (21) z = 4.42 in. and 7 = .877 
5,330,000 
: 16; 000 X .877 X 36 


The width of flange required is determined from equation 
(24), all quantities of which are known, to be 38.6 in. A width 
of 40 in. will be used. 

Seven 114-in. square rods will be selected, placed in two rows. 
The total height of beam is then 39 in., and the weight per foot, 
950 lb. as assumed. The design is, therefore, satisfactory (see 
footnote, p. 111). 


= 10.5 sq. in. 


RECTANGULAR BEAMS REINFORCED FOR COMPRESSION 


90. Use of Beams Reinforced for Compression. A beam is 
reinforced for compression when its size is limited by structural 
conditions or when the cross-section necessary to carry a given 
load without danger of crushing the concrete in the compressive 
area would be beyond practical limits. The moment in excess 
of the carrying capacity of the concrete is provided for by placing 
steel in the compressive portion of the beam. While the effec- 
tiveness of steel in compression has been questioned, numerous 
tests indicate that the steel assumes its proportion of the stress. 

A common example of a rectangular beam reinforced for com- 
pression occurs at the supports of a continuous T-beam, that is, a 
floor beam or girder in monolithic beam and girder floor construc- 
tion. On account of its importance, this is considered separately 
in Art. 96. 

91. Formulas for Design. The notation used in the following 
derivations is as follows: 
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M, = the moment which can be developed by the limited 
cross-section of concrete. 

M, = the moment that must be developed in excess of the 
compressive strength of the concrete. 

M = the total moment to be developed by the beam = M,; + 
M2. 

A,, = area of tensile steel for beam without compressive 
reinforcement necessary to develop the moment M,. 

A;, = area of additional tensile steel necessary to develop 
the moment M,.. 

A, = total tensile steel = Az, + Aa.. 

total area of compressive steel. 

f. = unit stress in tensile steel. 

f’. = unit stress in compressive steel. 


= 
T 


Assuming that a rectangular beam which will be called upon to 
resist a bending moment MM is limited in size to an effective cross- 
section bd, the resisting moment of the concrete M, being less 
than the moment M, compressive steel of an amount A’, will be 
required in order to keep the unit stress in the concrete within 
the allowable limit. 

The moment M, depends upon the concrete and equals (see 
Fig. 25 and Art. 52) 


M, = Vof-kjbd? = Kbd? (28) 
The area of steel required to provide sufficient tensile resistance 
fully to develop the strength of the concrete is 
fsjd 
since the resisting moment of the tensile steel = A,,f.jd. 


As, = (29) 
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The values of k, j, and K are found by the same equations as 
for rectangular beams with only tensile reinforcement. 

A moment of an amount = M, = M — M, still remains to be 
provided for by the necessary amount of compressive steel and 
additional tensile steel A;,. The stresses in these two quantities 
of steel form a couple, the lever arm of which is d — d’ (Fig. 
26). The resisting moment of the couple is, therefore, A,,f.(d — 
d’), and this must be sufficient to develop the moment M,.; hence 


M, = Ag,fs(d — d’) from which 


M, 
Ageia (30 
fd —d) ) 
The total tensile steel then equals 


Aer, Ale (31) 


Since the beam must be in equilibrium 
Aa = PA (a) 
From the assumption that unit stresses vary as the distance 
from the neutral axis 


f. _ a —kd 
a ar 
he 
ptlirrsstin Ga) ) 
oe aes 


Substituting in equation (a) the value of f’, from equation (b) 
in order to eliminate the unit stresses, 


— = A,,f, and solving for A’, 


Sa ia ee 


4-6 (32) 
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The position of the neutral axis has not been changed by the 
addition of the compressive steel, since just enough tensile steel 
was added to counterbalance it. Therefore, the value of k 
remains constant throughout the design. On account of the 
commercial sizes of reinforcing bars, as soon as the rods are 
selected there will, in all probability, be a slight difference in 
both tensile steel and compressive steel from the theoretical. 
Hence the balance in stresses indicated above no longer exists, 
and in reviewing the beam, the values of k and 7 will have to be 
found from equations other than the above. Such equations are 
derived in the following article. 

92. Formulas for Review. The equations for k, j, and the 
resisting moment to be used in reviewing a rectangular beam 


— ; 
1 
d 
; 


le 


with compressive reinforcement are derived in a manner similar 
to those for rectangular beams with tensile reinforcement only. 
The total tension in the steel = 7 = A.f, = pbdf, 
The total compression in steel and concrete = C + C’ 
This equals 


Alef's + Yofekdb = p'bdf’s + Vef-kdb = bd Vof.k + p'f's) 


in which p = the percentage of tensile steel and p’ the percent- 
age of compressive steel in terms of the effective cross-section 
bd (see Fig. 27). 
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Since for equilibrium the total tension must equal the total 
compression 
pfabd = bd(hof-k + p'f’s) 


or 

Phe = Vek + p'f's (c) 

From Fig. 27 it is seen that, since deformations vary as the 
distance from the neutral axis, 


AA’ _ _kd__ (d) 
BB’ d —kd : 
cts as 
but AA ae and BB ine 
Hence 
AA’ ip: 
BB’ us (e) 
Kquating (d) and (e) and solving for f, 
Pe lis 
fe = n(1 — k) 28) 
From equation (b) of Art. 91 
d’ 
ats (« ) 
eee Lah. (34) 


Substituting in equation (c) the value of f, from equation (33) 
and that of f’, from equation (34), 


(yp — & 
Bf min Sek? ; p'fa( 7) 
Bs Sn. — k) =k 


from which 


k= )2n(p + 9) +m + 2’? —n(p+p’) (35) 


By taking the summation of moments of the compressive forces 
about the top of the beam, the position of their center of gravity 
may be determined. The resulting equation is 


re 
ad kao PG. 
ae OO eae aj 
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Since C’, the total compressive stress in the steel = p’bdf’., and 


: : bdf.-k 
C, the total compressive stress in the concrete = ~ 2 
C’ _ 2p'f's 
Co ae 


Substituting from equations (33) and (34) the values of f, and f’. 


cr 2p'fa( — 2) i 2p'n( i — _) 
: (2h) on 2 


Substituting this value of C in the equation given above for z, 


: Lgk3d + 2p'nd'(k — “) 


/ 
k? -- 2p'n(k = “) 
From Fig. 27, jd = d — z,orj = 1 — 4, and therefore 
d’ a’ 
oe Le Ine Le Aare! Aon ire 
k 7 gk? + 2p nk =) (A d 


hips ke + 2p'n(k = t) ee 


The resisting moment of the steel is found by taking moments 
about the center of gravity of the compressive forces 


M, = A,f.jd (37) 


The resisting moment of the concrete could be found by taking 
moments about the center of the tensile steel, but the resulting 
equation would be extremely cumbersome. It is simpler to use 
equation (37) in conjunction with equation (33) as explained in 
Art. 88, in determining the safe resisting moment of the concrete. 

93. Diagrams for Review of Beams Reinforced for Compres- 
sion. In order to simplify the computations for the review of 
beams of this type, Diagrams 7 and 8 have been constructed, 
from which the values of k and j as represented by equations (35) 
and (36) may readily be found. Since these two quantities 


: i 
depend upon the relation between p, p’, n, and a the curves 


have been drawn with these quantities as variables. For inter- 
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, 7 Lone 
mediate values of = interpolation is necessary to find the true 


values of k and 7. 
The equation for the resisting moment of the compressive forces 
in a concrete beam reinforced for compression is 
k 
M, = M4 fuk(1 = 3 od? + f'p'bd(d — a’) 
By substituting the values of f’; and j in the above equation 
M, =bd’f.:R 


a= 8-4 -)0-4) 


Similarly, M, = bd?f.:N 
in which 


in which 


vot 4) aay @—$ 


Solving these equations for f. and fs 


Cal 
Oar bite Se 

M 1 
So = 598 N 


Diagrams 9 and 10 give values of R and N for different values 
: M : 
of p and p’, and also f, and f, for various values of bd? k having 


been determined from. equation (35). The procedure to be 
followed in using these diagrams is first to determine p and p’; 


5 ‘ Oo Ves: 
then enter the proper diagram (this depends on e) with the 
, 
computed values of p and the ratio me the intersection of which 
determines F (or N); follow along the R (or NV) curve thus located, 
to the intersection with a horizontal line through the existing 


value of = ; the value of f. (or f;) may then be read directly from 


the curve, interpolating if necessary. The numerical values of 2 
and N are unnecessary to the solution of the problem and are 
therefore omitted from the curves. 

94. Types of Problems. In designing a beam of limited cross- 
section which is called upon to support a greater load than the 
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compressive strength of the concrete permits, the rational 
process is to solve equations (28) to (32) in order. The amounts 
of tensile and compressive steel are then known, so that proper 
selection of rods can be made. 

In reviewing a beam with compressive reinforcement to find 
the existing unit stresses under a given load, the values of k and 7 
may be found from equations (35) and (86) or Diagrams 7 and 8, 
the value of f, from equation (37), f. from equation (33), and f’. 
from equation (34). 

If the safe resisting moment is required, the maximum allow- 
able values of f, and f. having been given, k and j should first be 
found from equations (35) and (36). Then to determine whether 
the strength of the concrete or of the tensile steel governs, the 
value of f, corresponding to the maximum allowable value of f, 
should be found from equation (33). If this is greater than the 
allowable, the safe working limit of the strength of the steel will 
be exceeded, provided the full strength of the concrete is devel- 
oped, that is, the steel governs the strength of the beam. Hence 
the true resisting moment of the beam will be found from equa- 
tion (37), f, being taken as the specified limit. If f, deter- 
mined as above is less than the allowable, the full strength of the 
steel cannot be developed without overstressing the concrete. 
Hence the concrete governs, and the safe resisting moment of the 
beam may be found from equation (37), the value of f, being that 
just computed from equation (33)—the value that results when 
the concrete is stressed to its maximum. 

95. Illustrative Problems. 

I. A continuous reinforced concrete beam having a span of 
20 ft.-0 in. is limited in cross-section to 8 X 18 in. The beam 
sustains a live load of 500 lb. per lin. ft. f, = 16,000, f. = 650, 
and n = 15. Using 2 in. of insulation measured from the center 
of the bars, determine the area of steel required for tension (A,) 
and for compression (A’,). 

8 xX 18 
Total load carried by beam = 650 lb. per lin. ft. 


M = \%{2 X 650 X 20° X 12 = 260,000 in.-lb. 


Weight of beam = 150 =150 lb. per lin. ft. 
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From Table IV, K = 107.7, k = .379, 7 =.874 


Assuming that only one row of tensile steel will be required, 
M, = 107.7 X 8 X 16° = 220,000 in.-lb. 
M, = 260,000 — 220,000 = 40,000 in.-lb. 
220,000 i } 
SEs Ni BA elbns La ens 
40,000 


As, = 16,000(16 — 2) = 0.18 sq. in. 


A, = .98 + .18 = 1.16 sq. in. of tensile steel. 
A’, = 18 X oo piOs ps 0.45 sq. in. of compressive 
379 — %@ 


steel. 

To satisfy the above, four 5¢-in. round bars in tension, and two 
5g-in. round bars in compression are selected, each set in one 
row as assumed. 

II. A simply supported concrete beam whose span is 21 
ft.-O in. has a cross-section of 8 X 19 in., and is reinforced as 
follows: for tension, four 7g-in. round bars, and for compression, 
four 7-in. round bars, each set in two rows, the center of the 
row nearest the surface being 2 in. from the surface, and the 
vertical distance center to center of rows being 2 in.; n = 15. 
Determine the values of the unit stresses in the tensile steel, 
compressive steel, and concrete, if the beam sustains a live load 


of 600 Ib. per lin. ft. 
Se 


Weight of beam = GV aie: 150 = 160 lb. per lin. ft. 


Total load carried by beam = 760 lb. per lin. ft. 
M = \é X 760 X 21° X 12 = 505,000 in.-lb. 
p=p = oo 48 = .0188 and & = = 19 

; d’ 
From Diagram 8, interpolating for em 19, k = 429, and 
j = .837 

= 505,000 
fe = 241 x 837 X 16 
_ 15,700 X .429 
fo = T5q — .429) 
° 15,700(.429 — 346) 

fs 1 — .429 


= 15,700 lb. per sq. in. 


= 785 lb. per sq. in. 


= 6,650 lb. per sq. in. 
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III. A reinforced concrete beam has a cross-section of 12 X 
30 in. and is reinforced as follows: for tension, eight 34-in. square 
bars in two rows, 2 in. center to center, the center of the lower 
row being 2 in. above the lower surface of the beam, and for 
compression four 34-in. square bars in one row, the center of 
which is 2 in. below the upper surface of the beam. f/f; = 16,000, 
f- = 700, and n = 15. What is the safe resisting moment of 
the beam? 


I 
I 
° 
~J 


J 
p’ = ép = .0069 

From Diagram 8, 7 = .886 and k = .414 

When f. is a maximum, the corresponding value of f, is found 
from equation (33) to be 

700 X 15(1 — .414) 
414 
Therefore, the strength of the beam depends upon the concrete; 
and the safe maximum resisting moment occurs when the steel is 
stressed to 14,900 lb. per sq. in. and equals: 
M = 4.5 X 14,900 X .886 X 27 = 1,600,000 in.-lb. 

The full tensile strength of the steel cannot be utilized without 
overstressing the concrete. 

IV. A typical beam in a reinforced concrete floor of the beam 
and girder type has an effective depth of 25.5 in., a width of stem 
of 12 in., and reinforcement consisting of four l-in. square bars in 
one row, the center of which is 2.5 in. above the lower surface of 
the beam. One-half of the bars are bent up over the support to 
provide for negative moment, and the other half continued 
straight through the support to assist in resisting compressive 
stresses at that point. The maximum moment in the beam 
equals 1,500,000 in.-lb. What are the values of f, and f. at the 
support? (See Art. 96.) 

F 4.0 


= 14,900 lb. per sq. in. 


P= 2 = oops 
dd 25 

7 = opp = 10 
M _ 1,500,000 _ 99 


bd? 12 X (25.5)? 
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Intering Diagram 9 with p = .0131 and p’ = p, and following 
the R curve thus determined to the intersection with a horizontal 


M 


line through the value of bq2 — 192; it is found that 
f. = 650 lb. per sq. in. 
Similarly from Diagram 10 
fs = 16,600 lb. per. sq. in.’ 


96. The Design of a Continuous T-beam at the Supports. At 
the supports of a continuous T-beam the bending moment is 
negative so that the upper surface becomes the tensile surface, 
while the lower portion of the section of the beam is in com- 
pression. Since in reinforced concrete design the steel is assumed 
to resist all of the tensile forces, sufficient steel must be placed 
near the upper surface of the beam over the support to develop 
the negative moment at that point. Where the moment at 
the support is assumed numerically equal to the moment at 
midspan, the tensile steel required near the upper surface over 
the support is approximately equal to that required in the 
lower section of the beam at the center of the span to develop 
the positive bending moment. The length of the lever arm of 
the resisting couple (jd) is often somewhat smaller at the sup- 
port than at midspan, in which case the amount of tensile steel 
required over the support is slightly the greater. 

The usual method of providing for this negative bending 
moment is to bend up about one-half of the reinforcing bars from 
each adjacent beam and extend them far enough across the sup- 
port to insure proper development of the negative moment. 
In the case of a uniformly loaded beam they should be continued 
to the quarter or third point of the span, the assumed location of 
the point of zero negative moment. More rods must be bent 
up or additional rods must be placed in the upper portion over 
the support if the allowable unit stresses are exceeded. 

Since the tension side is uppermost, the flange of the T-beam 
can no longer be considered effective in resisting stress, hence the 
form of beam becomes rectangular at the support, the width being 
equal to the width of the stem. 
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On account of the small compressive area of concrete (now 
below the neutral axis) a failure by compression would often 
result if steel were not added in the compressive area to assist 
the concrete. Since only a portion of the horizontal rods are 
bent up over the support, the remaining rods may be brought 
straight through and extended far enough into the adjacent 
panel to develop their full strength in bond, and thus furnish 
the added compressive resistance required. 

In determining the length necessary to accomplish this, it will 
be sufficient to consider only the maximum allowable stress in 
the rods, and furnish a length from the center of the support to 
the end of the rod properly to transmit this stress to the concrete. 
The full working strength of the steel in compression cannot be 
reached without exceeding the compressive strength of the 
surrounding concrete. In ordinary design, the stress to be 
used in determining the required length of embedment need 
only be equal to the maximum as determined by the concrete, 
that is rfc. 

Where one half of the longitudinal reinforcement, required at 
the center of the spans, is bent up from each of two adjacent 
beams, and the remainder is carried straight through beyond 
the support far enough to develop its compressive strength in 
bond, the amounts of tensile and compressive reinforcement 
are equal. If less compressive reinforcement is required, the 
bars from the adjacent beams need be carried beyond the sup- 
port only far enough to develop a lap splice. With such an 
arrangement the compressive reinforcement is equal in amount 
to one half of the tensile reinforcement. In either case, the 
section of the beam at the support is that of an inverted rec- 
tangular beam reinforced for compression and it may be analyzed 
according to the principles of Art. 93. 

Since the negative moment decreases very rapidly, and only a 
short section is under maximum stress, a higher compressive 
stress is allowed in the concrete at the support than at mid-span. 

The bond stress on the tension rods at the support may be 
computed in the same manner as for the tension rods at the end 
of a simply supported beam. A slight excess of the computed 
stress over the allowable is of no consequence, since the actual 
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stress is undoubtedly less than the theoretical, due to the stiffening 
action of the bent-up portion of the rods. 

The points at which the horizontal rods may be bent up will 
depend upon the variation in positive bending moment along 
the beam. The location of these points may be determined as in 
Art. 78. It is also necessary to determine the points at which 
the upper rods may be bent down, that is, the points at which 
the inclined rods must intersect the uppermost portion of the 
beam in order to furnish sufficient reinforcement for the negative 
moment existing at those sections. It is safe to assume the curve 
of negative moment as a straight line from the support to the 
point of zero moment, and determine the location of the bending 
points accordingly. 

If the two sets of values, one for positive and one for negative 
moment, are such that the bending of the rods is impossible 
without exceeding the limitations imposed, a greater number of 
rods must be used at the center of the span, or additional rods 
placed over the support, and the design governed accordingly. 
In bending rods, care should be taken to keep the center of gravity 
of the remaining rods in a vertical plane through the axis of the 
beam. To accomplish this, the rods should be bent in pairs, or 
multiples of two, except when an odd number of rods is to be 
bent. In this case, bend first one from the middle and then the 
remaining ones in pairs, or bend three rods at one point. 

It. is usually desirable to provide for diagonal tension as much 
as possible with bent-up rods. On account of the restrictions 
placed upon the bending of the rods, it is necessary in most 
cases to add stirrups or some other form of web reinforcement 
fully to provide for the inclined stresses. The analysis is similar 
to that for simply supported beams, the spacing of the stirrups 
being computed for the regions over which they are required. 

In all computations relating to diagonal tension, shear, and 
bond, the average value of 7 for the shape of beam under consider- 
ation may be used, and revision made later for any discrepancy. 
This value for rectangular beams reinforced for compression 
may be taken as .85 and for T-beams as .92. It is necessary 
to consider the section where the condition under investigation 
exists. 
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It is sometimes necessary that beams framing into columns 
or girders should be calculated as simple beams where a moment 
coefficient of 1gwl? is used. Some negative moment will actually 
exist at the supports due to the monolithic nature of the con- 
struction.4 It is good practice to provide a small amount of steel 
at the top over the supports to prevent the formation of cracks, 
the amount of steel being left to the judgment of the designer. 

97. Design of a Typical Floor Beam.’ A fully continuous floor 
slab 4 in. in thickness is reinforced with 3¢-in. round bars spaced 
416 in. center to center. The slab is designed for a uniform live 
load of 100 lb. per sq. ft. and is supported on beams 9 ft.-O in. 
center to center. The beams are continuous over girders 14 in. 
in width and 21 ft.-0 in. center to center. Use a 2000-lb. con- 
erete. Design the beam. 

The unit stresses allowable for a concrete of this strength are: 

fc = 800, except at supports where 900 is permissible. 

u = 100 (deformed bars) 

v (no web reinforcement) = 40 

v (proper web reinforcement) = 120 

n=15 f, = 16,000 

Assume the weight of the stem below the slab to be approxi- 
mately 10 per cent of the total known load. Any error greater 
than 1 per cent of the total load should be corrected. The other 
limitations as to spacing of rods and ratio of depth to breadth of 
beam should be taken as outlined in the preceding articles. 

Design of Beam at Center. 

Weight of slab per square foot = 449 & 150 = 50 lb. 

Load on beam from slab = (100 + 50) X 9 = 1350 lb. per ft. 

Assume weight of stem = 150 Ib. per ft. 

Total load per linear foct = 1500 lb. 

Maximum shear = V = 1500 X 10.5 = 15,750 lb. 

Maximum moment = 14 X 1500 X 21” X 12 = 663,000 in.-lb. 

The positive and negative moments are assumed equal. 

As stated in Art. 96, the required beam section is determined by 
the shear at the support. The value of 7 to be used in the 


* The Joint Committee recommends that a moment not less than 4 gwl? 
shall be provided for at the ends of such uniformly loaded beams. 
® See Art. 161 for another typical design of a floor beam, 
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computation of the shearing area necessary depends, therefore, 
upon the properties of the rectangular section reinforced for 
compression at the end of the beam. As this is still unknown, 
a preliminary estimate may be made with j = .85 and revision 


made later if necessary. 
15,750 _ 
85 X 120 


In order to keep d within the limits of two to three times b’, 
let b’ = 8 in. and d = 154¢ = 19.2 in., which may safely be 
reduced to 19 in. because of the strengthening action of the girder. 
This is the value of the required effective depth at the support 
to provide fully for shearing stresses, and is measured upward 
from the bottom of the beam (the compressive face) to the center 
of the tension steel (which is near the top of the slab). 

At the point where the girder frames into the column, the ten- 
sile steel in the girder and the tensile steel in the beam which 
frames into the same column must be so arranged as to cross each 
other without interference, 7.e., the distance to the center of the 
steel from the top of the slab cannot be the same for both beam 
and girder. Sometimes the beam steel is so placed as to pass 
above the girder steel, and vice versa. The former permits of 
somewhat easier placing of the steel while the latter gives the 
girder, which has the larger moment, the advantage of having the 
maximum possible effective depth at the support. In the pres- 
ent case, the top row of beam steel will be placed above the 
corresponding girder steel, and the other rows (if required) will 
alternate. The insulation to the center of the uppermost row of 
beam bars at the support will be made 114 in., and the distance 
center to center of rows, 2 in. The insulation to the center of 
the lowermost row of beam bars at the center will be made 2 in. 
and the distance center to center of rows, 2 in. 

The effective depth at the center will, with the above arrange- 
ment, be 14 in. less than at the support, or 1814 in. At the cen- 
ter, the approximate required area of steel is 

ee 663,000 
* . 16,000(18.5 — 2) 
Six 34-in. round bars, furnishing 2.65 sq. in., will be placed in two 
rows as outlined above. The total height of beam is 21.5 in., 


b’d required = 


= 154 sq. in. 


=. 2.5 sq. in. 
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the cross-section below the slab is 8 X 17.5 in., and the weight 
of the stem per linear foot is 146 lb., which checks the assumed 
value. 

Review of Beam at Center. 

The flange width b cannot exceed 14 span = 14 X 21 X 12 = 
63 in. or 16¢ + b’ = (16 X 4) + 8 = 72 in. 


2.65 t + ys 
D> earaiias et ce 1s peti ee 


From Diagram 6, k is found to be .231 and 7 .925. Since 
kd is greater than t, the neutral axis is in the stem and the T-beam 
equations apply. 


662000. haan : 

Je = 365 x 995 X 18.5 ~ 14,600 Ib.per aq. in. 
231 

fe = 14,600 < 151 — .231) = 292 lb. per sq. in. 


Design and Review over Support. One-half of the rods will be 
bent up over the support in order to furnish the required tensile 
area at that point. The remaining rods will be brought straight 
through the supporting girder far enough to develop their 
strength in bond. The upper three rods will be bent from each 
side, the remaining rods from one side being offset to clear those 
from the other side (see Fig. 28). With the proposed arrange- 
ment, it will be necssary to determine whether the unit stresses 
in the steel and in the concrete at the support are within the 

/ 
allowable limits. With s = 3{9 = .158 and p = p’ = eis 
= .0174, Diagram 8 gives k = .414 and j = .854. 


Py. 663,000 sane 
1 2.65 X 854 x19 15,400 lb. per sq. in. 
che. 


15 — .414) 


15,400 X 


fe = 727 lb. per sq. in. 


The bond stress along the six rods at the top of the beam at the 
support is 
15,750 
14.14 X .854 x 19 


u= = 69 lb. per sq. in. 
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The true shearing area required is 
Pwd Ou 

bid = "54 X 120 
Since the allowable values of f., f., and u are 16,000, 900, and 100, 
respectively, and since the shearing areafurnished (8 X 19 = 152) 
is for all practical purposes as great as required, the above 
design may be considered satisfactory. A somewhat more 
economical selection of steel could have been made by using two 
different sizes of bars, but the concrete section could not have 


= 153 sq. in. 


Point I- bars a could be bent up Trapezoid Showing Shear per Linear Inch 
» 2-bars b could be bert yp tobe resisted by Web Reintorcement 

» 3-bars a could be bent down Cc 

» 4.-bars b could bebent down g 
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been reduced without exceeding materially the allowable unit 
stress in shear. The comparatively low actual value of f. there- 
fore cannot be avoided in the present case, and does not indicate 
a lack of economy in the design. 

Design for Diagonal Tension. Diagram 1 may be employed 
to find the points at which the horizontal rods may be bent up. 
One rod or one-sixth of the total steel area will be bent up at 
one point, and two additional rods at another point, leaving 
50 per cent of the reinforcement at the bottom. The single 
rod may be bent 


84 X 21 X 12 = 86 in. 
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from the support, and the other two 


2 x12) X12 = 953 in: 
from the support. 

The points at which the upper horizontal rods over the support, 
two at one point and one at another, may be bent down are 
determined from a consideration of the negative bending moment. 
Assuming that this moment becomes zero at a point one-third of 
the span from the center of the supporting girder, the two rods 
may be bent down at a distance of 

ieee 12 


6 x re ae 28 in. from the center of the girder. 
The single rod may be bent down at a distance of 
: x axe = 42 in. from the center of the girder. 


The rods will be bent as shown in Fig. 28, both of the above 
sets of values being taken into account in addition to the fact 
that the maximum allowable spacing of inclined bars equals 


1s a0! = 15 in. if these bars are to be considered as resisting 
diagonal tension. 

The distance from the support beyond which web reinforce- 
ment is no longer required, that is, where the unit shear becomes 
equal to 40 lb. per sq. in., is 

_ 21 408 X .925 X 18.5 


xy - =e 


a — 9.85 — Dy 5 
9 1500 6.85 ft §2 in 


The concrete can provide for a total shear of V. = 40 K 8 X 
854 X 19 = 5200 lb. The total shear at the support to be 
resisted by the web reinforcement is V’ = 15,750 — 5200 = 
10,550 Ib. The diagonal tension to be provided for by the web 
reinforcement may be represented by the triangle CDE (Fig. 28) ; 
the length of the base DH is 82 in. and the altitude CD is 


10,550. Aa 
Srancig = 650 Ib. per lin. in. 


The area mgrn is provided for by the inclined rods, for, by 
specification, bar a can provide for diagonal tension for a distance 
equal to 15 in., measured from the point of bending, and .7 of 
the area mqzy is less than the tensile strength of the bar; likewise 
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the two bars b provide fully for area rxzyn, the distance yn being 
15 in. 

The remaining portions to the left and right of mgrn must be 
taken care of by other web reinforcement, vertical stirrups being 
chosen for this case. The spacing of 3<-in. round U-stirrups 
at the support is 

, - 2X -1104 X 16,000 x .854 x 19 
10,550 
A spacing of 51% in. will be used at the support and continued 
to the point n. 
The required spacing at the point m is 
« — 2X 1104 x 16,000 X .925 Xx 18.5 


10,550 — 6345 1500 


== ena. 


aan 


The maximum allowable spacing, .45d = 8 in., will be used 
throughout the length m-2. Good practice requires that stirrups 
be placed over the remaining portions of the beam, at a spacing 
of from 12 to 15 in., merely to assist in binding together the web 
and flange. 

The first stirrup will be placed 2 in. from the edge of the girder. 
The bars bent up over the support will be continued to the one- 
third point of the adjacent span, that is, 21 X 12g = 84 in. 
from the center of the support, before being cut off, in order 
fully to provide for the negative bending moment. The length 
of embedment of the lower (compressive) rods at the support is 
h = eso X a lin 

By continuing each rod the required distance from the center 
of the girder, the full strength of the six rods can be utilized, as 
assumed in the design. 
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TaBLe I.—AREAS, PERIMETERS, AND WEIGHTS OF Rops 


Round rods I] Square rods 
Spe Mesh ti Area Perim- | Weight \ Perim- | Weight 
| (sq. in.) eter (Ib. per || moh eter (Ib. per 
(inches) ttn wall a) (inches) ft.) 
a | 

yy 0.0491 | 0.785 0.17 0.0625 1.00 0.21 
Ve 0.0767 | 0.982 0.26 0.0977 1.25 0.33 
3¢ 0.1104 | 1.178 0.38 0.1406 1.50 0.48 
oe 0.1503 | 1.374 | 0.51 0.1914 | 1.75 0.65 
os 0.1963 | 1.571 0.67 0.2500 2.00 0.85 
K% 0.2485 | 1.767 | 0.85 0.3164 | 2.25 1.08 
+4 0.3068 | 1.964 1.04 0.3906 2.50 1.33 
lly, 0.3712 | 2.160 1.26 || 0.4727 | 2.75 1.61 
34 0.4418 | 2.356 1.50 0.5625 3.00 191 
13/6 0.5185 | 2.553 1.76 0.6602 3.25 2.25 
KW 0.6013 | 2.749 2.04 0.7656 3.50 2.60 
16 0.6903 | 2.945 2.39 0.8789 3.75 2.99 
1 0.7854 | 3.142 2.67 1.0000 4.00 3.40 
1k 0.9940 | 3.534 3.38 1.2656 | 4.50 4.30 
14% 1.2272 | 3.927 4.17 | 1.5625 5.00 6.31 
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Tasie II.—Srecrionat AreEA oF Rounp Rops In SQUARE INCHES 


Size of rod Number of rods 
2 3 4 5 6 ri 8 9 10 11 12 13 14 
a 0.22/0.33|0.44/0.55/0.66'0.77/0.88) 0.99) 1.10) 1.21] 1.32) 1.44] 1.55 
yy 0.39/0.58/0.78/0.98/1.18/1.37|1.57| 1.77] 1.96] 2.16] 2.36] 2.55] 2.75 
5B 0.61/0.91)1.23/1.53)1.84/2.15)/2.45) 2.76] 3.07] 3.37] 3.68] 3.99] 4.30 
A 0.88)1.32/1.77/2.2112.65/3.09|3.53) 3.98] 4.42] 4.86] 5.30] 5.74] 6.19 
% 1.20)1.80/2.41/3.01/3.61/4.21/4.81] 5.41] 6.01) 6.61| 7.22] 7.82) 8.42 
1 1.57|2.35)|3. 14/3.93/4.7115.50/6.28) 7.07] 7.85] 8.64] 9.43)10.21/11.00 
1\% 1.98/2.98/3.98|4.97|5.96|6.96/7.95) 8.95] 9.94/10.94/11.93 12.02]18,02 
1% 2.45/3.68/4.9116,14/7.36/8.59/9.82)11.04/12.27 fas eds ok 17.18 
SECTIONAL AREA OF SQUARE Rops IN SQUARE INCHES 
Size of rod Number of rods 
, _ 
Be mag aera: NIB al 36 7 8 9 10m Lt 1 Weal eo fF 
% 0.28/0.42/0.56/0.70\0.84| 0.98] 1.12) 1.27 Vad 1.55) 1.69) 1.83) 1.97 
My 0.50 0.75/1.00)1.25)1.50 1.75| 2.00} 2.25; 2.50} 2.75] 3.00] 3.26] 3.50 
54 0.78)/1.17)1.56)1.95/2.34] 2.73) 3.12) 3.52] 3.91] 4.30] 4.69] 5.08] 5.47 
34 1.12}1.68/2.25/2.81/3.38] 3.94] 4.50) 5.06] 5.62] 6.19] 6.75] 7.31] 7.88 
i% 1.53/2.29/3.06|/3.83/4.59] 5.36] 6.12) 6.89) 7.66) 8.42] 9.19 9.9510 72 
1 2.00/8.00/4.00/5.00'6.00} 7.00} 8.00) 9.00'10.00/11.00/12.00/13.00 14.00 
1% 2.53/3.79/5.06/6.33/7.59] 8.86 10.12 11, 39)12.66)/13.92)15.19 16.45/16.72 
1% 3.12/4.68/6.25'7.81/9.37|10,94/12,50!14,06/15,62/17,19 pen inieut Se 21.87 
} | 


TasBie III. —Area or Stas Bars 
SrcrionaL AREA OF STEEL PER Foor or SuaB FOR VARIOUS SPACINGS 


Size of round bar Size of square bar 
Spacing | 
(inches) | 
VAs Pie re lee ae Oa le We Gee en Ae 
in. in. in. in. in in, in. in. in. 
T | 
3 0.20) 0.44 | 0:78 | 1.23 | 1.77 | 2.40 | 3.14 | 1.00 | 4.00 | 5.06 | 6.25 
3146 0.17, 0.38 | 0.67 | 1.05 | 1.51 | 2.06 | 2.69 ; 0.86 | 3.43 | 4.34 | 5.36 
4 0.15] 0.33 | 0:59 | 0.92 | 1.82) 1.80 | 2.36 | 0.75 | 3.00.) 3.80 | 4.69 
4h¢ OsiS|20s20 | 0 ro2. | POnseul di 1eqle 1.60) 2-098 OceTatE ee OT eScse wake Lr 
5 0.12) 0.26 | 0.47 | 0.74 | 1.06 | 1.44 | 1.88 | 0.60 | 2.40 | 3.04 | 3.75 
516 OF 1d10824 (043° 0867 ).0:96"| Tost | Leal Oles a 18 | 2276 | 3.48 
6 0.10) 0.22] 0.39 | 0.61.| 0.88 | 1.20°) 2.57 | 0.50 | 2:00 | 2.53 | 3.12 
644 0.20 | 0.36 } 0.57 | 0.82 | 1.11 1.45 | 0.46 | 1.85 | 2.34 | 2.89 
iG O19) 0.384) 0258") 0.76 | 1503) 71-3577 0.48 | 1.7 2.17 | 2.68 
736 0.18 | 0.31 | 0.49 |. 0.71 | 0.96 | 1.26 | 0.40 | 1.60 | 2.02 | 2.50 
8 0.17>)| 0.29 | 0,46 | 0.667)°0.90-) 1.18 10.37 | 1.50 | 2.89. 12.34 
9 0.15 } 0.26 | 0.41) 0.59 | 0.80 | 1.05 | 0.33.) 1.33: | 1.69. | 2.08 
10 0: 1371) 02227" Ove7 Or Se) | 0272 0.04 7° 0300) 1220 Sau) Lisi 
12 | 0.11 | 0.20 | 0.31 | 0.44 | 0.60 | 0.78 0.25 | 1.00 | 1.27 | 1.56 
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Taste [V.—ReEcrANGULAR BEAMS AND SLABS 
DESIGN 
k=— Pe ee Ne er 
n+r is 3 PP > Orn +r) ZX, : 
a nm =15 
k i Dp K ts te k j Pp K 

0.300 0.900 | 0.0054 67.5 | 14,000 500 0.348 | 0.884 | 0.0062 TOur 
0.320 0.893 | 0.0063 78.6 550 0.372 | 0.876 | 0.0073 89.5 
0.340 0.888 | 0.0073 90.6 600 0.391 | 0.870 | 0.0084 | 102.0 
0.358 0.881 | 0.0083 | 102.5 650 0.410 | 0.863 | 0.0095 | 114.8 
0.375 0.875 | 0.0094 | 114.8 700 0.428 | 0.857 | 0.0107 | 128.3 
0.391 0.870 | 0.0105 | 127.6 750 0.446 | 0.851 | 0.0120 | 142.3 
0.407 0.864 | 0.0116 | 140.4 800 0.462 | 0.846 | 0.01382 | 156.3 
0.435 0.855 | 0.0140 | 167.5 900 0.491 | 0.836 | 0.0158 | 184.8 
0.462 0.846 | 0.0165 | 195.3 1000 

0.273 0.909 | 0.0043 62.0 | 16,000 500 0.319 | 0.894 | 0.0050 71.3 
0.292 0.903 | 0.0050 72.2 550 0.339 | 0.887 | 0.0058 82.3 
0.310 0.897 | 0.0058 83.2 600 0.358 | 0.881 | 0.0067 94.4 
0.328 0.891 | 0.0067 95.0 650 0.379 | 0.874 | 0.0077 | 107.7 
0.344 0.885 | 0.0075 | 106.2 700 0.397 | 0.868 | 0.0087 | 120.6 
0.360 0.880 | 0.0084 | 118.8 750 0.414 | 0.862 | 0.0097 | 133.8 
0.375 0.875 | 0.0094 | 131.3 800 0.429 | 0.857 | 0.0107 | 146.7 
0.403 0.866 | 0.0113 | 156.5 900 0.458 | 0.847 | 0.0129 | 174.4 
0.429 0.857 | 0.0140 | 183.7 1000 

0.250 0.917 | 0.0035 57.3 | 18,000 500 0.294 | 0.902 | 0.0041 66.3 
0.268 0.911 | 0.0041 67.2 550 0.314 | 0.895 | 0.0048 vather: 
0. 286 0.905 | 0.0048 Pid hotsy 600 0.333 | 0.889 | 0.0056 88.9 
0.302 0.899 | 0.0055 88.4 650 0.351 | 0.883 | 0.0063 | 100.8 
0.318 0.894 | 0.0062 99.6 700 0.368 | 0.877 | 0.0072.| 113.1 
0.333 0.889 | 0.0069 | 111.1 750 0.385 | 0.872 | 0.0080 | 125.7 
0.348 0.884 | 0.0077 | 123.0 800 0.400 | 0.867 | 0.0089 | 138.7 
0.375 0.875 | 0.0094 | 147.7 900 0.429 | 0.857 | 0.0107 | 165.3 
0.400 0.867 | 0.0111 | 173.3 1000 

0.230 0.923 | 0.0029 53.1 | 20,000 500 0.272 | 0.909 | 0.0034 61.8 
0.248 0.917 | 0.0034 62.4 550 0.292 | 0.903 | 0.0040 Lowe, 
0.264 0.912 | 0.0040 12.2 600 0.311 | 0.897 | 0.0047 83.7 
0.280 0.907 | 0.0046 82.4 650 0.328 | 0.891 | 0.0053 94.4 
0.295 0.902 | 0.0052 93.3 700 0.344 | 0.885 | 0.0060 | 106.2 
0.310 0.897 | 0.0058 | 104.3 750 0.359 | 0.880 | 0.0067 | 117.9 
0.324 0.892 | 0.0065 | 115.6 800 0.374 , 0.875 | 0.0075 | 130.9 
0.351 0.883 | 0.0079 | 139.5 900 

0.375 0.875 | 0.0094 | 164.1 1000 
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Tapie V.—VAuuEs or k AND j FOR RECTANGULAR BEAMS AND SLABS 


REVIEW 
k = V 2pn + (pn)? — pn j=1-—k 
n =12 n =15 n = 12 n=15 
Dp Pp 

k j k j i j k j 
0.0010 0.145 | 0.952 0.158 | 0.947 || 0.0090 | 0.370 | 0.877 | 0.402 | 0.866 
0.0012 0.155 | 0.948 | 0.169 | 0.944 || 0.0092 | 0.373 | 0.876 | 0.405 | 0.865 
0.0014 0.166 | 0.945 | 0.181 | 0.940 || 0.0094 | 0.37 0.875 | 0.407 | 0.864 
0.0016 0.177 | 0.941 | 0.192 | 0.936 || 0.0096 | 0.379 | 0.874 | 0.411 | 0.863 
0.0018 0.186 | 0.938 | 0.202 | 0.933 || 0.0098 | 0.381 | 0.873 | 0.414 | 0.862 
0.0020 0.196 | 0.935 | 0.217 | 0.928 0.0100 | 0.385 | 0.872 | 0.418 | 0.861 
0.0022 0.204 | 0.932 | 0.222 | 0.926 || 0.0102 | 0.387 | 0.871 | 0.420 | 0.860 
0.0024 0.212 | 0.929 | 0.231 | 0.923 || 0.0104 | 0.391 | 0.870 | 0.423 | 0.859 
0.0026 0.220 | 0.927 | 0.240 | 0.920 || 0.0106 | 0.394 | 0.869 | 0.426 | 0.858 
0.0028 0.227 | 0.924 | 0.248 | 0.917 || 0.0108 | 0.396 | 0.868 | 0.429 | 0.857 
0.0030 0.235 | 0.922 | 0.258 | 0.914 | 0.0110 | 0.398 | 0.867 | 0.432 | 0.856 
0.0032 0.241 | 0.920 | 0.263 | 0.912 || 0.0112 | 0.402 | 0.866 | 0.434 | 0.855 
0.0034 0.248 | 0.917 | 0.271 | 0.910 || 0.0114 | 0.404 | 0.865 | 0.437 | 0.854 
0.0036 0.254 | 0.915 | 0.277 | 0.908 || 0.0116 | 0.407 | 0.864 | 0.440 | 0.853 
0.0038 0.260 | 0.913 | 0.284 | 0.905 || 0.0118 | 0.410 | 0.863 | 0.443 | 0.852 
0.0040 0.266 | 0.911 | 0.292 | 0.903 || 0.0120 | 0.412 | 0.863 | 0.446 | 0.851 
0.0042 0.270 | 0.910 | 0.297 | 0.901 || 0.0122 | 0.415 | 0.862 | 0.448 | 0.851 
0.0044 0.276 | 0.908 | 0.303 | 0.899 || 0.0124 | 0.417 | 0.861 | 0.451 | 0.850 
0.0046 0.281 | 0.906 | 0.309 |} 0.897 || 0.0126 | 0.419 | 0.860 | 0.454 | 0.849 
0.0048 0.286 | 0.904 | 0.315 | 0.895 || 0.0128 | 0.422 | 0.859 | 0.457 | 0.848 
0.0050 0.291 | 0.903 | 0.320 | 0.893 || 0.0130 | 0.424 | 0.859 | 0.459 | 0.847 
0.0052 0.295 | 0.901 | 0.324 | 0.892 0.01382 | 0.427 | 0.858 | 0.461 | 0.846 
0.0054 0.300 | 0.900 | 0.329 | 0.891 || 0.0134 | 0.429 | 0.857 | 0.464 | 0.845 
0.0056 0.304 | 0.899 | 0.333 | 0.889 || 0.0136 | 0.432 | 0.856 | 0.466 | 0.845 
0.0058 0.309 | 0.897 | 0.337 | 0.888 || 0.0188 | 0.434 | 0.855 | 0.468 | 0.844 
0.0060 0.314 | 0.895 | 0.344 | 0.885 || 0.0140 | 0.436 | 0.855 | 0.471 | 0.843 
0.0062 0.317 | 0.894 | 0.348 | 0.884 || 0.0142 | 0.437 | 0.854 | 0.473 | 0.843 
0.0064 0.322 | 0.893 | 0.352 | 0.883 || 0.0144 | 0.440 | 0.853 | 0.475 | 0.842 
0.0066 0.325 | 0.892 | 0.356 | 0.881 0.0146 | 0.442 | 0.853 | 0.477 | 0.841 
0.0068 0.330 | 0.890 | 0.360 | 0.880 |} 0.0148 | 0.444 | 0.852 | 0.479 | 0.840 
0.0070 0.334 | 0.889 | 0.365 | 0.878 || 0.0150 | 0.446 | 0.851 | 0.481 | 0.840 
0.0072 0.338 | 0.887 | 0.369 | 0.877 || 0.0152 | 0.449 | 0.850 | 0.483 | 0.839 
0.0074 0.342 | 0.886 | 0.372 | 0.876 || 0.0154 | 0.451 | 0.850 | 0.485 | 0.838 
0.0076 0.345 | 0.885 | 0.376 | 0.875 || 0.0156 | 0.453 | 0.849 | 0.487 | 0.838 
0.0078 0.349 | 0.884 | 0.380 | 0.873 || 0.0158 | 0.455 | 0.848 | 0.489 | 0.837 

| 

0.0080 0.353 | 0.882 | 0.384 | 0.872 || 0.0160 | 0.457 | 0.848 | 0.493 | 0.836 
0.0082 0.356 | 0.881 | 0.387 | 0.871 || 0.0170 | 0.467 | 0.845 | 0.502 | 0.833 
0.0084 0.360 | 0.880 | 0.390 | 0.870 || 0.0180 | 0.476 | 0.841 | 0.513 | 0.829 
0.0086 0.363 | 0.879 | 0.394 | 0.869 || 0.0190 | 0.485 | 0.838 | 0.522 | 0.826 
0.0088 0.366 | 0.878 | 0.398 | 0.867 || 0.0200 | 0.493 | 0.836 | 0.531 | 0.823 
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CHAPTER IV 
FLEXURE AND DIRECT STRESS 


98. Where a beam is acted upon by forces normal to its axis, 
the resultant stresses are due to bending, so that the deductions of 
Chap. III are applicable. Then, too, columns sustaining a 
load applied at the center of the section are subject to direct 
stress only, so the method of design given in Chap. V may be 
used. 

There are, however, cases when none of the above analyses 
is possible. The more usual of these are. 

1. A beam subject to inclined forces, or a beam acting as a 
strut between its supports. 

2. A column sustaining an 
eccentric load, or receiving lat- 
eral pressure from horizontal or 
inclined forces. 

3. An arch ring, where the 
arch thrust acts other than par- 
allel to, and along the axis of, 
the ring. 

In all of the cases above, the 
resultant stress is a combination 
of that produced by flexure and 
by the direct stress acting along Fig. 29. 
the axis of the member. 

Let Fig. 29 represent a plain concrete section BC. The result- 
ant of all the forces R is applied at distance e from the gravity 
axis of the member. If the resultant & were applied at the point 
O, the intensity of stress over the whole section BC, whose area 


; Vise St 
is A, would be uniform and equal to A: Since, however, the 


resultant 2 is not applied at the center of the section O, it pro- 


duces a moment M about the point O equal to Ne; that is, 
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the force N applied at a distance e from the axis may be replaced 
by an equal force N applied at O and a couple whose moment is 
Ne. The intensity of the stress at the extreme fibers of the 
: a 2 ; P 
section produced by this moment is MX a I, in which Tf is 
the moment of inertia of the section about an axis O perpendicular 
to the plane of the paper. The total intensity of the compression 
at the edge B is then 


N Ma 
at or 
and at the edge C, 
, -N_ Ma 
7 Cy ae A 2I 


If the stress f’. is a negative quantity, it shows that the stress 
produced by the. flexure is greater than that produced by the 
direct action of NV, and the resultant stress at the edge C is tension. 

In a reinforced concrete member it is presupposed that the 
bond between the steel and the concrete remains intact under 
stress. Therefore, the steel in the compression side of a member 
subject to combined flexure and direct stress can withstand a 
stress only sufficient to make it deform equally with the concrete, 


wane 


Transformed Section 
Fia. 30. 


or n times the stress in the concrete. This steel might then be 
replaced by n times the amount of concrete at the same distance 
from the axis of the section. Such a section is known as the 
transformed section. 

The following additional notation will be used. The face of the 
member most highly stressed will be called the “compressive 
surface,’ and the opposite face, the “tension surface.”’ 
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= resultant of all forces on the section. 
N = resultant of all forces acting normal to the section, that is, 
the normal component of R. 
é = eccentric distance of N. 
M = bending moment = Ne. 
Ag ee vn res ae 
jie ba’ p= ba? (Uy = ba 


u = distance from compressive surface to neutral axis of 
transformed section. 
A; = area of transformed section. 
moment of inertia of concrete about neutral axis. 
moment of inertia of steel about neutral axis. 


aS SS 
® ©o 
el 


By referring to Fig. 30 it may be seen that 
A; = ba + (n — 1)(A. + A’) 
pe Tat LT 
5 + p(n — 1)d + p’(n — 1)d’ 
Lote pio 1) p' (tea) 
blu! + (a — u)§] 


uU= 


ie 


Neglecting 7, about the axis of the bars, 
I, = A.(d — u)*? + A’,(u — a’)? 


F : a 
If the reinforcement is symmetrical, then u = 9 and 


If S Daan — ore é _ a) 


hip 2 


eae Dea ts ee Sas: ‘ 
If the eccentricity as within certain limits, then compression 


exists over the whole section. For greater eccentricities there 
will be tension over a part of the section. If it be assumed that 
the concrete takes no tension, the analyses for these two cases are 


: 3 é : F 
quite different. The value of 5s which results in zero stress on 


the tension surface is dependent upon the relative amounts of 
steel and concrete, and the ratio of the moduli of elasticity of the 
two materials. 
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99. Case I.—Compression over the Whole Section, Fig. 31. The 
maximum unit stress in the concrete may be computed as though 
the member were homogeneous and is 


L ny 
Pe (38) 


For sections with symmetrical reinforcement, since u = 9 


walsl aloes 
ae A Sed 8 NIE ATO So 
“¢ ba + 2(n — 1)A’, © 2. + (n — 14] 
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On the compressive side of the member the unit flexural stress 
; ; _ Miu — d’) 
in the plane of the reinforcement is ig and on the other 


side The maximum unit stress in the steel is then 


Weir nM (u — d’) 
Pir (3) aoa 
which is less than nf. and is therefore always within the limits of a 
reasonable value for f’;, provided f, has a safe value. Since 
- N nM (d — u) 
iam a I 
Equation (39) may be written 
a 
N we (3) 


ie ae 4 : 
ba + p.ba(n — 1) 1 a io 
59 0* + poba (5 — a’) (n — 1) 


» 1t will always be less than f’,. 
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fob) | 


éa 


_N 1 ig 2 
~~ ball1+(n—1)p. ' a a rh 
oy +o (5 - 4’) ihe 


/ 


: oe aS 
For given values of n and 3 it may be simplified further to 


a erly 1 e 6 
fe = ba Ei + (n — 1)po0 35 a = 1+ Za - 
t 
where Z is a constant depending only upon the values of n and = 


By allowing the expression within the brackets to be known as K, 


Diagrams 11 to 16 have been plotted from equation (40) for differ- 
/ 


d : : ; 
ent values of n and Fe By entering these diagrams with p, and 


e 
a 38 arguments, the value of K may be obtained for use in the 


equation 


100. Case II.—Tension over Part of the Section, Fig. 32. When 
the second term of equation (38) is greater than the first, it indi- 
cates tension over part of the section. Unless this tension is so 
small that the concrete can take its proportionate part, the 
analysis of Case I is not applicable. With any appreciable 
tension on the tension surface of the member, it is usual to 
neglect the tension taken by the concrete and assume the full 
stress to be taken by the steel. 

By reference to Fig. 32 


f's =nf. (1 = _) (42) 


and f, = nf. (2 — 1) (43) 


Since the resultant fiber stress = N 
lé6fbka + fA’, =f,A, = N 
With symmetrical reinforeement, and by using the values of 
f’, and f, from equations (42) and (43), 
ba _, k? + 2npok — npo 
2 k 


N _f x (44) 
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and since the moment of the stresses about the gravity axis = M 


a ka 


sfbka(S—") +744. (§- a’) + fd. (d-§) = M 


With symmetrical reinforcement, and by eliminating ff’, 
and f, as before, 

M .. npla= 2d)" 5% 

= 12 | 


ae 3 — 2k) (45) 


ba2f, Aka? 


The position of the neutral axis must be determined before 
equation (45) can be used. Since M = Ne, equation (44) may 
be multiplied by e and this value substituted for M in equation 
(45). The following equation results: 


1 — 2d’)? 
i — 85 — 7) B+ Gopes b= Bmp. [f+ SS 


| (46) 
d’ . 

For constant values of n and a values of k may be substituted 
in equation (46), and diagrams plotted for various values of p, 
and _ Diagrams 17 to 19 and 21 to 23 based on equation (46) 
give the values of k. When k is known, equation (45) may be 


d 
used, and by keeping n and ee constant, and substituting values 


Liat: ; e 
of barf? diagrams may be plotted for various values of p, and re 


The first term of the right-hand side of equation (45) may be 
written 
NpPo (a — 2d’)? 
4k a> 


4\2 


With the quantity fee a constant, the value of M + 


ba*f, will be the same for any value of k. Therefore, only one 


FLEXURE AND DIRECT STRESS 157 


: M ., “ 
diagram for ee is necessary for each value of n, and Diagrams 


/ / 


20 and 24 have been plotted for e = .10. For i = .05, divide 


, 


the value of p, by .790, and for of = .15, divide the value of p, 


by 1.306 before entering Diagrams 20 and 24. 

101. Illustrative Problems. 

I. An arch rib is 12 in. thick and is reinforced with 5-in. round 
bars spaced 5 in. center to center, placed 134 in. from each surface 
of the concrete. The maximum thrust on a unit section is 50,000 
lb., and since this thrust does not act along the gravity axis of the 
section, it produces a bending moment of 75,000 in.-lb. Assume 
n = 15. Determine the maximum unit stress in the concrete. 


2X .307 


Do = 3X 12 = 0102 
: a erie isa 
, 3/ 
ones 
From Diagram 16 Ke =, 1,52 
f. = > = ae = 530 lb. per sq. in. 


Il. Suppose that the moment produced in Problem I were 
150,000 in.-lb. 


A e 150,000 
Se a 50,000 X 12 
From Diagram 23 k = .82 
Po + 1.806 = .0078 
M 


Bi 
‘y i — =".116 
Irom Diagram 24 ba°yf, 116 


fc = 750 |b. per sq. in. 


=) 45 


J 


: 1.75 : 
By equation (42) fs =15X 750(1 — Seay) = 9300 lb. 
per sq. in. 
z a 10.25 : 
By equation (43) fg OM apes = 1) = 450 lb. 


per sq. in. 
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Flexure and Direct Stress—Tension Over Part of the Section 
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Flexure and Direct Stress—Tension Over Part of the Section 
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Flexure and Direct Stress—Tension Over Part of the Section 
Values of K 
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CHAPTER V 
COLUMNS 


102. Concrete columns may be divided into five classes, 
namely: 

1. Plain concrete columns. 

2. Columns reinforced with longitudinal rods only. 

3. Columns reinforced with hoops or spirally wound metal. 

4. Columns reinforced with both longitudinal rods and hoops. 

5. Columns reinforced with structural steel shapes. 

It is not the general practice to allow the construction of plain 
concrete columns. Concrete compression members whose unsup- 
ported length is less than four times the least dimension are 
usually referred to as piers. Compression members, whose 
ratio of length to width is greater than four, are usually reinforced. 

Columns reinforced with hoops or spirals, but without longi- 
tudinal reinforcement, are uncommon, and are not considered 
good design, as without the longitudinal rods it is difficult to 
assure a well-centered spiral core, and a column so constructed 
lacks the added stiffness gained from the longitudinal steel. 

Columns reinforced with structural steel shapes are generally 
not strictly reinforced concrete columns, but steel columns 
encased in concrete. Where the structural shapes are so placed 
that they are the most effective, there is still a loss in theoretical 
strength over that of a column with the same amount of steel 
placed in the form of longitudinal rods. Where the relative 
section of the steel is large, the action of the concrete is uncertain, 
and it should not be considered as adding to the strength of the 
column. 

Columns reinforced with longitudinal rods only, and columns 
reinforced with both longitudinal rods and hoops are practically 
the only types recognized today as good reinforced concrete 
construction. The remainder of this chapter refers to these two 
types only. They are illustrated in Fig. 33. 
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103. Unsupported Length and Limiting Dimensions. The 
reinforced concrete column, as it is commonly used in ordinary 
construction, may be classified as a short column. In specifica- 
tions it is usual to establish a ratio of length to diameter, or of 
length to least radius of gyration, above which the column can 
no longer be considered as a short column. Tests have shown 
that as long as the ratio of length to diameter is less than 20 or 


Longitudinal Rods 
eupitoning ———_—togin! Rt 
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THESE 
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the ratio of length to least radius of gyration is less than 60, 
there is little variation in the actual strength of columns of the 
same cross-section for variations in length. In practice it is 
usual to specify either that the ratio of length to least diameter 
shall not exceed 15, or that the ratio of the length to least radius 
of gyration shall not exceed 40.‘ Good practice does not allow 

1 For ratios of length to least radius of gyration greater than 40, the Joint 
Committee recommends that the permissible working load on the core of a 
spirally reinforced column shall not be greater than 

ee h 
P(1.33 - aor) 


in which P is the total safe load on a column of the same section whose h/R 
is less than 40, R the least radius of gyration of the column core, and h, the 
unsupported length of the column. 
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the construction of columns having a diameter or shorter side of 
less than 12 in., when these columns are the main supports of the 
floor or roof above. The difficulty of making uniform deposition 
of the concrete in a form of smaller dimensions is obvious, 
especially when there are several longitudinal bars with their 
ties or spirals in the form. In addition, a smaller column has 
very little reserve strength to withstand possible slight shocks not 
allowed for in the design, and if at any time it is damaged by fire,. 
the loss in effective section is relatively large. Auxiliary posts 
which are not continuous from story to story may be of smaller 
diameter, but in no case should they be less than 6 in. 

The unsupported length of a column h is the distance between 
those points at either end where lateral support is present in at 
least two directions, making an angle of 90 degrees or nearly 90 
degrees with one another. Therefore, it follows that the unsup- 
ported length is: 

1. In flat slab construction, the clear distance between the 
floor and the underside of the capital. 

2. In beam and slab construction, the clear distance between 
the floor and the underside of the shallowest beam framing into 
the column. 

3. In floor construction with beams in one direction only, the 
clear distance between floor slabs. 

In cases where the columns are supported between floors by 
struts or beams, the unsupported length may be considered 
decreased, provided these struts or beams meet the column at 
approximately the same elevation and make horizontal angles of 
approximately 90 degrees with one another. When haunches are 
used on beam or struts, the unsupported length may be consid- 
ered to be reduced by two-thirds of the depth of the haunch. 

104. Columns with Longitudinal Reinforcement and Lateral 
Ties. As long as the bond between the steel and the conerete is 
effective, the two materials will deform equally, and the inten- 
sities of stress will be proportional to their moduli of elasticity. 


That is, since H, = g and EH, = dis Of he = fe and A, = in and 


As E 
since A, must equal \,, as long as the bond between the two 


materials remains intact, it follows that is ae ue ey eee 
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A = total effective cross-section of column = A, + A’, 
area of concrete 


A’, = area of longitudinal steel 
/ 


. A 8 
= steel ratio aie 


= 
I 


y 
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f’s = unit compressive stress in steel 
f. = unit compressive stress in concrete 
= total strength of reinforced column for the stress f, 


Then P = f.A- + f’.A’, = f(A — p.A) +fenpoA 


= f.All + (m — 1)p.] 
=fAAre n=) Ail (47) 


The economy of steel reinforcement is dependent upon the 
working stresses permissible in the concrete, and the value of n. 
Iexcepting unusual conditions, the value of n decreases as the 
value of f, increases, so that the steel used for reinforcement is 
rarely stressed to as high a value as would be allowed in a com- 
pressive member composed entirely of steel. 

The Joint Committee specifies that the value of f., for this type 
of column, shall not exceed 0.20f’... The amount of longitudi- 
nal reinforcement considered in the calculations shall not be more 
than 2 per cent nor less than 0.5 per cent of the total area of the 
column. ‘The longitudinal reinforcement shall consist of not less 
than four bars of minimum diameter of !4 in., placed with a 
clear distance from the face of the column not less than 2 in. 

The longitudinal bars are held in alignment during construc- 
tion by lateral ties as illustrated in Figs. 33 and 34. These ties 
should be made of wire at least 14 in. in diameter,” and the verti- 
cal distance between ties or sets of ties should not exceed 8 in. 
When the number of rods in a column exceeds four, the ties should 
be so detailed as to prevent the outward bending of every bar at 
the 8-in. interval. The methods of accomplishing this are illus- 
trated in Fig. 34. 


v 
| 


2 There is no rational method of determining the size of wire that should 
be used fora lateral tie. A safe rule to follow is to use wire of such diameter 
that the area of its section is not less than 2 per cent of the section of the 
longitudinal reinforcement held in place by the tie. 
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The minimum longitudinal reinforcement specified above for a 
reinforced column of this type is rather light, considering that 
the only lateral support is a series of light disconnected ties. 
It is preferable to use not less than four °<- or even 34-in. rods 
as reinforcement for a tied column although the greater steel 
area thus furnished is not theoretically required. 


105. Columns with Spiral and Longitudinal Reinforcement. 
Whenever a material is subjected to compression in one direc- 
tion, there will be an expansion in the direction perpendicular to 
the compression axis. Where this expansion is resisted, lateral 
compressive stresses are developed, which tend to neutral- 
ize the effect of the longitudinal compressive stress, and thus 
to increase the resistance against failure. This is the principle 
involved in the use of spiral or hooped reinforcement. Within 
the limit of elasticity the hooped reinforcement is much less 
effective than longitudinal reinforcement. Such reinforcement, 
however, raises the ultimate strength of the column, because the 
hooping prevents ultimate failure of the concrete. The concrete 
continues to compress and to expand laterally, thus increasing 
the tension in the bands, while final failure occurs upon the exces- 
sive stretching or breaking of the hooping. Thus a some- 
what higher working stress may be employed on the concrete 
contained within such hooping than on a concrete not so confined. 
Tests show that about 1 per cent of closely spaced spiral hooping 
increases the resistance to ultimate failure sufficiently to allow a 
reasonable increase in the working stress in the concrete. 
Although some specifications and building codes allow a smaller 
amount, not less than one-half of 1 per cent of spiral hooping 
should be used in a column where increase in the concrete stress is 
allowed on account of the presence of the spiral. 

The Joint Committee specifies that the safe axial load on 
columns reinforced with longitudinal bars and closely spaced 
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spirals enclosing a circular core shall be determined by the 
following formula: 


P=f,Afl + (@ —1 )p,] 


This formula is the same as equation (47) developed in the previous 
article for columns with longitudinal reinforcement and lateral 
ties. In this case, A is the area enclosed within the spiral, the 
diameter of the effective section (or of the spiral) being taken 
as the distance center to center of spiral wire. The application 
of this formula is limited to columns whose ratio of unsupported 
length to least radius of gyration is less than 40. The value of 
f. to be used in the above expression for P is 


fe = 300 + (0.10 + 4p.)f’. 


The longitudinal reinforcement shall consist of at least six bars 
of a minimum diameter of !4 in., and its effective cross-sectional 
area shall not be less than 1 per cent nor more than 6 per cent of 
the area enclosed within the spiral. 

The spiral reinforcement shall not be less in amount than one- 
fourth of the volume of the longitudinal reinforcement. It shall 
consist of evenly spaced continuous spirals held firmly in place 
and true to line by at least three vertical spacer bars. The 
spacing of spirals shall not be greater than one-sixth of the 
diameter of the core, and in no case more than 3 in. . 
Reinforcement shall be protected everywhere by a covering of 
concrete cast monolithic with the core, which shall have a 
minimum thickness of 14% in. in square columns, and 2 in. in 
round or octagonal columns. 

Both the New York and Chicago building codes allow the 
amount of spiral reinforcement to influence the safe column load. 

New York—P =f.(A — poA) + nf-poA + 2f’sp'A, where p’ is 
the percentage of spiral reinforcement and is limited to not less 
than 14 nor more than 2 per cent; f. is taken as 500 lb. per sq. in., 
and f’, as 20,000 lb. per sq. in. The ratio of unsupported length 
of column to diameter of core is limited to 15. 

Chicago—P = Af.(1 + 2.5np’)[1 + (n — 1)p.] where f. and n 
depend upon the quality of the concrete. The ratio of unsup- 
ported length of column to diameter of core is limited to 12. 
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106. Flexural Stresses in Columns. The previous articles 
have dealt with columns subject to direct axial load only. While 
there are many cases where this is the only type of load sustained 
by the column, there are many more cases where the maximum 
stress developed in the column is a combination of direct stress 
and flexure. 

Bending moments are produced in columns (a) by reactions 
from eccentrically placed beams; (b) by the loads on brackets or 
cantilevers; (c) by the eccentricity of the columns themselves, a 
condition which often occurs in the wall columns of a building 
where the sections of the columns are changed at some floor levels 
while the exterior faces of the columns are kept in line throughout 
the height of the structure; (d) by the application of a direct 
horizontal force or of a force having a horizontal component; or 
(e) by the transfer from slabs or girders built monolithic with the 
columns of unbalanced moments due to the loads on the slabs or 
girders. 

With conditions such as are described in (a), (b), and (c), the 
amount of moment produced in the column is easily determined, 
for the amount of load and the eccentricity of its center of appli- 
cation are known. A condition such as described in (d) is caused 
by the wind pressure on the walls of a building, but, on account 
of the massiveness and rigidity of the structure, it is not usual 
to calculate the wind stresses in the frame of any but high and 
narrow buildings? of reinforced concrete. A moment caused by 
the direct application of any other type of horizontal force is not 
common, but in such cases the moment is usually directly 
determinate. With conditions such as described in (e), the 
column is a component part of a rigid frame made up of columns 
and slabs or columns and girders. The distribution of moments 
in rigid frames will be considered in Chap. VI. 

107. Eccentric Loads on Columns. An eccentric load applied 
to a column at any point will produce a maximum moment at the 
point of application. The distribution of the moment to the 
column depends upon the height at which the load is applied, and 


3 See “‘ Wind Stresses in the Steel Frames of Office Buildings,” by W. M. 
Wiuson and G. A. Maney, Bulletin 80, Engineering Experiment Station, 
University of Illinois. 
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the end conditions of the column. A bending moment tending 
to cause tension on the outside face of the column below the 
point of application of the load is known as a negative moment, 
and that tending to cause tension on the near side of the column 
above the load is known as a positive bending moment. When 
the load is applied at the top or bottom of the column, the bending 
moment has its maximum possible value, and is equal to Pz. 
For other positions of the load the moment is less, the minimum 


pee ike 
moment being oe The coefficient of Px for different end condi- 


tions and different positions of the load may be obtained from 


Values of t 
i) 0.10 020 0.30 0.40 0.50 0.60 070 080 090 _—*1.00 


0.90 090 
rs a 
‘6 _ 
2 0H 080 3 
: | 
£ 070 ano 
: S 
oe 060 
0. 
Se aa r ; 50 
NOTE: With one end free, a is Values of i 
measured trom tree end. 
Fie. 35. 


Vig. 35. The values of the extreme fiber stresses on either side 
of the column are obtained by the general method for combined 
flexure and direct stress explained in Chap. IV. The value of ¢ is 
obtained by dividing the moment M by the total load (not 
necessarily P alone) supported by the column at the point where 
the eccentric load is applied. 

108. Unit Stresses in Columns Subject to Flexure. The 
maximum permissible stress in the concrete may be increased 
when the combined effect of flexure and direct stress is considered. 
The maximum stress occurs only on one side of the column and 
rapidly decreases towards the axis of the column. Tests have 
shown that a much higher unit stress can be developed on the 
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extreme fiber in flexure than when the stress is uniformly dis- 
tributed over the cross-section. 

The Joint Committee allows a 20 per cent increase in the 
compressive unit stress on the concrete within the spiral of a 
column reinforced with longitudinal bars and spiral hooping, 
and a 50 per cent increase in the compressive unit stress on the 
concrete of a column reinforced with longitudinal bars and 
lateral ties. In the latter type of column, additional longitudinal 
reinforcement may be added if required, but in no case must the 
total amount of reinforcement considered in the calculations 
exceed 4 per cent of the total area of the column. The tensile 
stress in the steel should not in any case exceed 16,000 lb. per 
sq. in. 

109. Column Tables. Tables VI to XIV may be used to 
advantage in the proportioning of reinforced concrete columns 
or in determining the maximum unit stresses in columns subject 
to flexure. 

Tables VI to X are based on the Joint Committee specifica- 
tions. They give the safe load for reinforced concrete columns 
with longitudinal bars and spiral hooping. ‘The variables are the 
effective diameter of the column, the percentage of longitudinal 
reinforcement and the strength of the concrete. 

Table XI gives the area of section, weight per foot, and moment 
of inertia of circular and octagonal sections. It also gives these 
same functions for a rectangular section 1 in. in width. These 
latter values may be used in the calculations of the stresses in 
square or rectangular columns. 

Table XII gives the moment of inertia of the longitudinal 
reinforcement when the bars composing it are arranged in the 
form of a circle. The circle is assumed to be 1 in. less in diameter 
than the diameter of the spiral. While this is not always exactly 
correct in the column as proportioned, the error will not be great 
in the majority of cases. The values are given for a steel ratio, 


A’; 
hea of 1 per cent. The values of the moment of inertia for 


other percentages may be obtained by multiplying the value 
taken from the table by the percentage of steel in the member 
in question. 


COLUMNS 181 


Table XIII gives the moment of inertia of single bars about an 
axis at varying distances from the center of the bars. It may be 
used in determining the moment of inertia of the reinforcement 
in columns of square or rectangular section. 

Table XIV gives the pitch of the spiral for different diameters 
of spirals and spiral wire that will furnish certain definite per- 
centages of spiral steel. Since most specifications do not allow 
a greater pitch than 3 in., no values greater than this are given 
in the table. Similarly, since a pitch of less than 114 in. is 
seldom if ever used on account of the difficulty of making proper 
deposition of the concrete with the wires more closely spaced, 
no values less than 114 in. are included. 

110. Illustrative Problems. I. A round column reinforced 
with longitudinal steel and spiral hooping has an unsupported 
length of 20 ft.-0 in. and sustains a direct axial load of 200,000 
lb. The ultimate strength of the concrete is specified as 2500 lb. 
per sq. in. Design the column. 

With the minimum amount of reinforcement allowed by the 
specifications (1 per cent), from Table VI it appears that a column 
with an effective diameter of 19 in. can sustain a load of 204,600 
Ib. Since, however, a column of this size weighs more than 4600 
lb., a larger column will be required. Assuming a column with 
an effective diameter of 20 in. and allowing 2 in. of concrete all 
around the column as a protection to the steel, the weight of 
the column (Table XI) is 471.2 &* 20 = 9400 lb., making the 
the total load on the base of the column 209,400 lb. Since 
from Table VI a column with an effective diameter of 20 in. can 
sustain a load of 226,700 lb., such a column satisfies the require- 
ments for the above conditions. The steel area required is 3.14 
sq. in. Four l-in. round bars furnish exactly this area, but 
according to the specifications not less than six bars may be used. 
Eight 34-in. round bars furnish 3.53 sq. in. and are selected for 
this design. 

According to the Joint Committee specifications 14 per cent 
of spiral reinforcement is sufficient for this column, but following 
the recommendations of Art. 105, 14 per cent will be used. 
From Table XIV, }4-in. round with a pitch of 17% in. is selected. 
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An inspection of Tables VI to X shows that with greater per- 
centages of steel, the size of the column required is less. With 
6 per cent reinforcement, a column with an effective diameter 
of 12 in. and an outside diameter of 16 in. is sufficient for the 
above case. The amount of concrete required in the latter 
column is slightly less than half that required for the column as 
designed, but, on the other hand, more than twice as much 
longitudinal steel is required and the weight of the spiral is 
greater. The 20-24-in. column is the more economical of 
materials. If space is a major consideration, however, a larger 
percentage of steel and a consequently smaller column may be 
true economy. 

II. A column reinforced with longitudinal steel and lateral 
ties is to support the same load under the conditions specified for 
Problem I. The column is to be of as small section as is possible. 

The maximum amount of longitudinal steel that may be 
included in the calculations for a column of this type is 2 per cent. 
From equation (47) the approximate area of the column is 

P 200,000 ; 

Seri = pd S00 hl ats) > 
A square column of this area has a weight of 328444 * 150 K 20 = 
6800 Ib., which requires an additional area of section of 11 sq. in. 
A column 19 in. square weighs 361444 * 150 & 20 = 7500 lb., 
and, with 2 per cent of longitudinal reinforcement, is capable 
of sustaining a load of 361 X 500 X 1.22 = 220,200 lb. The 
reinforcement required is .02 & 361 = 7.22 sq. in. Eight 1-in. 
square bars with an area of 8 sq. in. are chosen. ‘Two sets of ties 
are required and, according to the rule for size of ties given in 
the footnote on page 175, the wire of the tie must have an 
area of section of .02 X 4 = .08 sq. in. Five-sixteenths wire, 
although furnishing an area slightly less than .08 sq. in., may be 
used since it more than satisfies the rule for the amount of 
longitudinal reinforcement actually required. 

III. In addition to the direct load of 200,000 lb., the column 
of Problem I is to support ona bracket an additional load of 20,000 
lb. The center of bearing of this load is 8 in. from the outside 
face of the column and the center of the bracket is 12 ft.-O in. 
from the base of the column. 
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The total load supported by the column is 200,000 + 20,000 
+ 9400 = 229,400 lb. The actual value of p, for the column as 


a8 = .0112, the allowable value of f. = 
300 + (.10 + 4 X .0112)2500 = 662, and the safe load, P = 
662 X 314.2(1 + 11 & .0112) = 233,600 lb., so that the column 
as designed above can safely sustain the additional load if it is 
considered as an axial load. The distance from the point of 
application of the eccentric load to the axis of the column is 
8 + 12 in. = 20.in. If the load were 
applied at either the top or the bottom - 
of the column, the moment produced by 
this load would be 20,000 * 20 = 400,000 
in.-lb. Since, however, the point of 
application is 12 ft.-O in. from the base 
of the column, from Fig. 35 (considering 
both ends fixed), the actual moment pro- 
duced at the point of application of the 
load is .60 & 400,000 = 240,000 in.-lb. At this point in the 
column the total load supported is 5600 Ib. less than the load at 
the base of the column. 

From Tables XI and XII the moment of inertia of the 
column section is determined as 7854 + 1.12 * 1560 = 9600 in.', 
and from equation (38) 


42 223,800 
* 31420 +11 x .0112) 


designed above is 


Fia. 36. 


240,000 x 10 


9600 = 886 lb. 


-} 


The allowable unit stress is 662 1.20 = 794 lb. 
Increasing the reinforcement to eight 7¢-in. round bars 


ne 223,800 240,000 x 10 
° ~~ 314.2(1 + 11 X .0153) 10,240 


while the allowable unit stress is 1.20 [300 + (1 + 4 X .0153) 
2500] = 844 lb. 

IV. Suppose that 120,000 lb. of the load delivered to the 
column of Problem II comes from a smaller column 14 X 19 in. 
in section, and that the 19-in. outside faces of both columns are 
in the same vertical plane. In such a case, the moment at the 
top of the square column is 120,000 x 2! = 300,000 in.-lb. 


== FEE Mla) 


+ 
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With the reinforcement arranged as in Fig. 36, the moment of 
inertia of the section as obtained with the aid of Tables XI and 
XIII is 19 K 572 + 11(6 X 49) = 14,100 in.4 and the maximum 
unit stress at the top of the column is 


200,000 300,000 x 91g _ 450 16 
361(1 + 11 X .0221) 14,100 = 


while the allowable unit stress is 50 per cent greater than 500 lb. 
or 750 lb. (Note that in this latter computation the actual 
percentage of the steel in the column was used since the specifica- 
tions allow steel up to 4 per cent to be used in computations 
involving flexural stresses. ) 


+- 
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Taste VI.—ConLumns witH LoncirupINAL Bars AND SpiraL Hoopina 


P = f-A[l + (n — 1)po] 


Loads in thousand pounds. 


spiral wire 


fe = 300 + (0.10 + 4p0)f’e 


d = effective diameter, center to center of 


Do = 0.01 

d fee 

A, in 

sq. in. 

2000 2500 | 3000 

12 74.8 81.6 88.8 ls 
13 87.8 95.7 | 104.2 1.33 
14 LOT Ss |S e SL 20%8 1.54 
15 TIGROR TZ 72b! | 13887 il ve7 
16 132.9 | 145.1 | 157.8 2.01 
17 ia{0) 1b IP MGS |paleacs al De 
18 168.3 | 1838.6 | 199.7 2.54 
19 187.5: | 204.6 | 222.5 | 2:84 
20 207.7 | 226.7 | 246.5 | 3.14 
AL 229.0 | 249.9 | 271.8 | 3.46 
PP 251.3 | 274.2 | 298.3 3.80 
23 274.7 | 299.8 | 326.1 4.15 
24 299711132654: ]'355.0)| 4.52 
25 324.6 | 354.2 | 385.2 4.91 
26 850-1) 38320) |) 41657 5.31 
27 378.6 | 413.1 | 449.4 | 5.73 
28 407.2 | 444.3 | 483.3 6.16 
29 436.7 | 476.6 | 518.4 6.61 
30 467.4 | 510.0 | 554.8 Wa0d 
31 499.0 | 544.6 | 592.3 7255 
32 Hale i DSO0Lon lt oolee || S204 
33 5OdLbn| Glial! OUleo 8.55 
34 600.3 | 655.1 | 712.5 9.08 
35 636.1 | 694.1 | 755.1 9.62 
36 673.0 | 734.4 | 798.8 | 10.18 


2000 | 


84. 


99 


115. 


132 


150. 
170. 


190 
212 


235. 
259. 
285. 
311. 


339 


368. 
398. 
429. 
462. 
495. 
530. 
566. 


603 


641. 
681. 
721. 
763. 


PWOHAWNWHMAOMNWWRhUYUNDWNUNOCWHAAUNDBSO 


y Uy Fae 0.015 
ui 

A, in 

sq. in 
2500 3000 
92.3 | 100.2 1.70 
108.2 | 117.5 1.99 
125.5 | 136.3 2.31 
144.1 | 156.5 2.65 
163.9 | 178.0 3.02 
185.1 | 200.9 3.41 
207.5 | 225.3 3.82 
231.2 | 251.0 | ° 4.25 
256.2 | 278.1 4.71 
282.4 | 306.6 5.19 
310.0 | 336.5 5.72 
338.8 | 367.8 6.23 
368.9 | 400.5 6.78 
400.3 | 484.5 7.36 
432.9 | 470.0 7.96 
466.9 | 506.9 8.58 
602-17 | 545-1 9.23 
538.6 | 583.8 9.91 
576.4 | 624.8 | 10.60 
615.5 | 667.2 | 11.32 
655.9 | 710.0 | 12.06 
697.5 | 755.2 | 12.83 
740.4 | 801.8 | 138.62 
784.6 | 849.8 | 14.43 
830.0 | 899.1 | 15.27 
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Taste VII.—Coxtumns witn LonaGiTuDINAL Bars AND Sprrat Hoopine 
P = f-.A[l + (nm — 1)po] fe = 300 + (0.10 + 4p.) f"e 
Loads in thousand pounds. d = effective diameter, center to center of 
spiral wire 


d ilite f'e 

Ag in A; in 

sq. in sq. In. 

2000 2500 3000 2000 2500 3000 

12 O576: |LO3seon elu oe: 2.26 | 106.9 | 115.4 | 124.6 2.83 
13 pear TSA cB J) alisha DeGoe | PlZoean |e loos |el4ono 3132 
14 130.0 | 140.8 | 152.5 3.08 | 145.5 | 157.0 | 169.7 3.85 
15 TAOS US LOLe Ce elon. SrOo) LOTeON ELSORZe eLOtes 4.47 
16 169.9 | 184.0 | 199.2 AZO2 | L900) F205 -00 22187 5.138 
17 LOL) | F207 F iee2orU Aeot Wi2L4n be \e2oleonle250R2 D167 
18 21520) | (282589 |) 2020 6.09) | 240550) 2259. 5) | 28005 6.36 
19 28975" | 259745 | 281.1 HeOe | s2O8. ON E289r 2a eol2.6 7.09 
20 26574828775) |-oLl 4 6.28 | 296.9 | 320.5 | 346.3 7.85 
21 292.6 | 316.9 | 343.3 (Ei) Pre ey | eisai oe || Bist 2) 8.66 
22 321-2 | 347.8 | 376:8 7.60 | 359.2 | 387.8 | 419.1 9.51 
23 351.0 | 380.2 | 411.9 8.31 | 392.6 | 423.8 | 458.1 | 10.38 
24 382.2 | 413.9 | 448.4 9.05 | 427.5 | 461.4 | 498.8 | 11.31 
20: 414.7 | 449.2 | 486.5 9.82 | 463.9 | 500.7 | 541.2 | 12.27 
26 448.5 | 485.8 | 526.3 | 10.62 | 501.8 | 541.5 | 585.4 | 13.38 
27 A830 | 1523.9") 567-5 | 11745: 25417 Tab 84. 08 1631235 14S? 
28 82082) 756354 )°61073) | 12232 | t58129 | (628508 G7 S29On torso 
29 558'.0"| 604.3: | 654-7 | 13/21 | 624-2. | 673.8 | 72822 | 16751 
30 597.2 | 646.8 | 700.6 | 14.14 | 668.0 | 721.0 | 779.3 | 17.67 
31 637 -6°| 690.7 | 748.1 | 15-10 | -7138.2 | 769.8 | 832.1 | 18.87 
32 679.4 | 735.9 | 797.2 | 16.09 | 760.0 | 820.3 | 886.7 | 20.11 
33 722.6 | 782.6 | 847.8 | 17.11 | 808.3 | 872.4 | 942.9 | 21.38 
34 767.0 | 830.8 | 899.9 | 18.16 | 858.0 | 926.1 |1001.0 | 22.70 
35 812.8 | 880.3 | 953.7 | 19.24 | 909.2 | 981.4 |1060.7 | 24.05 
36 859.9 | 931-3 |1008.9 | 20.36 | 961.9 |10388.2 |1122.2 | 25.45 
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Taste VIII.—Cotumns wits LoneirupinaL Bars AND SprraL Hoopinea 


P=f-A{l + (n — 1)po] 
Loads in thousand pounds. 


d 


fe = 300 + (0.10 + 4p.)f’. 
d = effective diameter, center to center of 
spiral wire 


Po = 0.03 Po = 0.035 
f'c fe 

A, in A, in 
sq. in. sq. In. 

2000 | 2500 | 3000 2000 | 2500 | 3000 
LiSh Ss | 12728) 137.9. |" 3.39 | lele4 | 140kesieibie7 a) 3296 
139.6 | 150.0 | 161.9 | 3.98 | 154.4 | 165.4 | 178.0 | 4.64 
161.9 | 174.0 | 187.7 4.62 | 178.9 | 191.9 | 206.4 5.39 
185.4 | 199.7 | 215.4 | 5.380 | 205.6 | 220.3 | 236.9 | 6.18 
21069 022723) 245515 |) 6.08 283295250065)" 26927) 7206 
236.8 | 256.6 | 276.8 | 6.81 | 264.0 | 288.0 | 304.5 |] 7.95 
Q2ODESmIE ZS 020) |PoLOron |) 4(.65) 2296.08 Polye2e| o41.30|) Seol 
296.3 | 320.5 | 345.7 | 8.51 | 380.1} 3538.4 | 380.3 | 9.92 
328.5 | 355.1 | 383.0] 9.42 | 365.7 | 391.6 | 421.4 | 11.00 
362.1 | 391.6 | 422.3 | 10.389 | 403.2 | 431.8 | 462.6 | 12.12 
397.7 | 344.8 | 463.5 | 11.40 | 442.4 | 473.8 | 509.9 | 13.30 
434.3 | 469.7 | 506.6 | 12.46 | 483.4 | 517.9 | 557.3 | 14.54 
473.0 | 511.4 | 551.5 | 13.57 | 526.4 | 563.9 | 606.9 | 15.83 
513.5:| 555.0) | 598.5 | 14,72 | 571.1 | 611.9 | 658.4 | 1718 
555-5-| 600.2 | 647.8 | 15.93 | 617.7 | 661.9 | 712.2.| 18.58 
599.0 | 647.3 | 698.1 | 17.18 | 666.0 | 713.7 | 768.0 | 20.04 
644.6 | 696.1 | 750.7 | 18.47 | 716.2 | 767.5 | 825.9 |.21.55 
691.5 | 746.7-| 805.3 | 19.82 | 768.5 | 822.3 | 886.0 | 23.12 
740.1 | 799.1 | 861.8 | 21.21 | 822.3 | 880.1 | 846.1 | 24.74 
790.5 | 853.2 | 920.3 | 22.64 | 878.0 | 939.9 |1012.3 | 26.42 
842.5 | 909.2 | 980.5 | 24.13 | 985.5 |1001.5 |1078.8 | 28.15 
896.1 | 967.0 ]1042.8 | 25.66 | 995.0 |1065.1 |1147.2 | 29.94 
951.4 |1026.4 {1107.0 | 27.24 |1056.2 /1130.7 |1217.8 | 31.78 
1008.3 |1087.7 |1173.0 | 28.86 1119.1 |1198.2 |1290.5 | 33.67 
1066.9 |1150.7 |1241.0 | 30.54 |1183.9 |1267.8 |1365.3 | 35.63 
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Taste IX.—CoLumNns witH LoNGITUDINAL Bars AND SprrAL Hoopina 
P =f.A[l + (n — 1)po] fe = 300 + (0.10 + 4p.)f"e 


Loads in thousand pounds. d = effective diameter, center to center of 
spiral wire 


Po = 0.04 Po = 0.045 

d Te is 

A, in A, in 

sq. in sq. in 

2000 2500 3000 2000 2500 3000 

12 144.6] 154.9 | 166.1 AYV52 158.6) | F169e1e | 181 e1 5.09 
13 169.8) 181.5 | 194.9 5.31 | 186.0 | 198.4 | 212.6 5.97 
14 196.9} 210.6 | 226.2 6.16 | 215.8 | 280.2 | 246.6 6.93 
15 226.1) 241.8 | 259.5 7.07 | 247.8 | 264.2 | 282.9 7.95 
16 257.2) 275.0 | 295.3 8.04 | 281.8 | 290.5 | 321.9 9.05 
17 290.4) 310.5 | 333.4 9.08 | 318.2 | 339.3 | 363.5 | 10.22 
18 325.5) 348.1 | 373.8 | 10.18 | 356.7 | 380.4 | 407.5 | 11.45 
19 362.7| 387.9 | 416.4 | 11.34 | 397.5 | 423.9 | 454.2 | 12.76 
20 401.9} 429.8 | 472.3 | 12.57 | 440.4 | 469.7 | 503.2 | 14.14 
21 443.0) 473.9 | 508.7 | 138.86 | 485.6 | 517.8 | 554.7 | 15.59 
22 486.3] 520.0 | 558.4 | 15.20 | 5382.9 | 568.3 | 608.9 | 17.10 
23 531.4) 568.4 | 610.3 | 16.62 | 582.4 | 621.1 | 665.4 | 18.70 
24 578.7| 618.8 | 664.5 | 18.10 | 634.2 | 676.3 | 724.6 | 20.36 
25 628.0] 671.6 | 721.0 | 19.64 | 688.1 | 733.9 | 786.4 | 22.09 
26 679.2)- 726.3 | 779.9 | 21.24 | 744.2 | 793.7 | 850.4+) 23°89 
27 732.4| 783.3 | 841.0 | 22.90 | 802.6 | 856.0) |) 91770 | 925.77 
28 787.7| 842.4 | 904.4 | 24.63 | 863.2 | 920.5 | 986.2 | 27.71 
29 844.9} 903.5 | 970.2 | 26.42 | 925.9 | 987.5 |1057.9 | 29.72 
30 904.2} 967.0 |1038.2 | 28.28 | 990.9 |1056.8 |1132.1 | 31.81 
31 965.5) 1032.6 |1108.6 | 30.19 |1058.1 1128.4 |1209.0 | 33.97 
32 |1028.8) 1100.2 /1181.3 | 32.17 |1127.4 |1202.4 |1288.2 | 36.19 
33 |1094.1] 1170.0 |1256.3 | 34.21 {1198.9 |1278.7 |1369.9 | 38.49 
34 |1161.4] 1242.0 |1333.6 | 36.32 |1272.7 |1357.3 |1454.2 | 40.86 
35 |1230.7| 1316.0 |1413.2 | 38.48 |13848.7 |1488.4 |1541.1 | 43.29 
386 = {1302.1} 1892.4 |1495.0 | 40.72 |1426.8 1521.7 |1630.3 | 45.81 
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Taste X.—CoLuMNs witH LONGITUDINAL Bars AND SprraL HoopincG 


P= f-A[l Sip (n aa 1) po] 
Loads in thousand pounds. 


d = effective diameter, center to center of 
spiral wire 


Do 0.05 
if 
2000 2500 3000 
T7S214) 1419 elo674 
203.0 | 216.0 | 231.1 
235.5 | 250.5 | 267.8 
270.4 | 287.6 | 307.4 
307.6 | 327.2 | 349.8 
347.3 | 369.4 | 395.0 
389.3 | 414.1 | 442.8 
433.8 | 461.5 | 493.3 
480.7 | 511.3 | 546.6 
529.9 | 563.7 | 602.6 
581.6 | 618.7 | 661.4 
635.7 | 676.2 | 722.9 
692.2 | 736.3 | 787.2 
751.0 | 798.8 | 854.2 
812.3 | 864.0 | 923.8 
876.1 | 931.9 | 996.2 
942.1 {1002.1 )1071.4 
1010.6 |1075.0 |1149.4 
1081.5 |1150.4 |1229.9 
1155.1 |1228.4 |1313.3 
1230.5 |13808.9 |1399.4 
1308.6 |1392.0 |1488 .2 
1389.1 |1477.7 |1579.8 
1472.0 |1565.9 |1674.1 
1557.4 |1656.6 |1771.1 


2000 


Po = 0.06 
f'e 
2500 3000 
215.9-| 229.9 
253.3 | 269.5 
293.8 | 312.8 
337.3 | 359.1 
383.9 | 408.8 
433.3 | 461.4 
485.4 | 517.3 
541.2 | 576.3 
599.8 | 635.7 
661.3 | 704.2 
725.6 | 772.7 
793.2 | 844.6 
863.6 | 919.6 
937.1 | 997.6 
1003.5 |1079.2 
1093.1 |1164.0 
1175.6 |1251.8 
1260.9 |1342.6 
1349.5 |1437.0 
1440.9 |1534.4 
1535.2 |1634.8 
1632.8 |1738.6 
1733.2 |1845.6 
1836.6 |1955.8 
1943.2 |2069 .2 
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TasBLeE XJ.—AreEAs, WeIGHTS, AND Moments or INERTIA 


Moments of inertia about the axis A-A 


Mis —s wh 

H : x 

4 | : 
d A A 3 A A a A A 

Area in Weight I in Area in Weight I in Area in Welent Tin 

sq. in gh in. sq. in ek in,4 sq. in Ber tts in.4 

ges Be aS 9 in Ib. oe | in db. 
12 1i37i 117.8 1,018 119.3 124.3 1,136 12.0 12.5 144 
13 132.7 138.2 1,402 140.0 145.8 1,565 13.0 13.5 183 
14 153.9 160.3 1,886 162.4 169.2 2,105 14.0 14.6 229 
15 L767 184.1 2,485 186.4 194.2 OAS Erde 15.0 15.6 281 
16 201.1 209.5 3,217 212.1 220.9 3,591 16.0 16.7 341 
U7. 227.0 236.5 4,100 239.4 249.4 4,577 17.0 Wat 409 
18 254.5 265.1 5,153 268.4 279.6 5,753 18.0 18.8 486 
19 283.5 295.3 6,397 299.1 311.6 7,142 19.0 19.8 572 
20 314.2 327.3 7,854 331.4 345.2 8,768 20.0 20.8 667 
21 346.4 360.8 9,547 365.3 380.5 | 10,658 21.0 21.9 772 
22 380.1 395.9 | 11,499 401.0 417.7 | 12,8387 22.0 22.9 887 
23 415.5 432.8 | 13,737 438.2 456.5 | 15,335 23.0 24.0 1,014 
24 452.4 471.2 | 16,286 477.2 497.1 18,181 24.0 25.0 1,152 
25 490.9 511.4 | 19,175 517.8 539.4 | 21,406 25.0 26.1 1,302 
26 530.9 553.0 | 22,432 560.0 583.3 | 25,042 26.0 27.1 1,465 
27 572.6 596.5 | 26,087 603.9 629.1 | 29,123 27.0 28.1 1,640 
28 615.8 641.5 | 30,172 649.5 676.6 | 33,683 28.0 29,2 1,829 
29 660.5 688.0 | 34,719 696.7 725.7 | 38,759 29.0 30.2 2,032 
30 706.9 736.3 | 39,761 745.6 776.7 | 44,388 30.0 31.2 2,250 
31 754.8 786.2 | 45,333 796.1 829.3 | 50,609 31.0 32.3 2,483 
32 804.2 $37.7 | 51,472 848.3 883.6 | 57,462 32,0 33.3 2, ¢oL 
33 855.3 890.9 | 58,214 902.2 939.8 | 64,988 33.0 34.4 2,995 
34 907.9 945.7 | 65,597 957.7 997.6 | 73,2381 34.0 35.4 3,275 
35 962.1 | 1002.2 | 73,662); 1014.8 | 1057.1 | 82,234 35.0 36.5 3,573 
36 1017.9 | 1060.3 | 82,448]| 1073.6 | 1118.3 | 92,043 36.0 37 5 3,880 
37 1075.2 | 1120.0 | 91,998}| 1134.1 1181.3 |102,704 37.0 38.5 4,221 
38 1134.1 1181.3 |102,354]| 1196.3 | 1246.1 |114,265 38.0 39.6 4,573 
39 1194.6 | 1244.4 |113,561|| 1260.0 | 1312.5 |126,777 39.0 40.6 4,943 
40 1256.6 | 1308.9 |125,664|| 1325.5 | 1380.7 |140,288 40.0 41.7 5, 333 
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TasLe XII.—Moment or INERTIA OF COLUMN VERTICALS 
Arranged in a circle of diameter 1 in. less than the diameter of the spiral 


Values of (n — 1)/; in inches* for p, = S = KON OLL 
Diameter 
Lanier. A 
i] 
Effective Ey _ 
diameter of Diameter of | Ee 
column circle 

d 15 | LZ | 10 

12 a ist 239 188 154 
13 1 334 263 PA ESS 
14 13 454 Sod 292 
15 14 606 476 389 
16 15 | 792 622 509 
17 16 | 1,016 799 654 
18 17 I 1 Sz 1,011 827 
19 18 1,607 1.263 1033 
20 19 | 1,985 1,560 1,276 
Pail 20 2,425 1,905 1. boo 
22 21 2,933 2,305 1,886 
23 22 | Seay 2,765 2,282 
24 23 4,191 3,293 2,694 
25 24 4,948 3,888 3,181 
26 25 | 5,807 4,562 3,733 
27 26 6,774 Hone 4,355 
28 27 | 7,856 Gale 5,050 
29 28 | 9,062 eAZo 5,825 
30 29 10,404 8,174 6,688 
ail 30 | 11,888 9,341 7,642 
32 31 list .PAs 10,626 8,694 
33 on 15,327 12,043 9,853 
34 33 | 17 , 294 13,588 1s Cd i Lg 
35 34 | 19,463 15,293 12 Ol? 
36 30 | PL ets t 1A 14,028 


a 
The bars are assumed transformed into a continuous cylinder having the same sectional 
area as the bars. 
Then I, = [A’,(d — 1)?] + 8. 
For other values of p, multiply the value taken from the table by po. 
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Tapup XIII.—Moments or INERTIA OF Bars IN IncHES* 


For various distances from an axis A-A 


| Round bars, inches | Square bars, inches 

Arm in in. | 
| ¥% 56 34 16 a ee 1 | 1% 

| | 

7 ' 
2 ere 1 2 2 go pe ey 4 5 6 
24 | 1 2 3 4 5 | 2 6 8 10 
3 3 3 4 5 did 2 9 12 14 
OC 2 4 5 i 10 3 12 16 19 
4 | 3 5 6 10 13 4 16 20 25 

| 
4% 4 6 9 12 16 5 20 26 32 
5 5 8 11 15 20 6 25 32 39 
5g 6 9 13 18 24 8 30 38 47 
6 7 11 16 22 28 9 36 46 56 
6% | 8 13 19 25 33 11 42 54 66 
7 | 10 15 22 29 39 12 49 62 77 
71g 11 17 25 34 44 14 56 71 88 
8 13 20 28 39 50 16 64 81 100 
8g 14 22 32 43 B7e wets 72 92 113 
9 16 25 36 49 64 || 20 81 103 127 
9% | 18 28 40 54 Tie ies 90 | 114 | 141 
10 1 ey 31 44 60 79 || 25 100 127 156 
1015 | 22 34 49 66 87 28 110 149 172 
11 24 37 53 73 95 || 30 121 153 189 
1114 26 41 58 80 104 33 132 168 207 
12 28 44 64 87 BES | were 144 182 225 
13 | 33 52 75 102 133 42 169 214 264 
14 | 38 60 87 118 154 49 196 248 306 
15 | 44 69 99 135 177 56 225 285 352 
16 | 50 79 113 154 201 64 256 324 400 
17 | 57 89 128 174 pee Mes 289 366 452 
18 | 64 99 143 195 255 || 81 324 410 506 
19 71 111 160 217 284 | 90 361 457 564 
20 79 128 177 241 314 || 100 400 506 625 
21 87 135 195 265 346 | 110 441 558 689 
22 | 95 148 214 291 380 121 484 613 756 
23 | 104 162 234 318 416 132 529 670 827 
24 less 177 254 346 452 144 576 729 900 
25 |) aR: 192 276 376 491 || 156 625 791 977 


26 | 133 207 299 407 531 | 169 676 856 1056 
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Taste XIV.—CouumMn Spirats—Pitcu or SprraAu IN INCHES FOR GIVEN 
PERCENTAGES AND VARIOUS WIRE GAUGES 


Based on American Steel and Wire Co., Standard Gauges 


Diameter of spiral in in. 


Gauge of wire and practical equivalent bar size 


No. 3 }4in. 


No. 0 isin. at 


No. 3% %&% in.¢ 


| 


i 


\| 


No. 56 716 in.¢ | No. % % in.¢ 
\ 


Percentage of spiral reinforcement 


eS Nee || EM asl ea IN eae ll oA, || ile | WE | 1 | 14 14 | 1 14% 
12a eS eons 214) 214 | 
13 || 234] 134] 1% 2 3 | 2% | 4 
14 || 254) 134 234| 2% Sua oes | 234 | 
15 || 234] 154 25g| 174 234| 1% | 3 2h 
| | 
| 
16 | 234) 132 2}5| 134 234) 134 | 2% | 236 | 
17 || 24%] 1% 2%4| 134 236] 15¢ | 234 | 244 3 
18 || 2 234) 156) 3 | 234) 142 254 | 2) | 234 
19 || 134 Bo | Oe Yeriye 234| 2%] 1413 | 26 )2 | 256 
20 | 136 3 | 2 1)4| 234) 2 274| 23g | 13% 2% 
21 | 13% 234| 114 254| 2 234| 214 | 124 23¢ 
22 || 154 256) 134 214) 1% | 254| 236 | 134 24% 
23 || 154 234| 134 238) 134 214) 2 15 28 
24 | 134 234| 1546 234| 134 234) 136 | 15¢ 2h 
25 23g) 144 214) 154 | 23g) 176 | 134 | 3 2 
26 244| 14 3 | 214) 156 234) 134 | 18 Vg 1% 
27 214] 134 3 2 1} 246| 134 | 284 17% 
28 216 2%4| 2 | 1% | 2 | 156 | 1% 
29 2 | 234| 136 2 | 156 | 256 | 154 
30 2 234| 134 | 134] 134 | 156 
31 17% 254] 134 | 124) 138 23g | 156 
32 176 | 239) 134 134 | 23 14% 
33 134 234) 154 134 | 244 133 
34 134 238| 154 134 244 1% 
35 154 234) 154 | 154 | 236 
36 158 | 274) 126 | 136 | 236 
| | 


CHAPTER VI 


STRESSES IN CONTINUOUS BEAMS AND BUILDING 
FRAMES 


111. The design of a reinforced concrete structure involves an 
analysis of stress distribution somewhat different from that 
required for a structure of steel or timber. In the last two types 
the various elementary members are fabricated or cut separately 
and joined together in the structure by rivets, bolts, or nails. 
Such joints often do not establish complete continuity of a beam 
over a support, and the junction of beams and columns is not 
necessarily of sufficient rigidity to transfer bending moments from 
the beams to the columns. In a reinforced concrete structure 
consisting of slabs, beams, and columns, as much of the concrete 
as is practical is poured in one continuous operation, and the 
whole structure is more or less of a monolith. The slabs and 
beams are, therefore, continuous from span to span and rigidly 
joined to the columns which support them. Even when these 
are designed as simple beams, negative moment occurs over 
the supports and must be provided for. It is, then, desirable to 
recognize the continuity of the slabs and beams in their design 
and in some cases to analyze the columns for the bending stresses 
transferred to them. 

112. Moments in Continuous Beams. The calculation of 
moments, shears, and reactions for continuous beams is based 
on the theorem of three moments. Considering all supports on 
the same level, the two fundamental equations are: (See Fig. 37). 
For uniform loads 

M,l, + 2M2(L, + le) + Mole = —)guily? — Muol.’ (48) 
For concentrated loads 
Myl, + 2M2(l; + le) + Mole = —2Pily?(ky — ky3) — 
DPele?(2ke — 3ke? + ke*) (49) 
194 
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By using the equation applicable to the particular case, the 
bending moments at all of the supports may be determined, the 
reactions computed, and finally, the bending moment at any 
section of the beam may be obtained. From equation (49), 


VILLI Res 
i 


influence lines may be plotted for the moment at any section 
of the beam, and the loading determined which will produce the 
maximum moment in that section. In the case of uniform load 
and equal spans, the exact coefficients of wi? for the theoretical 
maximum moments are tabulated below. 


Intermediate spans and supports End spans and second support 


Number of |At Center Positive | At Support Nega- | At Center Positive] At Support Nega- 
spans Moment tive Moment Moment tive Moment 
| ] 

Dead Live Dead Live Dead Live Dead Live 

load load load load load load load load 

Two .070 095 125 .125 
Three .025 075 . 080 .100 .100 ay ig 
Four .036 O81 O71 .107 O71 .098 .107 .120 
Five .046 .086 .079 vill 072 099 .105 .120 
Six .043 .084 . 086 -116 .072 .099 .106 .120 
Seven .044 .084 .085 .114 .072 .099 .106 .120 


These coefficients are for freely supported beams. In a rein- 
forced concrete structure the more or less fixed condition of the 
supports, and their width, tend to make the actual maximum 
moments considerably less than those tabulated. Disregarding 
the case of the two-span beam, the maximum coefficients are: 


196 DESIGN OF CONCRETE STRUCTURES 


For intermediate spans 


At the conten acs 045 Fea See. ee eee +0.086 

At the supports 5% Aiea a oer —0.116 
For end spans 

Atainhe centerc: 24 : 4440 cree eee oe +0.100 

At the support. ees eee, —0.120 


These coefficients are all for live load, while those for dead load 
are much smaller. Taking this into consideration, together 
with the restraining influence and width of supports, it is recom- 
mended that for both positive and negative moments, and for 
both dead and live loads, the following coefficients be used :! 


For intermediate spans 14 2 
For end spans van) 


In the case of a single load or symmetrical concentrated loads, 
such as often occur in beam and girder floor construction, it is 
satisfactory to compute the moment as for a simple beam and 
make a reduction of one-third or one-fifth, due to the continuity 
of the construction. The moment so determined is used not only 
as the positive moment at the center of the span but also as the 
negative moment at the support. 

For beams and slabs of two spans only, a coefficient of 1 is 
recommended for center supports, and 140 for the center ofthe 
span. 

Beams and slabs of unequal spans or those sustaining unsym- 
metrical heavy concentrated loads should be analyzed more 

1The Joint Committee recommends moments at critical sections of 
beams or slabs cast monolithic with columns or similar supports and carry- 


ing uniformly distributed loads as follows: 
Supports of intermediate spans, 


M = 
Center of intermediate spans, 


M = — 
: a alias : I 
Beams in which 7 8 less than twice the sum of the values of 3 for the 
exterior columns above and below, which are built into the beam 
Center and first interior support, 
wil? 
M = — 
12 
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exactly, consideration being given to the actual conditions of 
restraint. 

In many reinforced concrete structures, a considerable economy 
may be effected by making an exact analysis of the moments in 
the beams and girders. The principal justification for using the 
more or less arbitrary coefficients given above is the uncertainty 
of the live load. The simultaneous application of full live load 
to all portions of the structure is rarely realized. Even the live 
load on one panel may vary from a maximum to zero. If all 
such possible (and in many instances probable) variations of the 
live load are considered, the maximum moment is seldom found 
to be much less than that determined by the use of the arbitrary 
coefficients. 

Exact methods of analysis may, of course, be made according 
to the theorem of three moments, but a much more expeditious 
method is that recently developed by L. H. Nishkian and D. B. 
Steinman and published in the Proceedings of the American 
Society of Civil Engineers in October, 1925.” 

113. Bending Moments in Columns. When the slabs or the 
beams and slabs of a floor system of reinforced concrete are built 
monolithic with the columns which support them and the floors 
above, a certain portion of the bending stresses in the floor is 
distributed to the columns. When a column is symmetrically 
loaded in all directions, the bending moments from the adjacent 
beams and slabs act equally and opposite to one another, so no 
bending results in the column. With unsymmetrical loading, 
however, a bending moment is produced in the column, and since 


Exterior supports, 
wl? 


M = 12 


: nena he : 
Beams in which 738 equal to, or greater than, twice the sum of the values 


of for the exterior columns above and below which are built into the beam, 


Center of span and at first interior support of end span, 


wl? 
JEG 
Exterior support, 
Mom 
rae el 


2“ Moments in Restrained and Continuous Beams by the Method of 
Conjugate Points.” 
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the whole structure acts as one rigid frame, this moment pro- 
duces proportional moments in other members of the frame. 
In members widely separated, the effect may be so small as to be 
negligible. Where the unsymmetrical load is a small part of the 
total load, the increase in the stress is slight. For example, 
in the upper floors of a building the bending stresses produced 
in the exterior columns are relatively large, while in the lower 
floors the bending stresses in the interior columns are com- 
paratively small. Tests show*® that reinforced concrete build- 
ings act as rigid frames and that bending stresses in the columns 
are developed in sufficient magnitude to warrant their considera- 
tion in design. 

The amount of moment transferred to the columns from the 
floor depends upon the relative stiffnesses of the members of the 
frame. The stiffness of a member depends upon its length and 
cross-section and is defined as the moment of inertia of the cross- 
section divided by the length. The analysis of rigid frames is 
developed in the following articles. This analysis is based on 
the principles of area moments and slope deflections.* 

114. The Principles of the Area Moment Method. ‘The line 
AB of Fig. 38a represents a portion of the elastic curve of a 
member in flexure. An elementary length ds of the member is 
shown in Fig. 38b. The angle between the radii at the ends of 
ds is denoted by dé. The linear deformation of a fiber at a 
distance c from the neutral surface is cdé, and the unit deformation 
of the same fiber is sai The unit stress in the fiber is f = ats 
in which M is the resisting moment and J the moment of inertia 
of the section. 

Since the modulus of elasticity is the ratio of unit stress to 
unit deformation 

Mc . cdé 
nifeahcy aor 

* See Bulletins 64, 84, and 107, Engineering Experiment Station, Univer- 
sity of Illinois. 

‘See “Analysis of Statically Indeterminate Structures by the Slope 
Deflection Method,”” by W. M. Witson, F. E. Ricnart, and. Camiio 
Weiss, Bulletin 108, Engineering Experiment Station, University of Illinois. 
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from which d= ds 


In a well-designed beam the curvature and slope are small, so 
that dx may be substituted for ds without appreciable error. 


M 


In Fig. 38c an ordinate measured between the curve A’’B’’ 
and the straight line A’B’ at any point between A’ and B’ 


Fia. 38. 


represents, to some scale, the moment in the member AB at 
es 
that point, divided by EJ, or A’’B’’B’A’ is the EI diagram for 
the member AB. The area of the diagram for the length dz 
: BM 
is MY da, and the area of the diagram A’'’B’’B‘A’ is it El Or, 


But dé = ade and the angle between the tangents to the 
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: B B M 
elastic curve at A and B is 6 = iP dé = f, EI 


The change in the slope of the elastic curve between any two points 


dx. Hence, 


Meee : 
is equal to the area of the EI diagram for the portion of the member 


between those two points. 

In Fig. 38a the tangents at the extremities of the elementary 
length ds are extended until they intersect the vertical line 
through A. Since the angles are small, the intercept between 
these tangents is practically equal to adé@. The total vertical 
distance y is the algebraic sum of all the intercepts between the 
tangents to the curve between A and B. That is 


B 
y= iF «dé 


Substituting for dé, its value as previously determined 


BM 
y= iF EI xdx 


y 


M .. : WES 2652 ‘ 
In the EI diagram of Fig. 38c, EI dx is the area of the diagram 


f 


{ : . : 
for the length dz, and EI dx times x is the moment of this area 


M 
about the point A. The moment of the entire area of the EI 


diagram between the points A and B may be expressed as 
BM 
ip El xdx 
which is equal to the expression developed above for y. Hence, 
The distance of any point on the elastic curve from a tangent to 


the curve at any other point measured in a direction normal to the 
initial position of the member is equal to the moment of the area of 


| ; : : 
the EI diagram, included between the two points, about the first point: 


115. The Fundamental Slope-deflection Equations. (a) 
Member Restrained at Ends with No Intermediate Load. ‘The line 
AB in Fig. 39 represents the elastic curve of a member of constant 
cross-section which is not acted upon by any external forces or 
couples except at the ends. The resisting moment at A is 
represented by M,,, and that at B by M,,. The change in 
slope of the elastic curve at A from its initial position is repre- 
sented by 6,4, and that at B by @,. The deflection of A from its 
original position A’ is d. The distance of B from the tangent 
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to the curve at A isd — 16,4. From the analysis of the previous 


article, d — 10, may be expressed as the moment of the = 


diagram® for the member AB about the end B. 


The area of the EI diagram is the algebraic sum of the two 


triangles bad and bcd, and the moment of this area about B is 
equal to the area of the triangle bad times the distance of its 


Fia. 39. 


centroid from B, plus the area of the triangle bed times the 
distance of its centroid from B. Hence® 


ee ee (AH - ey (50) 
EI 6 3 

5 The moment M42 as indicated in Fig. 39 tends to produce tension in the 
upper fiber of the member AB, while Mg. tends to cause compression in the 
same fiber. The former is considered to be negative and the latter to be 
positive moment. 

6 In this analysis: (1) The moment of an external force or couple is 
positive if it tends to cause clockwise rotation; (2) when the tangent to the 
elastic curve of a member has been turned through a clockwise direction 
measured from its initial position, the change in a slope, or angular defor- 
mation is positive; (3) when the line joining the ends of a member is rotated, 
the movement of one end of the member with respect to the other end is 
known as the deflection and is positive when such rotation is in a clockwise 
direction from the initial position of the member; (4) the resisting moment 
or moment of the internal stresses on a section is positive when the internal 
or resisting couple acts in a clockwise direction upon the portion of the 
member considered. 
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The change in slope of the member from B to A is 0, — 64, which, 
M .. 
from Art. 113, is equal to the area of the EI diagram for the 


member AB, or 


l 
oa apy oa a M 4s) (51) 
Combining equations (50) and (51) 
2EI 3d 
M ap = (2% See aT 
and 
2EI 3d 
M 5 ae (20, a Fe 
l l 
Substituting S for 4 and & for : 
Mi, = 2HS(20, + 05 — 3R) (52) 
and 
Maa = 2ES(26; + 04 i 3R) (53) 


Equations (52) and (53) are the fundamental equations for the 
moments at the ends of a member carrying no transverse load, 
in terms of the relative change of slope and deflection of its ends. 

(b) Member Restrained at Ends with Any System of Inter- 
mediate Loads. The line AB of Fig. 40a represents the elastic 
curve of the member of Fig. 39. With intermediate loads acting 


upon the member as shown, the EI diagram is the algebraic sum 


M .. ; : M .. 
of the EI diagram of Fig. 39, and the simple beam EI diagram 


of Fig. 40b. This is shown in Fig. 40c. Denoting the area of 
the simple beam moment diagram by fF’, the distance of its 
centroid from B by #, and proceeding as in the analysis for the 
member without intermediate loads 


= el / Memes FE 
ae iT ARK: Berea: 34) 
and 
ae: Se Gi —M eae (55) 
wen) Od hill ss ET 


ne : Bes I 
Combining equations (54) and (55) and substituting S for 7 and 
i 
R for 7 as before 


Mis = 2ESO0, 4-6; — 3h) ao (3% — 1) (56) 
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and 
Moe, = 2ES(20, + 04 — 3R) +2 ee 32) (57) 
Equations (56) and (57) are identical with equations (52) and 
(53) except that each contains an additional term due to the 


effect of the intermediate loads. In a fixed beam with supports 
on the same level, 64, 6, and FR are zero, and this additional term 


Wa 


FI 
ll 
_MaB 
FT (c) 
Fia. 40. 


is the resisting moment acting on the end of a fixed beam. 
Expressing the resisting moment at the end of a fixed beam with 
level supports by C, with subscripts similar to those used for M, 
equations (56) and (57) may be written in the forms 


and 


NY heyn 2ES(26, + O04 ores 3R) + Ce, (59) 


ty 
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The sign of the constant C is determined by considering that 
the sign of the resisting moment at the end of the member is 
asite to that of the moment of the external loads. 
Equa ations (58) and (59) are the general slope deflection equa- 
tioms which apply to any condition of loading and restraint. 
Member Restrained at One End and Hinged at the Other. 
member be considered restrained at the end A and hinged at 
end B, the resisting moment at the latter end is zero. With 


ODD 
+ 


' 
f 
@ 4 
S 


Mz. = 0, equations (58) and (59) may be combined so as to 
eliminate 43, giving 
M.sx = 3ES(04 — R) — (Cas + sae) (60) 


Simularly, if the member is restrained at the end B and hinged 
at the end A 


Mn, = 3ES(@; — R) + (Cas ae ees) (61) 


Equations (60) and (61) are special forms of equations (58) 
amd 59), applicable only to members having one end hinged. 
116. The Effect of the Restraint at One End of a Member 
upon the Moment atthe OtherEnd. In Fig. 41, the member AB 
represents amy member in flexure. The end A is acted upon 
by a couple W,, such that the tangent to the elastic curve at A 
makes anangle @, with AB. The magnitude of the moment at A 
depends not only upon the magnitude of 04, the moment of 
inertia of the section, and the length AB, but also upon the degree 
of restraint at B. 
With the end B hinged as shown in Fig. 41a and both R 
Cas ; 4 
and (Css + 3) equal to zero, equation (60) gives 
Maz = 8ES64 (62) 
>) With the end B fixed as shown in Fig. 41b and R, 0, and 
Cx.» equal to zero, equation (58) gives 
M ap — 4ES6, (63) 
With equal restraint at ends A and B as shown in Fig. 
4ic, 94 = —,; and substitution in equation (58) gives 
M,, = 2ES64 (64) 
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(d) With restraint at B of such character that a point of inflec- 
tion occurs at the mid-point of AB as shown in Fig. 41d, 0, = 
6B, and from equation (58) 

Miz = 6ES6, (65) 

In the case shown in Fig. 41a, M,, = 0, while substitution in 
equation (59) gives for the condition shown in Fig. 4165 


Mos = 2ESO, (66) 
A 
AB ae == ~O, 


(a) 


(c) 


(d) 
Vice. 41. 
for that in Fig. 41c 
Moa = — 2ES6, (67) 
and for that in Fig. 41d 
Ma, = 6ESO,4 (68) 
For a member subject to intermediate loads or forces, equations 
(62) to (68) are modified by the addition of a term due to the 
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effect of these loads. Equation (62) for the case shown in Fig. 
41a becomes 
€ 
Mus = 3ES8, — (Can + ~2*) (69) 


Similarly, the other equations for the several conditions of end 
restraint illustrated in Fig. 41 are modified as follows: 


(c) Maz = 4HSO0, — Cap (70) 
(d) Miz = 2E8)i — Ce (71) 
(b) Me = 6086, = C, (72) 
(b) May, = 2ES04 + Coa (73) 
(c) M=—. 28 Se; 4.05, (74) 
(d) Mpa == 6ESO4 =“ Cpa (75) 


Equations (62) to (75) as developed above cover the conditions 
of end restraint that are usually encountered. They apply to 
members with level supports only. If the supports are not on 
the same level or if the effect of the lowering of one of the supports 
is desired, equations (58) to (61) must be employed. 


Type of Loading 


We 2 
ppp Orr balr6ls oe (4l-3a) 


8B 


CHART 1, 


The more common conditions of unsymmetrical loading are 
given in the table above together with the values of C4, and C,4. 
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For any other type of loading, similar values may be obtained by 
determining the area of the simple beam moment diagram due 
to these loads, and the distance of the center of gravity of this 
area from the restrained end of the member. Making the proper 
substitutions in the last terms of equations (56) and (57), the 
desired values of C,, and Cy, are determined. For a symmetri- 
cal load, the last terms of equations (56) and (57) each reduce to 


F 
T: he rvalies ORC 0 On — for the more common condi- 


tions of loading are given in the following table. The method 


Type of Loading 


CHART 2, 


of determining such values for other conditions of loading is 
obvious. 

117. Application of the Slope-defiection Methods to Simple 
Cases. (a) Applying the equations of the preceding article to a 
beam of two spans 1; and Jz, respectively, resting freely upon its 
supports and sustaining a uniform load w over the span 1; (see 
Fig. 42): 

From equation (69), 


Wp) = 3HS10p + 
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and Mac = 3ES26, 
Since there is equilibrium at the joint B, 
Mea = M sec = 0 


2 
‘i (3ES; + 3ES:) 6; + ae ~0 


= 1 Wil? 
3HS; + 3HS, 8 


Substituting the value of @, in equation (69), 
i rae ; s Se wily? 
Mc = —Mn = — gy al ° 


WLLL : 
OA AB c 


ye) 
Fie. 42. 


and Vn = 


If the load covers the span J, instead of the span /,, a similar 
analysis gives 


= (Dale 
Moa = —Moe = yg (5) 
For both spans sustaining loads w; and we, respectively, 
= y = So(wily?) + Si(welr?) 
st fee to hae [ 8(S1 + S2) | 


which for equal loads, equal spans, and equal moments of inertia 
becomes — !gwl?, the negative moment over the center support 
of a beam of two equal spans resting freely on its supports. 


(b) In Fig. 43, a beam of two spans fixed at both ends rests 
freely on the intermediate support. 
From equations (63) and (70), 


Wikre = 4HS.6, 
2 
and Moa — 4ES102 +a 
: Lt 1 Pba? 
from which 6; = eee ae | 2 ) 
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So Pha? 
ae Mg = —Moa = — og (—) 

118. Building Frames. Reinforced concrete building frames 
are composed of columns and slabs or of columns, beams, girders, 
and slabs. In the latter case the girders and columns or the 
beams and the columns may be considered to form a more or 
less rigid frame. The columns may be of the same size through- 
out the structure or their cross-sections may vary with the load 
that they must sustain. Similarly, uniformity or variation may 
be found in the beams and girders of a structure. 

Consider Fig. 44 to illustrate a portion of a building frame. 
The point A is the junction of the members shown. The degree 
of rigidity of A depends upon the relative stiffnesses of the mem- 
bers intersecting in the joint and upon the degree of restraint 


imposed upon the further ends of the several members. Also 
the moment in AB at A and the moment in members 1, 2, and 3 
caused by the load on AB depend upon these same considerations. 
If any or all of the members 1 to 3 are infinitely rigid, the point 
A is fixed, while if none of the members are at all rigid, the point 
A may be considered hinged. In the latter case, the moment 
in AB at A is zero and no moment is transferred to the other 
members. In a building frame of reinforced concrete, each 
member of the frame is restrained to some extent at each end, 
due to the rigid connection existing between it and the other 
members of the frame. This restraint causes negative moments 
in the ends of the beams, tending to produce rotation at these 
points, and results in flexural stresses in the intersecting members. 


PRCriie 
CEFARTMED 
MACPINF pes 


SIBLEY SCHIO, 
CORNELL UNIVER: 
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Figure 45a shows one span of a building frame sustaining uni- 
form load. The deformations caused in the various members 
of the frame by this loading are indicated by the broken lines. 
The deformations in the members immediately adjacent to C 
and D are much greater than those in members further removed 
from these points. If loads were added on BC and DE, there 
would be practically no deformations in the columns at C and 


PZZZZZ7L3 


pan a ee ee 
IZZZZ7Z7 ZA) VLLLL2 LL 2 VZZZZZZZ. 


eel inb ion ae 


\SSILILLD, 


IN 


(27227 ZZ2 


(d) 


Fia. 45. 


D, and CD would be practically fixed. On the other hand, if 
loads were placed on AB and EF, the deformations of the columns 
at C and D would be increased. Still greater deformations of 
the columns at C and D could be obtained by the loading shown 
in Fig. 456. 

Another loading producing large stresses in the columns is that 
shown in Fig. 45c. This type of loading develops a point of 
contraflexure in the center of the columns between C’D’ and CD. 
A still further increase in stress occurs with the type of loading 
shown in Fig. 45d. 
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119. Moments in Beam and Girder Building Frames. In 
Fig. 46, which is a portion of the frame of Fig. 45, it is possible, 
by assuming various conditions of restraint at the terminals B, 
C’, HE, D”, and C”, to approxi- 
mate any condition of loading. It 
will be assumed that the three 
girders have equal cross-sections 
and lengths, that the upper col- 
umns C’C and DD’ are equal in 
stiffness, and that the lower col- 
umns CC” and DD” are also equal 
in this respect. The stiffness of 
the girder is S;, that of the column above C is Se, and that 
below C is S3. 

(a) All Terminals Hinged. 

From equation (71) 
Mon = 2ES105 — Cop 
From equation (62) 


Fia. 46. 


Mog = 8ES816¢ 
Moe = 8ES26¢ 
Moor = 3ES34¢ 
For equilibrium, the sum of all the moments about the joint 
C must be zero, 7.e. 
Men + Men + Meer + Meer = 0 
Substituting the values for the several moments 


6¢ = Cop ae a 4. 35) 


Substituting the value of 6, in the moment equations 


Mes = Cop (ee ai = ae a) 
Mee = Coo (s5-—-55-5m,) 
Meo = Cop fe si + 35;) 
and since Mep = — (Mes + Mec: + Meer’) 
Meo = ~ Coo (5s 38; #38.) 
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(b) All Terminals Fixed. 
From equation (71) 


Mop 2H S18¢ 4 Ce 


From equation (63) 
Mog = 4ES818¢ 
Mec = 4ES829¢ 
Meo = 4ES38¢ 


1 
As before, 0c = Cov (Sg Fas is) 


b aet DG 
Mee — Cop (Game + 25,) 
ree 25 a 

Mec: = Cop oe we 282 ze 2s) 

is 283 

Meer = Cop (Fe ae aS, + 25,) 

2S; + 2S2 sa ee 

BSe Sere os 


In building frames the actual conditions of restraint at the ends 
of the various members are usually neither hinged nor fixed. 
The conditions of restraint may approximate either the hinged or 
fixed state or be similar to one of those illustrated in Figs. 41c or 
4id. The value of the moment in the girder itself varies but 
little for the different conditions of end restraint. The coefficient 
of the terms S, and S3 is the same in both numerator and denomi- 
nator, and that of S; in the denominator is never less than 
that in the numerator. Therefore, the actual moment is never 
greater than that in a continuous girder with restrained ends, 
while in all cases except those involving girders large in compari- 
son with the columns, it will be nearly equal to the moment as 
determined for a continuous girder with restrained ends. 

The conditions of loading and restraint producing the maxi- 
mum probable moment in the columns will be discussed in the 
following articles. 


and Mev = —Cen ( 


120. Interior Columns. Unless the column spacings are very 
irregular, no moment will be developed in the interior columns 
by the dead load of the structure. In the usual case of bays 
equal or nearly so, the dead load is symmetrical with respect 
to the columns and the only moment that can be developed in 
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the columns is that caused by the possible eccentricity of the 
live load. 

An inspection of Fig. 45 shows that the maximum moment in 
an interior column such as C’C occurs under a loading of the type 
shown in either (b) or (d). Either one of these loadings is 
extremely unlikely. Loadings of the type, however, shown in 
either (a) or (c) produce the same effect and are much more 
probable.” 

Considering the joint C of Fig. 45a, any one of the joints at 
B,C’, E, D”, and C” may have a condition of restraint varying 
between the hinged and fixed state. The maximum moment in 
the column CC’ would be developed if C’ and D’ are fixed and the 
remaining joints hinged. . The actual condition of restraint at 
the joints, however, is not hinged but more closely approaches 
the fixed state. With all terminals considered fixed, the moment 


4S> 
Mea = Cop Ke Ae Ay cH (76) 


In the lower column the maximum moment is developed with 
C” and D” fixed and the other joints hinged, but for the same 
reasons as given above, all terminals will be considered fixed and 

AS, : = 
Meo = Coo (55-4 48.-+-45;) a) 

Similarly, considering the joint of Fig. 45c, the maximum 
moment in the column CC’ occurs when all the joints except C’ 
and D’ are fixed, while the condition of restraint of these two 
joints is similar to that shown in Fig. 41d. In this case 


ph 6S 
Mec = Con GK OAs a (78) 


Likewise, with the loading on C’’D”’ instead of on C’D’, C” and 
D” being in a condition of restraint similar to that shown in Fig. 
41d, while the other joints are fixed, 


E 6S; 
Meer = Cool G48, + O%) 79) 


7. E. Ricwart, in “A Study of Bending Moments in Columns,” Pro- 
ceedings of American Concrete Institute, vol. 20, p. 495, states that a loading 
such as (c) produces about 80 per cent of the moment in column C’C as 
would be produced by a loading such as in (d). 
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The upper columns are never larger in cross-section than those 
below them, so that with equal story heights, S; is never less than 
So, but it is often greater. Therefore, the maximum probable 
moment in an interior column is never likely to be greater than 
would be obtained from equation (79). Conditions of restraint 
varying from the conditions assumed in the development of 
equation (79) would cause a slight variation in the moment in 
the column, but the conditions as assumed are usually actu- 
ally realized, so the above equation is recommended for 
general use. 

The basement columns of a building frame present a special 
case, in that the basement floor is usually not an integral part of 
the structure, and does not transfer its load to the frame. The 
maximum probable moment is developed when the basement 
columns are fixed, all other joints of the frame being likewise 
assumed as fixed. The value of the moment is then given by 
equation (77). 

Another special case occurs in the upper tier of columns. Any 
eccentric moment in the roof girder must be transferred to the 
adjacent girder and the supporting column, there being no upper 
column to aid in absorbing such moment. If the live load on the 
roof is nearly as great as that on the floor, so that with the type 
of loading shown in Fig. 45c a point of inflection may be assumed 
at the center of the columns, the moment at the top of the roof 
column is 

6S3 
a ‘ol gs oy as) Cy 
in which M’cp is the moment in the roof girder, and S,- the stiff- 
ness of the roof girder. 

Usually the moment in the roof girder is so much smaller than 
the corresponding moment in the floor girder that the maximum 
moment in the roof column occurs at the bottom of the column. 
In such a case, the roof load being considerably less than the 
floor load, it is not reasonable to expect that a loading similar 
to that of Fig. 45c will cause a point of inflection at the center of 
the columns. If the top of such a column is considered fixed, 
however, it would seem that the moment computed according to 
this assumption is great enough to provide for the actual stresses 
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developed. Therefore, the moment at the bottom of the column 
may be taken as 


AS, 
eo caer pee re) (81) 


The critical cases are summarized in Fig. 47, When there is no 
live load on certain panels, while the remainder of the structure is 


ie Type of Loacling Moment? and Direct Load 


hee Cee Moment at Top of Column 
paca a M f 2 
ZZALLLLLIE LZZZZZZAZL ae es ) 


0 Re ee Direct eae Fu// Load 
33 Live Roof Panel Load 
Heavy Roof Load 


Mornent at Bottorof Glumn 


Roof Column 


= m4 (- 3Sp 
1\ 35, +3Sp 7255) 


Direct Load = Ful! Load 


Moment at Top of Colurmn 


“Mi (peer ae 3S3 
3S, + 2Sp +353 


Direct Load = Fu/! Load 
-3 Live Floor Panel Load 


Moment at Top of Colurin 


= sca eee 
a Gz +2852 +283 


Direct Load = Full Load 
-3 Live Floor Panel Load 


Basement Colurin \Interrtediate Colurtt 


Fia. 47. 


sustaining its full live load, the effect on the columns adjacent to 
the unloaded panel or panels is similar to the effect caused by the 
loading of these panels only. The type of loading indicated in 
Fig. 47 produces larger total stresses in the columns than any of 
the loadings of Fig. 45, since each column must sustain all or 
nearly all of its design dead and live load. The M, of equations 
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shown in the figure is the value of the live load moment in the 
girder as given in the table on page 207 or computed for some other 
type of symmetrical load. 

The values of the moments in the columns as determined by the 
application of the equations of Fig. 47 depend upon the relative 
stiffnesses of the columns themselves and the relation of the 
stiffnesses of girders to those of the columns. The sections of 
the ‘columns seldom change rapidly and are often constant for 
several tiers. 

Figure 48 has been plotted for various ratios of the average 
stiffness of the columns to the stiffness of the girder. It is 
plotted for the type of loading shown in Fig. 45c, which produces 
the largest probable moment in an interior column. 
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Fig. 48. 


121. Exterior Columns. Both dead and live floor and roof 
loads are applied eccentrically to the exterior columns. A 
portion of the unbalanced moment thus produced may often be 
balanced by carrying the spandrel beams on the outside portion 
of the exterior columns. It is, however, very often impossible 
fully to compensate for the unbalanced moment due to the dead 
load alone by this type of construction. In any case, it is neces- 
sary to determine the amount of the moment in the column 
caused by the eccentricity of the roof and floor loads. 

For the dead load, it is reasonable to assume that the further 
ends of the columns are fixed, and that the inner end of the girder 
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is in the same condition of restraint as the outer end. With these 
assumptions, the moment in the top of the lower column is (see 


Fig. 49) 
ASs 
nh aol 5g 45, 4- i) (82) 


At the roof level, the moment in the top of the upper column is 
4S, 
Moe(os, -as,) ee) 

If the full live load is assumed over all por- 
tions of the structure, the live load moment 
in the column is determined in the same 
manner as the dead load moment, that is, 
from equation (82). A greater moment in 
the column is, however, developed when the 
loading is similar to that of Fig. 45c. With 
this type of loading, a point of inflection 
occurs at the center of the columns, and the 
moment at the top of the column is 

6S; 

ih a(55, + 48, + am) oe) 
The stress caused by this moment, together with the correspond- 
ing direct load stress, is often the maximum stress occurring in a 
column near the roof. In a column of the lower stories, the 
decrease in the direct load with this type of loading so reduces 
the direct load stress that the maximum stress in the column 
usually occurs under full live load. In such cases equation (82) 
is applicable for both dead and live loads. 

The critical cases are summarized in Fig. 50. The value of M, 
may be taken from the table on page 207 for the type of load 
sustained by the girder, the dead load being used in the determi- 
nation of the moment in the column due to the dead load on the 
girder, and the live load for the corresponding live load deter- 
mination. Figure 51 is a graphical representation of the two 
equations given for an intermediate exterior column in Fig. 50. 
The lower curve should in all cases be used to determine the 
dead load moment, while either may be used for the determina- 
tion of the live load moment depending upon the type of loading 
assumed. 
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Type of Loading 


Moment and Direct Load 


Basement Column Column Below Roof Colurmn'| Roof Column 


Mornent at Top of Colurtrr 
Live and Dead Loads 


2S, 
= My (= +355) 


Morrert at Top of Colurm 
Dead Load 
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* In sore instances this type of loading may produce the maxtnurt 
stress in a co/urmn further trom the Foot. In such a case the decrease 
in the direct load wil! of course be greater. 


Fig. 50. 
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122. Moment of Inertia of Sections. The moment of inertia 
of a section subject to compressive stresses only has been used in 
Chaps. IV and V. It is obtained by making use of the so-called 
transformed section as explained in Chap. IV, and the whole area 
of the section is included. In beams and slabs, however, where 
both tensile and compressive stresses occur on the section, and 
since in regions of high tensile stress cracks often appear in the 
concrete, it becomes a question whether the tension zone of the 
concrete should be included in the calculations. 

In the usual beam of a building frame, the effective section at 
the support is that of a rectangular beam reinforced for com- 
pression, while the section at mid-span is a T-beam. Some 
designers use the former and others the latter. Some omit the 
concrete in the tension zone while others include it. In some 
instances, a mean or average of the two sections with or without 
the concrete in tension is used. It is certainly true that the 
flange of a T-beam, although not effective at the support, does 
increase the stiffness of the member, and this should be given 
some consideration in the calculations. The stiffness of the 
member is the result desired, and in a beam of this type there is 
no actual section whose moment of inertia definitely determines 
the stiffness of the member for all conditions of stress and loading. 
It is recommended that the full concrete section (steel not 
included) at mid-span be used in the calculations for the moment 
of inertia. The value so obtained is usually somewhat greater 
than that computed for the doubly reinforced rectangular section 
at the support, and less than that for the section at the center 
with the steel included. Tor the columns, since all, or nearly all, 
of the steel and concrete sections are in compression, the moment 
of inertia of the entire steel and concrete sections should be used. 

123. Illustrative Problem. 

Figure 52 shows a section of the concrete frame of a two-story 
(and basement) building, for which it is required to design the 
columns. The distance center to center of columns in the direc- 
tion perpendicular to the section is 23 ft.-Oin. The roof has been 
designed for a live load of 40 lb. per sq. ft. and an additional 
dead load of 35 Ib. per sq. ft. to allow for cinder concrete surfacing 
to provide for drainage. The live load on the floors is 200 lb. per 


220 DESIGN OF CONCRETE STRUCTURES 


sq. ft. and allowance has been made for 1 in. of surface finish. 
The floors and roof have been designed for a 2000-lb. concrete. 


The columns are to be designed for a 2500-lb. concrete. 
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Section of Floor Girder 


Fig. 52. 


The reinforcement in the roof girder is six 1-in. round bars so 
placed in two rows that at the center d = 21 in. Then p = 
.0036, k = .29, and kd = 6.1 in. The moment of inertia of the 


roof girder is 


ats 17 038 
I= s X 638 K 444638 x 4.17 + (2.1 aa eee 27,900 
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and 

27,900 
S = ar en 109 

The reinforcement in the floor girder is eight 1-in. round bars, 
d = 3214 in., p = .0031, k = .32, kd = 10.4 in., I = 86,300, and 
S = 342. 

The bending moments in the girders for which they have been 
designed both at the center and at the support are: 

Roof Girder 


Deadtond ste eh say ke enone 1,042,000 in.-lb. 
TAVETOAC sae ees pe et 361,000 in.-lb. 
Floor Girder 
Deddtlond 23 vier etn ee 1,131,000 in.-lb. 
ive load eee rt oe KS ee 1,803,000 in.-lb. 


Interior Columns 


The computations necessary for the design of the interior 
columns are given on page 222. The dead load supported 
by the upper interior column consists of the weight of the cinder 
concrete, the floor slab, the stem of three roof beams, and the 
stem of one girder. The dead load brought to the columns at 
each floor is obtained in a similar manner. The weights of the 
columns themselves are obtained with the aid of Table XI, the 
height being taken as the distance from the floor or top of footing 
to the bottom of the beam in the roof or floor above. The cross- 
sections of the columns required to sustain the direct load may be 
selected from Tables VI to X. Usually the effect of the flexure 
will require a slight increase in either the steel or concrete section. 
The areas of the effective concrete section used in determining p, 
in column (5) may be taken from Table XI and the size and pitch 
of the spiral reinforcement selected from Table XIV. In the 
column supporting the first floor, 5 g-in. spiral with a pitch of 
214 in. could have been used, but the 3¢-in. spiral with a pitch 
of 3 in. was selected for the sake of uniformity. The longitudinal 
steel in the roof column had to be increased from six 14-in. round 
bars to eight 34-in. round bars in order to provide for the stresses 
caused by flexure. Similarly the steel in the column supporting 
the second floor had to be increased from eight 1-in. round bars to 
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ten l-in. round bars. ‘The values of J in column (6) are obtained 
from Tables XI and XII. This value is not the value to be used 
in the equation of column (9). The latter includes only the 
I, of the concrete within the spiral. The values of the moments 
in column (8) are computed from the equations of Fig. 47. 


Exterior Columns 


The computations necessary for the design of the exterior 
columns are given on page 224. 

The dead load supported by the roof column consists of one- 
half of the dead load supported by the interior column plus one- 
half the weight of the stem of one roof beam and the weight of 
the parapet wall. The dead load brought to the columns at 
each floor is obtained in a similar manner. 


Hig. 53. 


The width of the column parallel to the wall is made the same 
for all columns. Their lengths are the same as those of the 
| corresponding interior columns. The moments of inertia 
in column (5) are computed with the aid of Tables XI and XIII. 

The outside faces of the columns and beams are in the same 
vertical plane. This causes a compensating moment to be 
developed in each column. In the roof column this is due to the 


eccentricity of the beam only. The center line of the beam is 


sie = 5 in. from the axis of the column. The load brought 


to the column by the two wall beams framing into the column 
is 19,300 lb., and the moment caused by the eccentricity is 
97,000 in.-lb. This moment acts in the opposite direction from 
that brought to the column by the roof girder, and the moment 
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for which the column must be investigated is their difference. 
In the lower columns, in addition to the moment produced by 
the eccentricity of the load on the beam (35,400 lb.), there is an 
additional moment on account of the eccentricity of the columns 
with respect to each other, and the sum of these two moments 
must be subtracted from the moment brought to the column 
by the girder. The latter are obtained by applying the equations 
of Fig. 50. The remainder of the solution, as given in columns 
(8) to (13) is completed with the aid of the diagrams of Chap. 
IV. The cross-sections of the columns are shown in Fig. 53. 


CHAPTER VII 
FOUNDATIONS 


124. Definitions and Essential Requirements. The founda- 
tion of a structure has been defined as that part of it which is 
usually placed below the surface of the ground, and which dis- 
tributes the load upon the earth beneath it. Two essential 
requirements in the design of foundations are that the settlement 
of the structure shall be as small as possible, and that settlement, 
if any, shall be uniform throughout the structure. The first 
requirement may be provided for by distributing the load over 
an area large enough so that the safe bearing power of the soil will 
not be exceeded. Uniform settlement may be secured by design- 
ing the foundations so that the soil pressure over the entire base 
of the structure is uniform. Failure to provide for the equalizing 
of the unit foundation pressures is the principal cause of the 
cracks which disfigure so many buildings. <A large number of 
buildings have been designed with massive bearing piers carrying 
nearly the whole weight from the floors. Between these piers, 
smaller piers or columns carrying very little load have been 
placed. Often the area of the base of all foundations has been 
the same. The result has been a settlement of the heavier piers, 
a shearing of window caps and lintels, and many unsightly 
cracks. From this cause the Cooper Institute Building in New 
York became so dangerous as to require radical and expensive 
repairs. Since it is essentially the dead load that causes the 
greatest amount of settlement, footings should be proportioned 
for equal unit pressures under dead load, or in some cases, dead 
load plus partial live load. 

In a reinforced concrete building the required bearing area is 
furnished by widening the base of the columns or wall. The 
widened portion is called the footing. Building footings may 
be divided into three main classes: (1) wall footings, (2) single 


column footings, (8) multiple column footings. Since the stresses 
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in footings are mainly compressive, concrete, either plain or 
reinforced, is particularly adapted to such use. 

125. Bearing Capacity of Soils. The sustaining power of earth 
depends mainly upon the composition, the amount of moisture 
contained, and the degree of confinement in the mass. Sand, 
if securely confined, or artificially protected against the possi- 
bility of lateral displacement, can sustain heavy loads with 
negligible compression. The supporting power of clays is 
extremely variable. Certain deposits are known to be compact 
and hard, and have a high supporting power, while others are 
plastic and easily compressed. The chief characteristics which 
render clay more or less unstable as a foundation material are its 
property of retaining water which is once admitted, and its 
tendency to soften gradually as the amount of water increases. 
The depth of foundation is an important factor in determining 
the allowable pressure on a clay bed; the greater the depth the less 
likelihood of lateral displacement of the clay, and a more nearly 
constant moisture content. When clay is mixed with other 
materials, such as coarse sand or gravel, its supporting power is 
materially increased, being greater in proportion as the other 
materials are in excess, up to the point of forming a cemented 
mass in which the clay is just sufficient in quantity to act as a 
cement in binding the other materials together. The allowable 
pressure on solid rock is usually governed by the strength of the 
masonry rather than by that of the rock itself. 

No definite values can be given to the safe bearing capacity of 
different classes of soils because of the many variables which of 
necessity are considered. Unless the bearing capacity of the 
material at a given site is already known, it should be determined 
by direct tests, if this is at all feasible.t_ In the absence of any 

1 The factor of safety to be allowed in determining the safe bearing power 
of the soil will vary from about 1-5, depending upon the superstructure and 
the character of the load coming to the foundation. The blue clay that 
underlies the State Capitol Building at Albany, N. Y., was found by careful 
and elaborate tests to sustain a load of 6 tons per sq. ft. It was decided to 
adopt 2 tons as the safe load to be used in the design of the foundations. 
The foundations of the Congressional Library at Washington, D. C., were 
designed to limit the actual soil pressure to 2!¢ tons per sq. ft., although the 
yellow clay supporting them was found capable of carrying a total load of 
1314 tons per sq. ft. 
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satisfactory test, the following limiting values taken from the 
Building Code of the National Board of Fire Underwriters may 
be used as a guide in selecting the bearing capacity of any given 
foundation bed. 

Soft clay, 1 ton per sq. ft. 

Clay and sand together, wet and springy, 2 tons per sq. ft. 

Loam clay and fine sand, firm and dry, 3 tons per sq. ft. 

Very firm coarse sand, stiff gravel, or hard clay, 4 tons per 
sq. ft. 

126. Factors Affecting the Design of Concrete Footings. In 
the ordinary type of footing the load from the wall or column is 
transmitted vertically through the wall or column and supported 
by the upward pressure of the soil. Uniformity of this upward 
pressure is assumed in design, and is essential to a theoretically 
satisfactory footing. The probability of obtaining such dis- 
tribution depends among other things upon the material in the 
foundation bed. An elastic compressible soil of considerable 
thickness will permit the footing to assume the shape essential to 
a uniform distribution of the load. A rock bed will not permit 
this bending, and as a result, the projecting portions of the foot- 
ing may resist but a small part of the load.? 


* Jacopy and Davis, in “Foundations of Bridges and Buildings,” discuss 
the distribution of the pressure on the base of the footing as follows: ‘There 
is some question regarding the error involved in the assumption that the 
pressure from the footing is uniformly distributed on the ground. Taking 
the case of the single column square footing, it is evident that the base of the 
footing will assume a saucer-like shape, and as a consequence the pressure 
will be a maximum at the center and a minimum at the outside. The law 
governing the variation in pressure will depend on the relative deflections 
of different points on the base of the footing, as well as on the modulus of 
compressibility of the soil and the thickness of the compressible stratum. 
Where the modulus is low and the thickness considerable, the slight differ- 
ence in total deformation at different points will cause but a slight difference 
in pressure. Where the soil is compressible but inelastic, or soft and subject 
to lateral flow, a fairly uniform distribution of pressure quickly obtains. 
Where the material has a high modulus of compressibility, as in shale or 
rock, the footing should be designed for stiffness as well as for strength or 
else the surface of the material should be shaped to fit the curve taken by the 
base of the footing when fully loaded, otherwise the pressure will be unevenly 
distributed.” 
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Assuming uniform pressure distribution as an actuality, 
the manner in which this pressure is resisted is a more or less 
uncertain factor, especially in the column footings, where bowl- 
shaped deformation occurs. In order to obtain information 
which would permit a rational treatment of the problem, a series 
of tests was made at the Engineering Experiment Station of the 
University of Illinois, the results of which were published in 
Bulletin 67 of the Experiment Station, by Arthur N. Talbot. 
The conclusions and recommendations contained in this bulletin 
form the basis of the following discussion of footing design. 

127. Plain Concrete Footings. The area of the base of footing 
may be found by dividing the total load on the footing, including 
its own weight, by the allowable soil pressure. The top area 
must be large enough to provide for a proper distribution of the 
load from the wall or column to the footing. Where a great 
difference between the areas of the top and base exists, the upper 
surface of the footing is usually either sloped or stepped. 

The depth of the footing must be sufficient to keep the tension 
in the concrete within the allowable value. In a stepped footing 
the relation of the depth of step to the projection of each step 
should be such that the tensile strength of the concrete is not 
exceeded at any point. In determining the depth required, the 
amount of moment should be computed by treating the projection 
as a cantilever with uniform upward soil pressure. The critical 
section is at the face of the column. The width of footing to be 
used in the computation of fiber stress is variable. In the tests 
at the University of Illinois the full width of the footing was used 
in calculating the modulus of rupture, instead of taking into 
account the variation in stress across the section. The values of 
moduli of rupture thus found were smaller (averaging about one- 
third less) than those of the control beams of the same concrete. 
The method of calculating the bending moment was the same as 
that used in the reinforced footings. Bulletin 67 concludes: 
‘fas is usually the case when plain concrete is used in flexure, 
the unreinforced footings show considerable variation in results. 
The variations are such as not to permit a method of deter- 
mining the effective width of resisting section to be established, 
or to obtain a formula for resisting moment.” 
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128. Reinforced Concrete Footings. In the majority of cases 
reinforced concrete is preferable to plain concrete for footing 
construction due to the saving in excavation, in material, 
and in weight of the foundation itself. This is the result of 
the smaller depth required to provide for the existing flexural 
stresses. 

129. Analysis of Wall Footings.* The principles of beam 
action are, in general, applicable to wall footings. Figure 54 
shows a wall footing and a typical set of external forces acting 
upon it. Although it is evident 
that the maximum bending 
moment occurs at a section which 
passes through the middle of the 
wall, an analysis of the resisting 
moments justifies the assumption 
that the critical section for 
moment will occur at the face of 


w /bs. persq.ft. 
Fie. 64. the wall. The results of the tests 


bear out this assumption, and 
measurements of deformation in the reinforcement indicate 


that the calculated tensile stress in the bars at this section is 
probably somewhat higher than the maximum tensile stress 
developed. The maximum bending moment will then be given 
by the equation M = lgwil — a). 

The calculation for bond stress in the tested footings, based on 
the total external vertical shear at the section at the face of the 
wall, and calculated as for ordinary beams, evidently gives 
stresses higher than actually occur. An analysis of the condi- 
tions existing at this section tends to confirm this statement. 
As bond resistance, however, is so important an element of 
strength in a short cantilever beam, this method of calculation 
and the use of the working value of bond stress ordinarily assumed 
in design seem only reasonably conservative, and may be recom- 
mended for general practice. Anchorage of bars by bending 
upward and back in a long curve, or by looping in a horizontal 
plane, was found to add materially to bond resistance. The 


3 The analysis of wall footings is substantially from Bulletin 67, Engineer- 
ing Experiment Station, University of Illinois. 
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allowable bond stresses as specified by the Joint Committee 
are given in Art. 133. 

The tests indicate that the vertical shearing stresses developed 
at the face of the wall, calculated by the usual method, are higher 
than the vertical shearing stresses which are found to exist in 
simple beams with concentrated loading when diagonal tension 
failures are developed. It was found that these start at a point 
some distance away from the section at the face of the wall. 
This observation, and certain analytical considerations such as 
the probable greater proportion of shear taken in the compressive 
area at sections near the face of the wall, show that in calculating 
the vertical shearing stress which shall be used as a basis for 
judging the resistance to diagonal tension, a section some distance 
from the face of the wall should be used. The tests and the 
discussion indicate that a section d distant from the face of the 
wall (d being the distance from the center of reinforcing bars to 
the top of footing) may properly be used as the critical section 
for calculating the vertical shearing stress for this purpose, and 
that at this section the ordinarily accepted working stress 
may be used for calculating resistance to diagonal tension 
failure. Web reinforcement, while adding to diagonal tension 
resistance, is not especially effective, and since it is not very 
convenient to place, it is usually better to design the footing so 
that the vertical shearing stress is within the limit of the working 
stress permitted in beams without web reinforcement. 

130. Design of a Typical Wall Footing. A 16-in. wall supports 
a total load of 23,100 lb. per lin. ft., and rests on soil whose safe 
bearing power is 2 tons per sq. ft. Design a footing for this wall 
that will satisfy the requirements of the Joint Committee. 
A 2000-lb. concrete is to be used. 

Assuming the weight of footing as 900 lb. per lin. ft., the total 


width of footing required = D = 6.0 ft. The maximum 
moment is 
— 1.33)? ; 
M = 3850 X Whe < 12 = 126,000 in.-lb. 


8 
With allowable unit stresses of 16,000 and 800, Table IV gives K 
= 146.7 and 7. = .857 
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126,000 
Wie Abe Se Vegas 
An effective depth of 9 in. is used, which, with 3-in. insulation, 
gives a total thickness of 12 in. The weight per linear foot is 
then 900 lb. as assumed. 
126,000 
~ 16,000 X .857 X 9 


Assuming deformed bars anchored at both ends by means of 
hooks with a diameter of 6 in., and increasing the allowable unit 
bond stress of .05f’. by 50 per cent,‘ 


PO a ee 
yo = 150 % 857 X9~ 7.7 in. per ft. 


These requirements are satisfied by using 14-in. square bars, 

3 in. center to center. Investigating for diagonal tension, the 

total external shear on a section 9 in. from the face of the wall is 
23,100 _, 18 


A, = 1.02 sq. in. per ft. 


— ~ as, 5 ; 
6 x 19 9775 Ib 
and the unit shear, which is a measure of diagonal tension, is 
5775 : 
pase RET ACO 62 lb. per sq. in. 


This is but 2 lb. in excess of the allowable (.03 & 2000 = 60) and 
the design may be considered satisfactory. 

131. Single Column Footings. Flexure Analysis, Footings 
Reinforced in Two Directions. Ordinarily in single column foot- 
ings, the load may be considered as applied uniformly over the 
bearing area of the column, and the upward pressure as uni- 
formly distributed over the base of the footing. The footing is 
then analogous to a cantilever slab supported at the top over a 
central area and loaded with a uniform upward load. As the 
projecting portion of the footing deflects upward, its surface 
assumes the shape of a bowl. 

In calculating the strength of column footings of ordinary 
dimensions, a study of the results of tests justifies the assumption 
that the critical section for the bending moment for one direction 


4This increase of 50 per cent is not a part of the Joint Committee’s recom- 
mendations. See Arts. 80 and 133. 
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occurs on a vertical section passing through the face of the 
column. A common method used in design is to consider that 
the total upward pressure on a trapezoid, the parallel sides of 
which are the face of the column and the adjacent edge of the 
footing, acts at its center of gravity. The bending moment, the 
product of this amount of load and the distance of the assumed 
center of pressure from the critical section, is then considered to 
be resisted by a beam ABCD (Fig. 
55) of a width somewhat greater than 4 
the width of the column. ‘This infers 
that only the steel within the assumed 
width of beam is effective in resisting 
the bending moment determined as 
above. Steel is placed at a more or p 
less arbitrary spacing outside of the 
assumed effective width to carry the 
load on that portion to the beam at right angles to ABCD. 
This method of computing the bending moment takes no 
cognizance of any variation in the distribution of the upward 
load along the various portions of the footing projection. It is 
evident that the proportion of the upward pressure which is 
taken by each beam from any elementary area is dependent 
upon the relative deflection of the beams in the two directions. 
The total load acting on any element on the rectangle between 
the face of the pier and the edge of the footing may rightly be 
considered to act on the beam perpendicular to that face. The 
load on any element in the corner squares is distributed between 
the two beams in proportion to the deflection of the beams at 
that point. A rational analysis of the problem involving some 
approximations, and a study of the flexure curves obtained on a 
number of column footings tested, have led to the conclusion 
that ‘all of the upward load on the rectangle lying between the 
face of the pier and the edge of the footing is considered to act 
at a point half-way out from the pier, and half of the upward 
load on the two corner squares is considered to act at a center of 
pressure located at a point 0.6 of the width of the projection from 
the given section.’’ This conclusion applies only to square foot- 
ings supporting square columns. The principles involved, how- 
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ever, may, with necessary modifications, be extended to other 
forms.° 

The width of footing to be used in flexure computations, that 
is, the width of beam ABCD (Fig. 55), depends upon the size 
of the column, the thickness of the footing, the dimension of the 
projecting portion, and the amount and distribution of the 
reinforcement. Talbot states that ‘‘a study of the observations 
and results of tests of the footings made in the laboratory indi- 
cates that the bars for some distance on either side of the pier 


5 The Joint Committee specifies that the critical section for bending 
shall be taken at the face of the column or pedestal. Where steel or cast 
iron column bases are used, the moment in the footing shall be computed at 
the edge of the base and at the center. In calculating this moment the 
column or pedestal load shall be uniformly distributed over its base. For a 
square footing supporting a concentric square column the bending moment at 
the critical section is that produced by the upward pressure on the trapezoid 
bounded by one face of the column, the corresponding outside edge of the 
footing, and the portions of the two diagonals. The center of application of 
the reaction on the two corner triangles of this trapezoid shall be taken at a 
distance from the face of the column equal to 0.6 of the projection of the 
footing. The center of application of the reaction on the rectangular portion 
of the trapezoid shall be taken at its center of gravity. This gives a bending 
moment expressed by the formula: 


Ve (4 + 1.2c)c? 


— 
= 
| 


= bending moment at critical section of footing in foot-pounds. 
a = width of face of column or pedestal in feet. 


° 
Il 


projection of footing from face of column in feet. 
w = upward reaction per unit of area of base of footing in pounds per 
sauare foot. 

Square footings supporting a round or octagonal column shall be treated 
in the same manner as for a square column, using for the distance a the side 
of a square having an area equal to the area enclosed within the perimeter 
of the column. 

Rectangular or irregularly shaped footings shall be calculated by dividing 
them into rectangles or trapezoids tributary to the sides of the column, 
using the distance to the actual center of gravity of the area as the moment 
arm of the upward force. 

The reinforcement necessary to resist the bending moment in each 
direction in the footing shall be determined as for a reinforced concrete beam; 
the effective depth of the footing shall be the depth from the top to the plane 
of the reinforcement. 
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have nearly the same stress as those under the pier.” As a 
working basis applicable when the spacing of the bars is uni- 
form or nearly so, the conclusion was reached that the resisting 
moment of the footing in each of the two directions may be 
based upon the amount of steel in a width of beam equal to the 
width of pier plus twice the depth of footing to the reinforce- 
ment, plus one-half the remainder of the width of footing. The 
use of this amount of steel will determine the maximum steel 
stress. If this width is greater than the width of the footing, 
then the width of the beam may be taken as the full width of the 
footing.® 

The extreme fiber stress in compression in the concrete shall be 
kept within the limits specified for ordinary beams. No failures 
by compression have been observed in the tests and none would 
be expected with the low percentages of steel used. 

132. Single Column Footings. Vlexure Analysis, Footings 
with Four-way Reinforcement. In footings with reinforcement 
in the direction of the diagonals in addition to that parallel 
to the sides, the usual method of computation is to assume that 
the bending moment on each trapezoid, computed as for a two- 
way footing, is resisted by the bars in two bands, one band 
normal to the parallel faces of the trapezoid and a half band 
along each of the other sides. The steel is placed so that approxi- 
mately all of it passes under the column. The only other 
requisite is that no portion of the area of base of the footing be 
unreinforced (see Fig. 57). 

133. Bond Stresses. Bond resistance is one of the most 
important features of strength of column footings, and prob- 
ably much more important than has been appreciated by the 


6’ The Joint Committee specifies that the required area of reinforcement 
shall be spaced uniformly across the footing, unless the width of the footing 
is greater than the side of the column or pedestal plus twice the effective 
depth of the footing, in which case the width over which the reinforcement 
is spread may be increased to include one-half the remaining width of the 
footing. In order that no considerable area of the footing shall remain 
unreinforced, additional bars shall be placed outside of the width specified, 
but such bars shall not be considered as effective in resisting the calculated 
bending moment. For the extra bars a spacing double that used for the 
reinforcement within the effective belt may be used. 
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average designer. The calculations of bond stress in footings of 
ordinary dimensions where large reinforcing bars are used show 
that the bond stress may be the governing element of strength. 

The method proposed for calculating maximum bond stress in 
column footings having two-way reinforcement evenly spaced, 
or approximately so, is to use the ordinary formula for bond 
stress, and to consider the circumference of all the bars which were 
used in the calculation of tensile stress, and to take for the exter- 
nal shear that amount of upward pressure or load which was 
used in computing the bending moment at the given section. 
The use of small bars, closely spaced, is often essential to pro- 
vide the necessary bond resistance, especially in the two-way 
footings. The use of short bars placed with their ends staggered 
increases the tendency to fail by bond, and cannot be considered 
as acceptable practice in footings of ordinary proportions.’ 

134. Diagonal Tension. Tests indicate that diagonal tension 
develops in a critical way at a distance from the edge of the 
column equal to the depth of the footing. In the tests at the 
University of Illinois, the vertical shearing stress calculated at 
the vertical sections formed upon the square which lies at a 
distance from the face of the pier equal to the depth of the footing 
was used as a means of measuring resistance to diagonal tension 
failure. This calculation gives values for the shearing stress for 
the footings which failed by diagonal tension, which agree fairly 
closely with the values obtained in tests of simple beams. The 


formula used in this calculation is v = i Fi where V is the total 


vertical shear at this section and is equal to the upward pressure 
on the area of the footing outside of the section considered, b 
is the total distance around the four sides of the section, and 


7 The Joint Committee specifies that the bond stress on a section of 
footing shall be computed as for ordinary beams. Only the bars counted 
as effective in bending shall be considered in computing the number of bars 
crossing a section. ‘The bond stress computed in this manner on sections at 
the face of the column or outside of the column shall not exceed .04f’, for 
plain bars, nor .05f’, for deformed bars; for footings where reinforcement is 
required in more than one direction these values of the permissible bond 
stress shall be reduced 25 per cent. The bond stresses for bars adequately 
anchored at both ends may be increased in accordance with the reeommen- 
dations of Art. 80. 
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jd is the distance from the center of the reinforcing bars to the 
centroid of the compressive area.® 

135. Punching Shear. The tendency of the column to punch 
its way through the footing is overcome by the shearing resist- 
ance of the concrete. This shearing resistance is measured by 
the shearing strength of the concrete on an area equal to the effec- 
tive depth multiplied by the perimeter of the column. The 
amount of shear to be resisted is equal to the net upward soil 
pressure on the portion of the footing outside of a vertical plane 
surrounding the column. The value of the allowable unit stress 
generally recommended for punching shear is .06f’... The depth 
of footing is usually governed by this requirement. 

136. Stepped and Sloped Footings. According to the Joint 
Committee, footings in which the depth has been determined 
by the requirements for shear may be sloped between the critical 
section and the edge of the footing, provided the shear on no 
section outside the critical section exceeds the value specified, 
and provided further that the thickness of the footing above the 
reinforcement at the edge shall not be less than 6 in. for footings 
on soil nor less than 12 in. for footings on piles. The top of the 
footing may be stepped instead of sloped, provided the steps are so 
placed that the footing will have at all sections a depth at least 
as great as that required for a sloping top. Stepped footings 
shall be cast monolithic. The extreme fiber stress in such footings 
shall be based on the exact shape of the section for a width not 
greater than that assumed effective for reinforcement. The 
requirements for the top area of the footing are given in Art. 137. 

Talbot calls attention to the fact that: ‘‘In stepped footings, 
the abrupt change in the value of the arm of the resisting moment 


8 The Joint Committee specifies that the shearing stress shall be computed 
as for rectangular beams. When so computed, the stress on the critical 
section defined below, or on sections outside of the critical section, shall not 
exceed .02f’. for footings with straight reinforcing bars, nor .03f’, for footings 
in which the reinforcing bars are adequately anchored at both ends. The 
critical section for diagonal tension in footings bearing directly on the soil 
shall be taken on a vertical section through the perimeter of the lower base 
of the frustum of a cone or pyramid which has a base angle of 45 degrees 
and has for its top the base of the column or pedestal and for its lower base 
the plane of the center of longitudinal reinforcement. 
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at the point where the depth of footing changes may be expected 
to produce a correspondingly abrupt increase of stress in the 
reinforcing bars. Where a step is large in comparison to the 
projection, the bond stress must become abnormally large. 
It is evident that the distribution of bond stress is quite different 
from that in footings of uniform thickness. The sloped footing 
also gives a distribution of stress which is different from that in a 
footing of uniform thickness. For footings of uniform thickness, 
however, the bond stress is a maximum at the section at the 
face of the pier; in a sloped footing the bond stress at the section 
at the face of the pier would be less accordingly than in a footing 
of uniform thickness, and a moderate slope may be found to 
distribute the bond stress more uniformly throughout the length 
of the bar. This is not of advantage if the full embedment of 
the bar is effective in resisting any pull due to bond.” 

137. Bearing of Column on Footing. The upper surface of 
sloped or stepped footings should project at least from 4 to 6 in. 
beyond each face of the column supported by the footing. The 
compressive stress in the longitudinal reinforcement at the base 
of the column is transferred to the pedestal or footing either by 
dowels or distributing bases. When dowels are used, there 
should be at least one dowel for each column bar, and the total 
sectional area of the dowels should not be less than the sectional 
area of the longitudinal reinforcement in the column. The dowels 
should extend into the column and into the pedestal or footing 
not less than 50 diameters of the dowel bars for plain bars, or 40 
diameters for deformed bars. ? 

* When metal distributing bases are used, the Joint Committee requires 
that “the area and thickness of these bases shall be sufficient to transmit 
safely the load from the longitudinal reinforcement in compression and 
bending. The permissible compressive unit stress on top of the pedestal or 


footing directly under the column shall be not greater than that determined 
by the formula 


7 e A 
To = P25) fs A’ 
where 7, = permissible working stress over the loaded area; 
A = total area at the top of the pedestal or footing; 
A’ = loaded area at the column base. 
“In sloped or stepped footings, A may be taken as the area of the top 


horizontal surface of the footing or as the area of the lower base of the 
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138. Design of a Two-way Block Footing. A column 24 in. 
square supports a total load of 400,000 lb. Design a single slab 
concrete footing reinforced in two directions to support this 
column on a soil, the safe bearing capacity of which is 5000 lb. 
per sq. ft. Follow the specifications of the Joint Committee. 
Assume a 2000-lb. concrete. 

Assuming the weight of footing as 40,000 lb., the bearing area 


F 440,000 
required equals 5000 7 OF 88 sq. ft. A base 9 ft.-6 in. square, 


furnishing 90.25 sq. ft., is selected. The unit soil pressure 


40 
aa oe or 4440 lb. For 


punching shear at the edge of the column, 


(90.25 — 4) X 4440 
Poin 


due to the load on the column equals 


d= 


With 3 in. insulation, the total thickness = 36 in., and the 
weight of footing = 40,500 Ib. (see Fig. 56). 

The total net upward pressure outside of a square concentric 
with the column, and each of whose sides is 33 in. distant from 


the corresponding face of the column equals 4440[(9.5)? — 


Ce) = 150,000 Ib. 


v SOULE = 15 |b. per sa. in 
~ £X 90.0 X % X 33 pee a ee 


This is satisfactory. 
The effective width of footing is 


axe 


24 + 2 X 33 + = 102 in. 


The moment at the edge of the column is 


Mies 4440| 2 x ae + .6(3.75)3 | % 12 = 2,445,000 in.-Ib. 


largest frustum of a pyramid or cone contained wholly within the footing 
and having for its upper base the loaded area A’, and having side slopes of 1 
vertical to 2 horizontal. 

“The allowable compressive unit stress on the gross area of a concen- 
trically loaded pedestal or on the minimum area of a pedestal footing shall 
not exceed .25f’., unless reinforcement is provided and the member designed 
as a reinforced concrete column.” 
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Assuming 7 = .9 
2,445,000 
Ae 15 0050.0 o8 
Twenty-six !4-in. rounds furnish 5.13 sq. in. 
a BS 
= ils 
PTS 


Fig. 56. 


Table IV shows that the concrete fiber stress is considerably 
below the allowable. Table V gives 7 = .938 and the revised 
steel area is 
2,445,000 
ett ,000 X .938 X 33 
This result still requires twenty-six 14-in. rounds. 
One additional bar is placed on each side of the footing outside 
of the effective width to assist in distributing the load from 


= 4.95 sq. in. 
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that portion. The bond stress on the effective reinforcement 
equals 
= JAX 4440(90.25 — 4) 
26 X 1.57 & .988 XK 33 
This is allowable with deformed bars. Larger bars, with a conse- 
quent increase in bond stress could have been used if special 
anchorage were provided in accordance with Art. 80. 

139. Design of a Four-way Sloped Footing. Design a sloped 
footing with four-way reinforcement according to the Joint 
Committee, to support a 23-in. square column, the total load on 
which is 400,000 lb. The safe bearing capacity of the soil 
is 4000 lb. per sq. ft. Use a 2000-lb. concrete. 

Assuming the weight of footing as 37,000 lb., the bearing area 


= 76 lb. per sq. in. 


, 000 , 
required equals te or 109.25 sq. ft. A base 10 ft.-6 in. 
square furnishes a bearing area of 110.25 sq. ft. and is selected. 

400,000 


The net upward pressure from the soil is 110.25 °F 3630 


lb. per sq. ft. The total amount of punching shear at the edge 
of the column is 
3630[110.25 — (2342)?] = 387,000 Ib. 
387,000 ; 
HS Abs co ae 

Using an effective depth of 36 in. and allowing 4-in. insulation 
from the center of gravity of the steel, the total height of footing 
is 40 in. The top of the footing is made 32 in. square, and the 
total thickness at the edge 12 in. The actual weight of footing 
is 37,000 lb. as assumed (see Fig. 57). 

An investigation for diagonal tension along a vertical plane 
36 in. from the face of the column shows that, with an effective 
depth at that plane equal to 


31.5 X 28 ; 
36 — Scat GP ean $2 in. 
and an area outside of the plane equal to 
(29X00) i 2377 __ 
110.25 — l - | = 47.7 sq. ft. 
v patie oe = 30.2 lb. per sq. in. 


4X95 X %X 17.2 
This can be carried safely by the concrete. 
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The bending moment at the edge of the column is 
23 a Ms 51.5 
Mm = 3630[73 x (7°) Kote x(e ) |] x12= 


2,830,000 in.-lb. 
Since this is resisted by two bands as explained in Art. 132, 


the steel required in each band, assuming j = .9, is 
1 2,830,000 Lael, : 
A= 5 TEGO SOOO ee 


This is furnished by nine 5¢-in. round rods. Further revision 


to correct the value of 7 does not affect the number of bars 
required. 


Segre 5e5 


uw 


/ 


pay: /0 


The bond stress at the face of the column is 


lg X 387,000 


u = 9x 1.964 x “93036 7 84 Ib. per sq. in. 


This is but slightly in excess of the allowable value for deformed 
bars without hooks, 7.e., .75 X 100 = 75 lb. per sq. in. By 
hooking each bar at each end, adequate bond resistance is 
furnished. 


See Art. 172 for the design of a square sloped footing supporting 
a round column. 
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140. Multiple Column Footings. In cases where the available 
ground area is limited, it may be impossible to construct simple 
spread footings to support the exterior columns. Such a condi- 
tion obtains when the face of the exterior column coincides with, 
or is near, the edge of the building lot. The center of gravity of 
the column load could not be made to coincide with the center of 
gravity of the concrete base if a single footing were used. This 
would result in unequal distribution of the soil pressure with the 
possibility of uneven settlement and bending in the columns. To 
avoid this, the wall column footing may be connected to the 
nearest interior column footing by means of a concrete strap, or 
a single footing may be designed to support both columns. 
The latter type of construction is knowr as the combined footing, 
and the former as the cantilever footing. Multiple column 
footings may support more than two columns in case such pro- 
cedure is deemed advisable or necessary. 

141. Combined Column Footings. ‘The simplest type of a 
combined footing is a slab of uniform thickness whose center of 
gravity coincides with the center of gravity of the loads that the 
footing sustains. If both columns are placed near the opposite 
edges of the footing, the slab must have a trapezoidal shape, 
assuming the column loads are unequal, in order to fulfil the 
requirement of uniform pressure distribution. If a projection 
of sufficient length is possible beyond the heavier load, a rec- 
tangular shape may be used, the length of the projection being 
sufficient to cause the centers of gravity of the downward loads 
and the upward pressure to coincide. In some types of combined 
footings, an inverted T-section is used for the slab. 

The following design illustrates the manner of determining 
the shape of the trapezoidal slab combined footing. 

Two columns 12 ft.-0 in. center to center, one having a cross- 
section of 18 X 18 in. and the other a cross-section of 24 X 
24 in., sustain loads of 200,000 and 300,000 Ib., respectively. 
The allowable pressure on the soil is 5000 Ib. per sq. ft. Design 
a combined footing to support these columns, the unit stresses 
not to exceed the following: f. = 650, f; = 16,000, u = 100, v = 
120. In proportioning stirrups, use the first method outlined 
in Art. 74. n = 15. 
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Assuming the weight of footing as 400 lb. per sq. ft., the bearing 
area required for the two loads is 


500,000 
S000 Eade 108.7 sq. ft. 


Allowing the footing to project 6 in. beyond the edge of the 
larger column, the total length of footing is 14.25 ft. In order 
to secure uniform pressure on the soil, the center of gravity of the 
footing must be at a distance of 


200,000 . , 
eee +15 = 6:30Ttt bi (F 
500,000 Se 1h rom 0, ( ig. 58) 
Using the equations involving the area and center of gravity 


of a trapezoid, 


RP OORT vl ces 
b; + bo — ~» 14.25 cary 15.26 
3 X 15.26 
bi + 2b = “AAO O80 = 20.24 


from which equations b; = 10.28 ft. and b, = 4.98 ft. 

The maximum moment occurs at the point of zero shear. Let 
the distance of this point from b; be called y, the load on the 
larger column P, and the net upward soil pressure (the difference 
between the allowable soil pressure and the weight of the footing) 
w. Equating the upward pressure and the downward load, 

21 
from which the distance y = 7.33 ft. The width of the footing 
at this point, b4, is 7.55 ft., and the distance of the center of gravity 
of the trapezoid bounded by b; and by, from by, is 3.85 ft. The 
maximum moment is found by concentrating the upward pressure 
on the trapezoid b4b; at its center of gravity as located above. 


M = 300,000(7.33 — 1.5) — 3.85 X ee ee x 7.33 XK 4600 


2 
= 590,000 ft.-lb. 


P= w| by — 


or 7,080,000 in.-lb. 
The depth of footing required to provide for this moment equals 


7,080,000 
ae var (TBC Ig) ae 
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An approximate solution is sometimes used in which the 
moment at the section through the center of gravity of the 
entire footing is used, thus avoiding the computations for finding 
the point of zero shear. Such a solution gives a bending moment 
which differs very little from the true bending moment. 

The depth required for punching shear at the larger column, 
300,000 — 5000 x 4 
4X 24 X 120 
and at the smaller column, similarly, d = 21.8 in., both of which 

are less than that required for moment. 

The width of the transverse distributing beam under the larger 
column is taken as 36 in., and that under the smaller column as 
18in. The moment at the edge of the column due to the upward 
pressure of the soil is 


1 -, 300,000 10.28 — 
5 X hos ( ee pan) x 12 = 3,000,000 in.-Ib. 


for the longer beam, and 


Pei LRN 2 
200,000 Ge ~2) x 12 = 732,000 in.-Ib. 


= 24.3 in. 


d= 


1 
2” 4.98 
for the shorter beam. 
The maximum shear at the edge of the column for the former is 


300,000 ., 10.28 — 2 


a 5 = 121,000 Ib. 
and for the latter 
SU U DE A 202 =e 27 000 Ih. 


4.98 2 


The depths required are 27.9 in. and 19.5 in., respectively. 
An effective depth of 28 in. is adopted for the entire footing; 
with 4 in. of insulation, the total depth is 32 in. and the weight 
per square foot, 400 lb. as assumed. In case the depth required 
for either of the distributing beams were considerably in excess 
of that required for the main slab, it would be economical to use 
the greater thickness only for the distributing beam itself. 

In the main slab, the distance from the point of zero shear to 
the point where the unit shear reaches the allowable value for 
plain concrete is determined by solving the equation for the unit 
shear at any point z ft. away from the plane of zero shear, sub- 
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stituting for the unit shear v the definite allowable value for plain 
concrete v’, as follows: 

Let b; equal the width of footing at the required section, and w 
the net upward soil pressure in lb. per sq. ft. 


Bisel A 
~ bsgd 
bb = be tT Xe and V = AF 2 x 


Substituting the values of b; and V in the equation for v’, 


2| (bs = bs) | 42 [ wos es ese] Sha 


In using this equation, inches must be used with pounds per 
square inch, and feet with pounds per square foot. In the present 
footing z is found to be 2.70 ft., and the width of footing at this 
point, bs, is 8.56 ft. The distance g, over which web reinforce- 
ment is required, is 2.13 ft. 

The maximum shear in the main slab along the plane be, 
the width of which is 9.35 ft., is 


ee x 4.83 X 4600 = 187,700 lb. 


187,700 
9:35 X12 X 875% 28 


The average unit shear over the distance q is 54.15 Ib. per sq. 
in., the average width of footing 8.95 ft., and the total area of 
web reinforcement required is 


2 X 54.15 X 8.95 X 218X144 og 
16,000 = 6.20 sq. In. 


and the unit shear = = 68.3 lb. persq. in. 


This requires thirty-two 14-in. round single stirrups. On 
account of the short distance over which these must be spaced, 
three rows of eleven each are used. In order to stress equally 
all of the web reinforcement, the triangle representing the shear 
to be resisted by the stirrups is divided into three parts of equal 
area, and one row of stirrups placed at the center of gravity of 
each part. The length of base of this triangle is 2.13 * 12 = 
25.56 in., and the altitude 9.35 X 12 x (24 X 68.3) = 5100 lb. 
per lin. in. The division may be made graphically by dividing 
the base into three equal lengths, constructing a semicircle on 
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the base as a diameter, erecting perpendiculars from the third 
points of the base to intersect the circle, and striking ares of circles 
from these intersections, using the zero ordinate point of the 
triangle base as a center. Vertical planes through the points of 
intersection of the arcs just described divide the triangle into 
three equal parts. 
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The proper location of the three rows of stirrups, determined 
above, is shown in Fig. 58. In a similar manner it is found that 
forty-two 14-in. round single stirrups spaced over a distance of 
3.01 ft. are required at the other end of the footing, the spacing 
being as shown in Fig. 58. 

The same condition with regard to diagonal tension failures 
may be assumed for the distributing beams as is assumed in other 
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footings. The unit shear on the longer beam 28 in. from the 
edge of the column supported by it is found as for a simple beam 
and equals 59.7 lb. per sq. in. Stirrups are required from this 
point to the point where the unit shear is equal to 40 lb. per 
sq. in., which is at a distance of 33 in. from the edge of the 
column. One double-looped 14-in. round stirrup placed 30 in. 
from the edge of the column is sufficient. No stirrups are 
required in the shorter distributing beam on account of the 
small shear existing at the critical section. 

The area of longitudinal steel required in the main slab is 
found as follows: 
ries 7,080,000 
: 16,000 X .875 X 28 

187,700 : 

i00 x 87x28 °° 

Twenty-five l-in. round deformed bars furnish sufficient area 
and surface. They are placed 4 in. from the top of the slab as 
shown in Fig. 58. 

Similarly for the transverse beams, sixteen and nine 1-in. round 


= 18a. hk 


Yo = 


deformed bars are necessary for the long and short beams, 
respectively. These are placed 4 in. from the bottom of the 
beams as shown in Fig. 58. Five 1l-in. round bars about 20 in. 
center to center are placed between the two distributing beams 
in order to add to the rigidity of the footing. 

142. Cantilever Footings. In the cantilever type of construc- 
tion the wall column footing is connected to the nearest interior 
column footing by means of a beam or strap. The eccentric 
load from the exterior column is resisted by some downward 
pressure from the interior column, the effect of which is trans- 
mitted through the strap. The wall column load is supported 
directly by the strap, and distributed to the soil by means of 
bars at right angles to the strap, in the exterior footing. 

The principles involved in the design of a cantilever footing 
are shown in Art. 174. 

143. Concrete Foundations on Piles. Where a soil of a 
compressible nature is encountered, and where the amount of 
excavation which would be required to reach a firm stratum 
would be excessive, economy might dictate the use of a foundation 
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supported by piles, the latter being long enough either to reach 
the firm substratum or to offer sufficient skin friction to over- 
come the loads to which they are subjected. 

This type of foundation consists essentially of a concrete slab, 
plain or reinforced, supported directly by the piles. The heads 
of the piles are allowed to project a short distance above the 
ground so that the concrete may encase these portions of the 
piles and form with them a solid unit. A minimum embedment 
of 6 in. is considered satisfactory in most cases. If desirable, 
the material around the piles may be excavated, the depth of 
excavation depending upon soil conditions, and the space thus 
made filled in with gravel or other solid material, on which the 
concrete is laid as stated above. Such procedure utilizes the 
increased bearing power of the earth surrounding the piles. 

When piles are supported entirely by the friction between 
their sides and the earth, the load is transmitted to a deep ground 
level in a conoid of pressure through the earth above it. Such 
piles should be driven so far apart, or to such a depth, that the 
increased area of bearing developed by the conoid of pressure, 
which has the required altitude to contain the frictional resist- 
ance, reaches a level whose material will afford the required 
support before it intersects the corresponding conoid of an 
adjacent pile. A. M. Wellington recommends that bearing 
piles should be spaced at least not closer than 3 ft. center to 
center, and that they are worse than wasted if driven less than 
216 ft. on centers. KE. P. Goodrich recommends as an absolute 
minimum spacing 2.7 ft., and suggests 3 ft. be used wherever 
possible. In good practice, timber piles are never spaced closer 
than 219 ft. center to center, and preferably not closer than 
3 ft. 

The allowable bearing on any pile will depend, among other 
things, upon the soil conditions, the size and spacing of the piles, 
and the depth to which they are driven.!° 


10 Goodrich recommends that ‘‘the best practice is to assume a given load 
per pile, to design all footings accordingly, and to require the superintendent 
of construction to provide and drive piles which will sustain this assumed 
load. In that case the designer’s care will be to provide just the proper 
number under each footing, and to space them so that each pile will develop 
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The main difference in the design of a concrete foundation 
supported on piles, and the design of a footing resting directly 
on the soil is in the manner in which the load on the footing is 
resisted by the foundation bed. In the former case, a series of 
concentrated upward loads must be considered, while in the 
latter case, uniform distribution under the entire concrete area 
is assumed.,!! 

144. Design of Footing Supported on Piles. A concrete 
footing resting on a pile foundation is used to support a column 
18 in. square, the total load on which is 225,000 lb. The safe 
bearing power of each pile is 11 tons. Design the footing in 
accordance with the specifications of the Joint Committee using 
an ultimate compressive strength of concrete of 2000 Ib. per sq. in. 

Assuming the weight of footing as 38,000 lb., the number of 
263,000 _ {5 
22,000 

In order to keep a minimum spacing of piles of 2 ft.-6 in., 
and to distribute the load equally between the 12 piles as nearly 
as practicable, the arrangement shown in Fig. 59 is adopted. 
For punching shear 


d= 


piles required = 


225,000 
4X 18 X 120 


its full proportion of the given load. To this end, groups should be made as 
nearly circular as possible, especially when they consist of any considerable 
number of piles. The corner piles of square groups of 16 piles might just 
as well be omitted.” 


= PAG) iia. 


The Joint Committee includes the following recommendations for 
concrete footings supported on piles: The thickness of concrete above the 
reinforcement at the edge of a sloped footing shall not be less than 12 in. 

A mat of reinforcing bars consisting of not less than .20 sq. in. per ft. 
of width in each direction shall be placed 3 in. above the tops of the piles. 

The critical section for diagonal tension shall be taken on a vertical section 
at the inner edge of the first row of piles entirely outside a section midway 
between the face of the column or pedestal and the vertical section through 
the perimeter of the lower base of the frustum of a cone or pyramid which 
has a base angle of 45 degrees, and has for its top the base of the column or 
pedestal and for its lower base the plane of the center of the longitudinal 
reinforcement, but in no case outside of this vertical section. The critical 
section for piles not grouped in rows shall be taken midway between the 


face of the column and the perimeter of the base of the frustum described 
above. 
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The total thickness of concrete, allowing a 6-in. embedment of 
the piles and 4 in. from the top of the piles to the center of the 
reinforcing steel, equals 36 in. The actual weight of footing is 
then 38,000 lb., which checks the assumed value. 


._ -. 220,000 
The net load per pile is ae Cis = 18,750 lb. The total bend- 
ing moment existing around the entire perimeter of the column 
is M = (18,750 X 3 X 8 + 18,750 X .5 X 4) X 12 = 

5,860,000 in.-lb. 


Fia. 59. 


Assuming the reinforcement in two bands, the area of steel 

required in each band is 
14 X 5,860,000 

~ 16,000 X .9 X 26 

Thirteen 5¢-in. round deformed bars hooked at both ends 
are used in each band and placed in a width of 54 in. centered 
about the column. The remaining portion of the footing outside 
this effective width is reinforced by three °<-in. round deformed 
bars as shown in Fig. 59. 


Ay = )5.02.60,.10, 
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The unit bond stress on the effective steel is 
4 5 

u = 53 A 6 SE = 94 lb. per sq. in. 
which may be considered safe for anchored bars (see Art. 80). 

A more exact determination of the lever arm jd is not justified 
because such a supposedly theoretically correct value would 
depend upon the effective width of the band which in itself is an 
assumption. Due to the low percentage of steel the concrete 
fiber stress is well below the allowable. 

The critical section for diagonal tension, according to the speci- 
fications, occurs at a distance of 13 in. from the face of the column. 
The unit shear at a vertical plane through the critical section 

849 X 225,000 
"4X 44X 9 X 26 

145. Miscellaneous Foundations. In designing foundations 
to rest on soil, the safe bearing power of which is very small, it 
sometimes becomes necessary to extend the footings to cover 
practically all of the area of the building, one connected to the 
other. Such foundations may consist of a solid flat slab of 
concrete, a series of beams with slabs at the top or bottom, or an 
extension of the multiple column principle to the entire area. 


= 36 Ib. per sq. in. 


CHAPTER VIII 
_ REINFORCED CONCRETE BUILDINGS 


146. Reinforced concrete has gradually become one of the 
leading building materials of the present day, chiefly because of 
its durability, its fire-resisting qualities, its adaptability to 
various types of design, and its pleasing architectural appear- 
ance. When used with any other type of construction, as for 
example, the floors in a steel frame structure, or by itself in a 
building all of whose constituent structural parts are of reinforced 
concrete, its suitability is well recognized. 

In determining the type of structure to be used for any par- 
ticular building, usually the two most important considerations 
are the time required before the building may be occupied, and the 
relative economy of the selected type as compared with the other 
available structures. While the actual erection of a steel frame 
building may be completed in considerably less time than a 
reinforced concrete building, in most cases the length of time 
necessary for the fabrication of the steel will result in the lapse of 
a longer period of time from the letting of the contract to the 
completion of the structure than in the case of all-reinforced- 
concrete construction. 

Certain contracting firms maintain in stock, completely fab- 
ricated, all of the steel necessary for buildings of various types 
and sizes. In such cases the length of time required for the 
finished building from the letting of the contract will obviously 
be shorter than for the reinforced concrete type. The limitations 
as to size and adaptability of such a class of buildings, however, 
naturally restrict their use to a small percentage of present-day 
structures. 

Steel frame structures in which no attempt is made to encase 
the steel may be lower in first cost than those of reinforced 
concrete. If, however, an attempt is made to have the steel 


structure as fireproof as the reinforced concrete structure, the 
253 
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ratio of relative first costs may be reversed. This is especially 
true of certain types of buildings in which long spans and heavy 
loads exist. A real comparison between buildings of different 
materials should be made only after a consideration of the first 
cost and subsequent annual expenditures. 

147. Floor and Roof Loads. The first step in any design is 
the selection of the ultimate load that may be placed on the 
structure. This depends upon the character of the building 
and.also upon the requirements of the building code that applies 
to the locality in which the erection will take place. The roof 
load will depend to a certain extent upon the geographical loca- 
tion of the building, being affected by the amount of snowfall. 
Good practice is well illustrated by the following table of floor 
and roof loads taken from several building code requirements. 

148. Building Code Requirements for Live Load. All floors 
shall be constructed to bear a safe live load per superficial square 
foot of not less than the following amounts: 


A DENLIOCD US encitsrhastesselsletteas iter a 50), <OTDGEB ec aaa creteccespatirvaronasnen 75 
Assembly: Halls. corns «se sts sees es) TOOs Schools weamacaccc sierra re (Qs) 
Dwellingss nwa tacts recite serials: 50 Stables, garages........... 100 
RLOSDEERIB ea rare sereree stacey chotele okerers 60 

ET OLEISE Slaneustaennteke «x aParene raed peers GHORTSURITWAV Ser -chraerecrd ce HO 
IMGT IEACUUITED peetet. str er eee re rie 150 Roofs, slope under 20°... 40 
Mercantile—stores, warehouses, etc. 200 Wind pressures........... 30 


The values in the above table are general and in all cases the 
governing building code should be consulted before any selection 
of live load is made. Where necessary, the effect of impact 
should be considered, especially in the case of floors which support 
heavy vibrating or oscillating machinery. In all cases the dead 
weight of the floor must be included in the total design load. 

149. Floor Systems. The different systems of reinforced 
concrete floors may be divided into five general classes: 

1. Beam and girder floors. 

2. Flat slab floors. 

3. Hollow tile or steel tile floors. 

4. Floors of unit construction. 

5. Floors in which a reinforced concrete slab is supported 
directly on steel beams. 
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The beam and girder floor consists of a series of parallel beams 
supported at their extremities by girders which in turn frame 
into columns placed at more or less regular intervals over the 
entire floor area. This framework is covered by a reinforced 
concrete slab, the load from which is transmitted first to the 
beams and thence to the girders and columns. The beams are 
usually spaced so that they come at the mid-points, at the 
third points, or at the quarter points of the girders, and in some 
extreme cases only at the columns. The arrangement of beams 
and spacing of columns should be determined by economical and 
practical considerations. These will be affected by the use to 
which the building is to be put, the size and shape of the ground 
area, and the load which must be carried. A comparison of a 
number of trial designs and estimates should be made if the 
size of the building warrants, and the most satisfactory arrange- 
ment selected. The design of a typical interior beam and 
girder floor bay is given in Arts. 159 to 162. 

The flat slab floor consists of a reinforced concrete slab sup- 
ported directly on concrete columns without the aid of beams 
or girders. This type is considered in detail in Arts. 163 to 168. 

The tile floor is a modification of the solid slab floor and is 
widely used for long spans and light loads. <A part of the con- 
crete is replaced by rows of hollow clay tile or steel tile pieces, so 
placed that they form small parallel T-beams of the concrete. 
Such construction reduces the volume of concrete and, conse- 
quently, the weight of the floor, without materially reducing 
the resisting moment. The above arrangement infers that 
beams, either steel or concrete, are placed in one direction 
between the columns to take the load from the T-beams. The 
clay tiles remain embedded in the concrete and form a part of the 
finished slab, while the steel tiles are usually removable and are 
merely used as forms. Such an arrangement constitutes what 
is commonly known as a one-way tile floor. 

Another form of tile floor that is sometimes used consists of 
hollow clay tiles or steel tile pieces placed in the concrete in such 
positions that a series of small T-beams is formed in two direc- 
tions, one parallel to each side of the panel. This is known as a 
two-way tile floor. Either steel or concrete beams, placed along 
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all four edges of the panel, may be used to support the T-beams. 
The two types of tile floors are illustrated in Fig. 60. Steel tile 
pieces are available in various sizes; their exact dimensions may 
be obtained from the manufacturers’ catalogues. 

A floor of unit construction is made of precast concrete struc- 
tural units such as beams, girders, and columns, erected in a 
manner similar to steel members. Suitable pockets are molded 
in members which are to support other units, and these supported 
members held in place by means of projecting bars, by a small 
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amount of fresh concrete, or by other suitable details. Such 
construction does not have the strength of a monolithic floor due 
to the lack of continuity in the members. Under certain con- 
ditions a unit-built floor may be cheaper than one poured in 
place. The economy arises from the fact that the same forms 
may be used for several units, the amount of falsework required 
is reduced to a minimum, the work of molding the units may be 
carried on under cover in all kinds of weather, and the number 
of men required in the actual construction is comparatively small. 

In floors consisting of a reinforced concrete slab supported 
directly on steel beams, the slab may rest on top of the beams or 
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be supported by the lower flanges. If the concrete encases the 
steel completely, the fire-resisting qualities of the floor are greatly 
increased. The usual maximum spacing of beams in such con- 
struction is about 6 ft. The use of one-way floors resting on 
steel beams is very common for longer spans up to about 20 
ft. Illustrations of modifications of this type of construction 
are given in Fig. 61. 

150. Floor Surfaces. A mortar or granolithic finish is prob- 
ably the most common type of wearing surface for concrete floors. 
The usual proportions for such a surface are one part Portland 
cement, one part sand, and one part crushed stone which passes 
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a 14-in. sieve. A thickness of 1 to 2 in. should be used, depend- 
ing on the time of pouring, | in. being sufficient if the main slab 
has not been allowed to set thoroughly before the placing of the 
mortar. 

A wooden floor may be provided for if desired, by embedding 
nailing strips or ‘“‘sleepers,’’ usually 2 X 4’s laid flat, in a layer 
of concrete on top of the main slab. A spacing of 16 in. for the 

sleepers has been found satisfactory for the ordinary floor. 
' Small vitrified clay flat tiles embedded in a 2-in. layer of 
Portland cement mortar also provide a satisfactory floor surface. 
Linoleum placed over a smooth cement base has been used in 
many cases. 

The durability of any wearing surface depends in a large 
measure upon the method of placing the surface. If not prop- 
erly constructed, the granolithic finish might spall, the wood floor 
“dry-rot,’”’ the tiles curl, and the linoleum crack. In order to 
insure the maximum degree of serviceability from a given type 
of floor surface, a special study of methods which have proved 
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successful for laying that particular type of floor should be 
made. ! 

151. Concrete Roofs. The design of roofs is similar to the 
design of floors. In addition to the structural requirements, 
however, the roofs must be impervious to the passage of water, 
provide for adequate drainage, and furnish protection against 
condensation. 

In order to provide adequate drainage, the roof slab may be 
pitched slightly, or a filling of some light material such as cinder 
concrete, covered with a suitable roofing material, may be used, 
the thickness of the filling being varied so as to give the required 
slope to the roof surface. The amount of slope required for 
drainage will depend upon the smoothness of the exposed sur- 
face. A value of 1¢ in. per ft. might be used with a surface 
of hard tile. Felt and gravel roofs should have a pitch of at 
least ?¢ in. per ft. Some form of flashing is required along the 
parapets to prevent the drainage from seeping into the building 
at the edges of the roof slab. 

Condensation may best be guarded against by proper ventila- 
tion and insulation. The form of insulation to be used will 
depend upon the particular class of building under consideration. 
The main types of insulation are :* 

Roofing felts and quilts. 

Cinder fill (with cement finish upon which the roofing is laid). 

Cinder concrete fill covered with roofing. 

Hollow tile (with mortar top coat upon which roofing is laid). 

Combination hollow tile and cinder fill. 


1W. P. ANDERSON, in Factory, 1916, sums up the relative merits of wood 
finish floors and cement floors for industrial buildings as follows: ‘‘ Wood 
finish floors are high in initial cost and call for a higher insurance rate. 
They give satisfactory wearing service and are easier to repair than cement 
floors. Cement finish floors are cheaper. They wear well when properly 
laid. They seem to offer no really authenticated objection in the matter 
of producing fatigue in employees standing on them. They are easy to 
clean. They do not prevent the ready installation of machinery and are not 
difficult to repair.” 

2 See Article on “ Prevention of Condensation on Concrete Roof Surfaces,” 
by AtpErT M. Wo.r, Concrete-Cement Age, May, 1914. 


REINFORCED CONCRETE BUILDINGS 259 


Double concrete roof (light concrete slab above the main roof 
slab). 

Suspended ceilings. 

Imperviousness may best be provided for by the application of 
some form of separate roof covering, such as a combination of 
felt and gravel in alternate layers cemented together and to the 
slab by means of coal-tar pitch or asphalt, vitrified tile embedded 
in asphalt, or any of the commercial types of built-up roofings. 
Tin, corrugated iron, or copper roofings are sometimes placed 
on reinforced concrete buildings but are usually more expensive 
and less permanent than other types of coverings. If it is not 
desirable to use any separate roof covering, the main slab may 
be made reasonably water-proof by the methods mentioned 
in Art. 20. Such procedure is not recommended except for 
structures where absolute imperviousness is not essential, because 
of the difficulty of preventing entirely the formation of shrinkage 
cracks and the attending seepage. 

152. Curtain Walls. As a general rule, the exterior walls of a 
reinforced concrete building are supported at each floor by the 
skeleton framework of the building, their only function being to 
enclose the building completely. Such walls are called curtain 
walls. They may be of concrete, brick, tile, or other similar 
material. The thickness will vary according to the material, 
the type of construction and the building requirements govern- 
ing the particular locality where the construction takes place. 
A minimum thickness of 12 in. for brick, tile, and stone masonry 
curtain walls is usually considered satisfactory; for some classes 
of structures a thickness of 8 in. is sufficient. 

The pressure of the wind is practically the only load that need 
be considered in determining the theoretical thickness of a 
reinforced concrete curtain wall. Designed as a slab supported 
on four sides for a wind pressure of 30 lb. per sq. ft., the walls in 
buildings of ordinary proportions need only be from 3 to 4 in. 
thick. This is rather thin to permit of practical and economical 
construction and to assure complete protection against seepage 
and condensation. Most building codes require a minimum 
thickness of 8 in. for curtain walls of reinforced concrete. The 
amount of steel necessary is usually governed by the necessity 
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of guarding against the formation of cracks caused by expansion 
and contraction due to temperature changes. Small bars run- 
ning horizontally and vertically are placed near each face of the 
wall center to center not more than 12 or 18 in. in both directions. 
On account of the probability of greater temperature variation 
on the exposed face, more steel should be placed near that face 
than on the inside unless the lateral pressure requirements govern 
these amounts. These bars should extend into the columns 
and wall beams if the walls are poured at the same time. If 
they are poured after the columns and beams, anchorage should 
be provided for by means of dowels projecting from the latter 
units. It is good practice in such cases to mortise the wall into 
the columns and wall beams by leaving grooves in these latter 
members when they are poured. The grooves may be formed by 
nailing wooden strips on the inside of the forms. 

Good practice in reinforced concrete curtain wall construction 
is illustrated by the New York City and Cleveland Building 
Codes, as follows: 

New York City Code. Enclosure walls of reinforced concrete 
shall be securely anchored at all floors. The thickness shall not 
be less than 145 of the unsupported height, but in no case less 
than 8 in. Steel reinforcement, running both horizontally 
and vertically, shall be placed near both faces of the wall; the 
total weight of such reinforcement shall be not less than 14 lb. 
per sq. ft. of wall. 

Cleveland Code. Buildings having a complete skeleton con- 
struction of steel or of reinforced concrete or a combination of 
both, may have exterior walls of reinforced concrete 8 in. thick, 
provided, however, that such walls shall support only their own 
weight, and that such walls shall have steel reinforcement of not 
less than three-tenths of 1 per cent in each direction, vertically 
and horizontally, the rods spaced not more than 12 in. on centers 
and wired to each other at each intersection. The steel rods 
shall be combined with the concrete and placed where the 
combination will develop the greatest strength; and the rods shall 

be staggered or placed and secured so as to resist a pressure of 
30 Ib. per sq. ft. either from the exterior or from the interior on 
each and every square foot of each wall panel. 
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Where a small amount of window area is inserted in a curtain 
wall, the reinforcement may remain as for a solid wall, but 
additional bars should be placed near all edges of the openings. 
Where light is essential, as in a factory building, practically the 
entire wall panel may be enclosed by windows, the construction 
then consisting of a wall beam at each floor and a spandrel between 
the wall beam and the window. Sometimes this spandrel is 
made of reinforced concrete and constructed as a part of the 
wall beam. In other instances the spandrel is considered inde- 
pendent of the wall beam, and is reinforced only for tempera- 
ture stresses. The advantage in using independent spandrels 
lies in the fact that they may be placed after the structural 
framework is completed and greater care can be taken in the 
finishing than would be possible if they were part of the load- 
bearing skeleton of the structure. Brick or other suitable 
material may be used for this portion of the wall. 

153. Bearing Walls. A bearing wall may be defined as one 
which carries any load in addition to its own weight. Such 
walls may be constructed of stone masonry, brick, hollow build- 
ing blocks, or concrete. Occasional projections or pilasters add 
to the general appearance and strength of the wall. In small 
reinforced concrete commercial buildings and residences the 
bearing wall type of construction may be used with economy 
and expediency. In larger commercial and manufacturing 
buildings where the element of time is an important factor, the 
delay necessary for the erection of the bearing wall and the 
attending increased cost of construction often dictate the use of 
some other arrangement. 

The thickness of bearing walls may be decreased toward the 
upper stories of the building. The minimum thickness often 
specified is 12 in. Walls of reinforced concrete in most cases 
must be of the same thickness as brick walls. This requirement 
prevents the extensive use of reinforced concrete in bearing walls 
because of the relatively large cost of the concrete. Among other 
requirements, the New York City Code specifies that the thick- 
ness of masonry walls of public and business buildings shall not 
be less than the following: 


262 DESIGN OF CONCRETE STRUCTURES 


(a) When over 75 ft. in height, 16 in. for the uppermost 25 ft., 
20 in. for the next lower 35 ft., 24 in. for the next lower 40 ft., and 
increasing 4 in. for each additional lower section of 40 ft. 

(b) When over 60 ft. and not above 75 ft. in height, 16 in. for 
the uppermost 50 ft. and 20 in. below that. 

(c) When not over 40 ft. in height, 12 in. throughout. 

Bearing walls may be either of single or double thickness, the 
advantage of the latter type being that the air space between 
the walls renders the interior of the building less hable to tem- 
perature variations, and makes the wall itself more nearly mois- 
ture-proof. On account of the greater gross thickness of the 
double wall, such construction reduces the available floor space. 
This feature is often sufficient in itself to warrant the selection 
of the solid wall unless the factors of condensation and tempera- 
ture are of great importance. 

154. Basement Walls. In determining the thickness of base- 
ment walls, the lateral pressure of the earth, if any, must be 
considered in addition to the other structural features. If 
part of a bearing wall, the lower portion may be designed either 
as a slab supported by the basement and first floors, or as a 
retaining wall, depending upon the material used. If columns 
and wall beams are available for support, each basement wall 
panel of reinforced concrete may be designed to resist the earth 
pressure as a simple slab reinforced in either one or two directions. 

The New York City Building Code requires that brick or con- 
crete foundation walls shall be at least 4 in. thicker than the walls 
next above them, but not less than 12 in. thick in any case. 
Tor each additional 10 ft. or part thereof, below the depth of 
12 ft. below the curb level, the thickness shall be increased 4 in. 

Care should be taken to brace a basement wall thoroughly 
from the inside if the earth is backfilled before the wall has 
obtained sufficient strength to resist the lateral pressure without 
such assistance. 

155. Parapet Walls. In the case of buildings with flat roof 
slabs on which drainage slopes are built, parapet walls are neces- 
sary architecturally to give a more finished appearance to the top 
of the structure, and practically to provide a backing for the 
drainage slopes. They are usually of brick or concrete or a com- 
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bination of both. Concrete is, in most cases, preferable from 
an economical standpoint. In order to give a better appearance 
it may have a veneer of brick or terra cotta. 

The chief point to be considered in the construction of parapet 
walls is the necessity of providing the right amount of reinforce- 
ment to prevent cracks caused by excessive temperature changes 
(on account of exposed position) and expansion and contraction 
at corners. 

156. Veneer for Exterior Walls. In order to give an attractive 
appearance to the building, it sometimes becomes necessary to 
cover up the entire exterior wall surface with a veneer of brick, 
terra cotta tile, marble, or other finishing material. A method 
of securing a covering of face brick to concrete consists in placing 
corrugated copper or galvanized iron ties, usually about 34 in. 
wide and 6 in. long, at frequent intervals in the wall or column 
forms so that about 4 in. of the tie strip will project into the 
concrete when poured and the remaining 2 in. will lie flat against 
the form and tacked lightly to it. When the form is removed, 
this latter portion is bent outward and is bonded into the brick 
veneer by means of the joint mortar. A brick veneer should be 
supported by a concrete ledge at every floor. Terra cotta and 
stone facings are generally supported by ledges in the concrete 
or by angle irons, and are provided with anchors commensurate 
with the size of the veneer units. 

157. Partition Walls. Interior walls used for the purpose of 
subdividing the floor area may be made of concrete, metal lath 
and plaster, terra cotta tile, plaster block, or brick. Reasonably 
adequate fire protection is afforded by a solid concrete wall 3 or 
4 in. thick. If properly reinforced and anchored at the top and 
bottom, such a wall becomes desirable in nearly every respect. 
The reinforcement should be similar to that in curtain walls but 
need not be as great in quantity. Suitable anchorage may be 
obtained by permitting the vertical rods to project into the floor 
and ceiling. If it is convenient, as is usually the case, to pour the 
wall after the structural framework of the building is completed, 
a groove should be left in the floor and one in the ceiling to receive 
the partition. Two objectionable features of the solid concrete 
partition wall are its weight and cost of installation. In buildings 
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where many lives would be endangered by a rapid spread of a 
fire once started, these objectionable features become insignificant. 

The New York City Building Code specifies a minimum 
thickness of 3 in. for gravel concrete partition walls if properly 
reinforced with steel, and 4 in. if unreinforeed, the mix to be not 
leaner than 1:3:6. For cinder concrete walls the limits are 4 
in. for the reinforced wall and 5 in. for the unreinforced wall, the 
proportion of materials remaining the same. 

The most common form of metal lath and plaster partition con- 
sists of some form of vertical steel studding suitably anchored to 
the floor and ceiling, with metal lath fastened to both sides. 
Each side is plastered with a mixture of lime and cement mortar, 
thus forming a hollow wall from 3 to 6 in. thick, which has, if 
proper bond is secured between the plaster and lath, a fair 
amount of fire resistance. This form may be modified by filling 
the space between the plaster sides with cinder concrete, or by 
omitting the metal lath on one side of the vertical studding, and 
plastering both sides of the remaining sheet of lath. This results 
in a solid wall, usually about 2 in. thick, the reliability of which 
is rather uncertain. All openings should be framed with steel 
sections to which the wood frames or other trim may be fastened. 

Terra cotta tile partitions are usually made of blocks from 4 to 
6 in. thick, although the blocks may be obtained in thicknesses 
varying from 2 to 12in. ‘This type of partition is light in weight, 
and satisfactory under ordinary conditions. The blocks may be 
plastered on one or both sides, the thickness of wall being 
increased by about 34 in. for each plastered side. 

Partitions made of plaster blocks usually vary from 4 to gi in. 
in thickness. The blocks are made of gypsum or plaster of paris, 
with an admixture of cinders, asbestos fiber, wood chips or vege- 
table fiber, and laid in gypsum plaster or cement mortar tem- 
pered with lime. They are light and easy to handle and place, 
but offer decidedly poor resistance to the action of fire and water. 

The main use of brick inner walls is for the enclosing of stairs 
and elevator shafts, and in fire walls, the express purpose of which 
is to divide the floor area into sections to prevent the spreading 
of fire from one part of the structure to another. Reinforced 
concrete partitions are also used for the same purpose. These, 
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as well as all other permanent partitions, should be independently 
supported at each floor on the fire-proof construction of the floor. 
The use of partitions of pressed metal and glass or of wood and 
glass should be restricted to the subdivision of rooms or spaces 
enclosed by fire-proof partitions. 

158. Concrete Stairs. The simplest form of reinforced con- 
crete stairway consists of an inclined slab supported at the ends 
upon beams, with steps formed upon its upper surface. Such a 
stair slab is usually designed as a simple slab of a span equal to the 
horizontal distance between supports. This method of design 
requires steel to be placed only in the direction of the length of the 
slab. Transverse steel, usually one rod to each tread, is used 
only to assist in distribution of the load and to provide tempera- 
ture reinforcement. The usual stairway load in commercial and 
manufacturing buildings varies from 75 to 100 lb. per sq. ft. of 
horizontal surface. 

It sometimes becomes necessary to include a platform slab at 
one or both ends of the inclined slab. Many successful designs 
made as outlined above for the simple inclined slab indicate that 
the effect of the angle that occurs in a slab of this type can safely 
be disregarded. In cases where both ends of the stair slab 
are fixed and dowels inserted to provide for negative moment, 
or where one end is continuous across an intermediate beam, and 
negative moment steel provided there, the moment coefficient 
for a partially continuous beam can safely be used in the design. 

It is advisable to keep the unsupported span of a stair slab 
reasonably short. If no break occurs in the flight between floors, 
intermediate beams, supported either by the structural frame- 
work of the building, or by additional short posts from the floor 
below, may be employed. If the stair between floors is divided 
into two or more flights, beams as described above may be used 
to support the intermediate landing, and these in turn supported 
as above for the long straight flight, or the intermediate slab may 
be suspended from a beam at floor level by means of rod hangers. 
Where conditions permit, the intermediate slab may be supported 
directly by the exterior walls of the building. 

When it becomes necessary to use a stair slab of comparatively 
great length with no possibility of intermediate support, the use of 
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inclined side beams may be advisable. The slab type of stair 
with the intermediate supports will usually prove cheaper than 
the type in which side beams are employed, and should, therefore, 
ordinarily be used where possible. In a flat slab building it will 
be necessary to insert special beams at the floor level around the 
opening of the stairway. In a beam and girder building, the 
regular floor beams may be used to support the stair slab at that 
level, or special beams may be inserted for the purpose. 

The vertical height of a stair step is called the rise, and the hori- 
zontal distance between the vertical faces of two consecutive 
steps is called the run. In order to give a satisfactory and com- 
fortable ratio of rise to run, various rules have been adopted. 
One requires that for steps without nosings, the sum of the rise 
and run shall be 17!4 in. A rise of less than 6!¢4 in. or more than 
734 in. is not desirable in the usual case. The New York City 
Building Code requires that run and rise shall be so proportioned 
that the product of the run, exclusive of nosing, and the rise in 
inches, shall be not less than 70 nor more than 75, but risers shall 
not exceed 734 in. in height, and treads, exclusive of nosing, shall 
be not less than 9! in. wide. A minimum width of tread of 12 in. 
should be used when no nosings are employed. The width of the 
slab will vary with the occupancy of the building, and the total 
number of stairways. A minimum unobstructed width of 314 ft. 
will prove satisfactory for the ordinary building, but the width 
should be increased as the probable number of occupants becomes 
relatively large. 

In cases where the stairway is constructed after the main 
structural framework of the building, recesses should be left in 
the beams to support the stair slab, and dowels provided to 
furnish the necessary anchorage. The steps may be poured 
monolithic with the slab, or they may be molded after the main 
slab is in place. In the latter instance, provision must be made 
for securing the step to the slab. The nosing, where used, may 
be constructed by offsetting the upper portion of the vertical 
form of the step. A satisfactory wearing surface for the upper 
face of the step may be obtained by finishing with a 1-in. layer 
of cement mortar. Metal treads embedded in the concrete are 
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often used for a wearing surface. A complete design of a concrete 
stairway, with details of construction, is given in Art. 177. 


BEAM AND GIRDER FLOORS 


159. Design of a Beam and Girder Floor. In order to illus- 
trate the application of the principles of reinforced concrete to 
the design of a reinforced concrete floor of the beam and girder 
type, let it be required to design a typical interior floor bay to 
sustain a live load of 200 lb. per sq. ft. The columns supporting 
the floor are to be spaced 21 ft.-0 in. center to center in one direction 
and 23 ft.-0 in. center to center in the other direction. The 
beams span the 23 ft.-0 in. direction, and are placed one at each 
column and one at each third point of the supporting girders, 
thus making the distance center to center of beams 7 ft.-0 in. 
A 1-in. granolithic finish is to be included in the dead load on the 
slab, but is not to be considered as part of the effective depth of 
the slab. The allowable unit stresses are to be as specified by the 
Joint Committee for a 2000-lb. concrete. The general arrange- 
ment of beams is shown in Fig. 65. 

160. Design of Slab. Assume weight of slab and finish 60 Ib. 
per sq. ft. The total load is then 260 lb. per sq. ft. 

For a 12-in. width of slab 


M = \o X 260 X 72 X 12 = 12,800 in-Ib. 


From Table IV, k = .429, 7 = .857, and K = 146.7 
12,800 ba 
d= = aha 3 2:7 iD. 

Selecting d = 3 in., and allowing 1 in. of insulation below the 
center of the steel, the total weight of the slab and finish is 62 lb. 
per sq. ft., which agrees closely with the assumed value. A thick- 
ness of slab less than 4 in. is not advisable in ordinary building 
construction. Some building codes specify a minimum thickness 
of 5 in. for floor slabs. 

The area of steel required for a 12-in. width of slab is 

12,800 
~ 16,000 X .857 X 3.0 


This is furnished by °¢-in. round bars 4 in. center to center. 


As 


=, 0.31 sq. in. 
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In order to provide for negative moment over the beams, the 
arrangement of slab steel shown in Fig. 62 is used. This gives 
equal amounts of positive and negative moment steel, furnishes 
a small amount of steel at the bottom over the support, and 
permits of bending every bar to the same shape. 


~C.L. Bears 


Fie. 62. 


An alternate method would be to bend every other bar up 
over the support, and continue the remaining bars straight 
through the support as shown in Fig. 62a. This method fur- 
nishes only one-half as much steel for negative moment as for 
positive moment, and is, therefore, not to be regarded as theoret- 
ically perfect. In all cases the steel should be bent up at approx- 
imately the quarter point of the slab span. 


BOC be bt-25!6'"g, 
39 8S. toc. st -22°3Ia. 


Fic. 62a. 


In order to prevent shrinkage and temperature cracks, 3¢-in. 
round bars will be placed parallel to the beams about 18 in. apart, 
four to a panel. These bars also assist in distributing the load 
on the slab over a comparatively large width, and assist in 
binding the entire structure together. 

161. Design of Cross-beams. Since the slab and beams are 
poured at the same time and thoroughly bonded together, the 
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latter may be designed as T-beams. The span of the cross-beams 
is 23 ft.-O in. 
Total load from slab per lin. ft. = 7 X 260 = 1820 lb. 
Assuming the weight of the stem of the beam as 230 lb. per ft., 
the total load per linear foot on the beam is 
w = 1820 + 230 = 2050 lb. 
M = \Yo X 2050 X 23” X 12 = 1,085,000 in.-lb. 
V = 2050 X 234 = 23,600 lb. 
; 23,600 ; 
bd = 7% x 120 = 224 sq. in. 
If 6’ = 8 in., d = 28.0 in. 
If 6’ = 10 in., d = 22.4 in. 
Ifb’ = 12 in., d = 18;7-in. 


f 
In order to keep the ratio of ‘) within the limits of 14 to 14 


, 


and to furnish sufficient width to provide for the required steel, an 
effective section of 10 X 22.5 in. is selected. Allowing for two 
rows of steel, 2 in. center to center vertically, the center of the 
lower row being 2 in. above the lower surface of the beam, the 
depth of beam below the slab = 22.5 + 3 — 4 = 21.5 in. 
The weight of the stem is then 225 lb., which agrees very 
closely with the assumed weight. 
Assuming 7d = d — 141, 
1,085,000 


A, = 16,000 (22.5 ayy = 3.30 sq. in. 


This is furnished by eight 34-in. round bars, the area of which is 
3.53 sq. in. As explained in Art. 96, some excess of positive 
moment steel is advisable in order to provide for the negative 
moment over the support, the required tension steel at the latter 
point being greater on account of the difference in values of j 
between the center and support. 

The beam may be reviewed to determine the value of the con- 
crete stress. Diagram 6 is used. 

The effective width of flange is in this case 14 of the span, 
r lg X 23 X 12 = 69 in. 


3.53 


DIS ean Tie 
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From Diagram 6, k = .240 andj = .929 


1,085,000 eee jk. 
fr = 3.53 X .929 X 22.5 14,700 lb. per sq. in. 
14,700 X .240~ ___. 
Fe 15(1 — 240) 310 lb. per sq. in. 


The determination of steel area and the investigation of 
concrete stress could also be done with the aid of Diagram 3. 
Since 

M 1,085,000 


3 ao 


from Diagram 3, f, = 330 lb. per-sq. in. and 7 = .935 
The difference in values of f. is due to the fact that, in the 
first case, the steel stress is considerably below 16,000 lb. per sq. 
in., while in the latter case the steel stress assumed is 16,000 
Ib. per sq. in. A decrease in steel stress effects a corresponding 
decrease in concrete stress. 
1,085,000 


A; = 16,000 X .935 X 22.5 = Ore Sq. TR. 


Hight 34-in. round bars are required as in the first method. 

The foregoing solution provides for the stresses existing at 
the center of the beam only. Investigation must be made of the 
stresses at the support, and provision made for resisting them. 

Four rods from each beam are bent up and carried over the 
support to the third point of the adjoining span. The four 
remaining bars of each beam are carried straight through the 
support into the adjoining span far enough to develop their 
strength in bond. This arrangement furnishes a total of eight 
bars in both the top and bottom over the support. To allow for 
the girder rods, the center of the top row of bars in the beam at 
the support is placed 214 in. from the upper surface of the slab. 
This arrangement also permits of proper intermeshing of the 
slab and girder rods. (See discussion in Art. 97.) The effective 
depth of the tension steel at the support is then 22.0 in., as shown 
in Fig. 63. 

Investigating the unit stresses over the support, 


oer ae a ere 
qd = 9g ~ land p = p’ = Fhe = .0160 
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From Diagram 8, k = .400 andj = .870 


fe = z ane =e 16,050 lb. per sq. in. 
fe = Tea any = 720 lb. per sq. in. 
f’. = 16,050 X Se 7100 lb. per sq. in. 
The maximum unit bond stress on the tension bars is 
u= A = 66 lb. per sq. in. 


8 X 2.856 X .870 XK 22 


BEAM 


Point m -bars b-b could have been bent down 
» -barsa-a could have been bent down 
» ~bars b-b could have been bent up 
»  §~-bars a-a could have beer bert up 
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The unit shear at the support is 


23,600 : 
= 123 lb. per sq. in. 
°=10 x 870 x 22 = 123 lb. per sq. in 


which is but slightly in excess of the allowable. 

The four rods are bent up in pairs. From Diagram 1 the 
first pair may be bent .3 X 23 X 12 = 83 in. from the center 
of the girder, and the second pair .21 X 23 X 12 = 58 in. from 
the same point. 

Assume that the negative moment becomes zero at the one- 
third point of the span. To provide fully for this moment at all 
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points, the first pair of rods to be bent up must reach the top of 
the beam not nearer the center of the support than 


Lh Gao oie ees 

5) xX as 46 in. 
and the second pair 

1 e265 2 a 

4 x anote fs 23 in 


Provision must now be made for the diagonal tension stresses. 
The amount of shear as a measure of diagonal tension to be 
provided for by the web reinforcement is represented by the 
triangle ABC (Fig. 63) in which 
23,600 — (40 x 10 X .870 X 22) 


AB = 870 22 = 830 lb. per lin. in. 


The numerator in the above equation (15,900 lb.) represents the 
amount of external shear in excess of the strength of the concrete. 


23 40 Gal Ox 929) << 22.5 f 
INO SS thy = a 9050 = 7.4%, or 89 in. 


The bars are bent as close to the support as possible because 
of the greater shearing stress there. Since the inclined bars 
may be assumed as adding to diagonal tension resistance for a 


distance of 7-— 10 % 22.5 = 18 in. from the point of bending, 


A5 
45+ 1 
and since the amount of inclined stress to be resisted by each 
pair of rods over this distance is less than the tensile strength 
of the two rods, stirrups are needed only over the portions Be 
and hC. 


The required spacing of 3g-in. round U-stirrups at the support 


, = 2X -1104 x 16,000 x 870 X 22 _ 4g, 
Do 15,900 ae 


at point e 


, = 2X -1104 X 16,000 X 870 X 22 _ gy; 
es 15,900 — 314 x 2050 Resists aay 


at point h 


_ 2X .1104 X 16,000  .929 X 22.5 _ 16g 
15,900 — 6%» X 2050 isl hg 
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The maximum allowable spacing = .45 K 22.5 = 10in. The 
first stirrup is placed about 2 in. from the edge of the girder, and 
the remaining stirrups towards the center of the span are placed 
six at 4 in., five at 10 in., and four at 12 in. Stirrups are placed 
arbitrarily over the portion eh and over the central portion of the 
beam to assist in binding the web and flange together. 

The straight bars must be continued beyond the center of 
support a distance of 

20° 1D 8 : 
CRO eae 

The bent bars are continued to the point of zero negative 
moment, assumed 14 X 23 & 12 = 92 in. from the girder center. 
The steel details are shown in Figs. 63 and 65. 

An alternate method of bending the steel in similar beams is 
shown in Fig. 81. 

162. Design of Girder. The girder has a span of 21 ft.-0 in., 
with concentrated loads of 2 * 23,600 = 47,200 lb. at each of 
the one-third points. The maximum moment due to the con- 
centrated loads is 


M, = 26 X 47,200 X 21 X 12 = 2,650,000 in.-Ib. 


Assume the weight of the stem of the girder as 500 lb. per lin. ft. 
The maximum moment due to the uniform load is 


M2 = Y%_ X 500 X 212 X 12 = 220,000 in.-lb. 


and the total maximum moment is 2,870,000 in.-lb. 
The total maximum shear is 47,200 + 500 « 214 = 52,450 lb. 


———~ = 500 sq. in. 


Taking into consideration space for bars, economical depth, 
headroom, ete., the width of the stem is made 15 in. which 
requires an effective depth of 33.3 in. 

With the arrangement of steel proposed in the design of the 
cross-beams, the center of the upper row of girder steel at the 
support is 1/9 in. from the top of the slab and the vertical 
distance center to center of rows, 2 in. At the center of the 
girder an insulation of 2!% in. below the center of the lower row 
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of steel is provided, and the vertical distance center to center of 
rows is 2 in. The effective depth at the support (which is 
governed by the shear requirement) is 1 in. greater than that at 
the center. With an effective depth at the center equal to 
32.5 in. the value of d at the support is 33.5 in. which provides 
for the shear as computed above, and the total height of beam, 
assuming two rows of steel, is 32.5 + 3.5 = 36.0 in. The 
depth below the slab is 32.0 in., and the weight of stem 500 lb. 
per ft. as assumed. 

At the center of the girder the effective width of flange is 
14 of the span, or 63 in. 


Mai? BIO 000A) a te 0 


bd? ~ 63 x 325° qeecns 


From Diagram 3, f- = 450 lb. per sq. in. and 7 = .940 


2,870,000 


ae 16,000 X .940 X 32.5 


= 5.87 sq. in. 


Hight 1-in. round bars, furnishing 6.28 sq. in., are selected. 

In order to provide for the negative moment, four bars from 
each girder are bent up and carried over the support to the point 
of inflection in the adjoining girder. In addition, two more bars 
from each side are bent up and hooked into the column merely 
to assist in resisting diagonal tension stresses. The remaining 
bars are carried straight through the support a sufficient distance 
to develop their strength in bond. This arrangement furnishes 
eight 1-in. round bars in tension and four l-in. round bars in 
compression at the support. The center of the upper row of 
bars at the support is brought to within 114 in. of the top of the 
slab as planned above. The effective depth at this point is 
therefore 33.5 in., and the value of d’ is 2.5 in. since only one row 
of steel remains at the bottom at the support (see Fig. 64). 

Investigating the unit stresses over the support, 

d’ 2.5 3.14 


ES SS , — — — ) 
7 = 335 .075 and p 5p 1B 33.5 .0062 
From Diagram 8, k = .400 andj = .883 
= 2,870,000 wee . 
fe = 6.28 x 8830335 ~ 15,500 lb. per sq. in. 


REINFORCED CONCRETE BUILDINGS 275 


400 : 
te zs 15, 500 X 15(1 — .400) = 690 lb. per sq. In. 
hire AO0r= Dio -: ; 

Pac lop x an 8410 lb. per sq. in. 


The maximum unit bond stress on the tension bars at the 
point of maximum shear is 
52,450 


er xX. 883X335 7 71 lb. per sq. in. 


The inclined bars are so placed as to take as much of the 
diagonal tension as possible and thus keep the number of stirrups 
required a minimum. The amount of diagonal tension to be 
provided for by the web reinforcement is represented by the 
trapezoid ABCD (Fig. 64), the length of which equals 14 x 
21 X 12 or 84 in., and the parallel sides of which are 


52,450 — (40 x 15 X .883 X 33.5) 


AB = 883 X 33.5 = 1170 lb. per lin. in. 
and 
CD = se LO a CES LU, = 1020 lb. per lin. in. 


.940 X 32.5 
Since the unit shear to the right of the first concentrated load is 
52.450 — (7 X 500) — 47,200 


v= ib x 040 X 325 = 4 lb. per sq. in., 


no web reinforcement is required between the two loads. 
Assume that the point of zero positive moment occurs at a 


2 l : 
distance of 3 of 3 measured toward the support from the point 


of application of the concentrated load. This is justified by a 
study of bending moments in continuous beams with concentrated 
loads at the third points of the span. Consider the positive 
moment diagram to be a straight line between the maximum 
and zero values. Then the first pair of bars may be bent up ata 
distance of 

1 Dials Ke LD 


res 3 ears = 14 in. to left of point C. 


The next pair may be bent at a point 28 in., and the third pair 
42 in. from C. 


276 DESIGN OF CONCRETE STRUCTURES 
The same assumption for the negative moment variation may 
be made as for positive moment, the point of zero moment, 
Tete ee | 5 
however, being 3 of an 56 in., measured toward the concentrated 


load from the support. 
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Por e-bars b-b could havebeen bent down 
» #€-barsa-a could have been bent down 
» g-bars c-c could have been bent up 
» h-bars b-b could have been bent up 
» J -barsa-a could have been bent up 
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Assume the eight bars over the support to be stressed equally. 
Two of them may be bent down at a point 
Le a ree 


a3 3 


14 in 


and two more at a point 28 in. from the center of support. The 
theoretical distances are increased by 2 in. in order to allow for 
any variations in the moments as assumed above. 

In order to stress the bent-up bars equally, they are bent up 
at about equal spacings, since the shear diagram, which is a 
measure of diagonal tension, is approximately a rectangle. 
Taking into account the allowable points of bending, and assum- 
ing the width of column, inside of which no web reinforcement 
is required, as 18 in., the bars are bent, at 45 degrees, as shown 
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in Fig. 64. It should be noted that the allowable spacing of 
ata x d = 26 in. has not been exceeded, and that the pairs 
of bars are not overstressed by the inclined tension (see Art. 
76). 

Stirrups are required between the concentrated load and the 
point of bending of the first pair of bars, the required spacing 
being governed by the external shear at the point m. Use 
3¢-in. round U-stirrups. 

, 295 
ae 2 ele x 16,000 X .940 XK 32.5 may ce: 


(52.450 — 2 x 500) — (40 X 15 X .940 X 32.5) 


It would be advisable to use 3¢-in. round U-stirrups, spaced 
at about 18 in., over the remaining portions of the girder to assist 
in securing unity of action of the two parts of the Tee, as shown 
in Fig. 65. 

The bent bars are continued 56 in. beyond the center of the 
column, and the straight bars 

690 & 15 
4X 80 


* 1 = 32 in. beyond the same point. 


Complete details for the typical bay designed above are shown 
in Fig. 65. 


FLAT SLAB BUILDINGS 


163. Description of General Type. A flat slab floor, as its 
name implies, is one consisting of a reinforced concrete floor 
slab built monolithic with the columns and supported directly 
by the columns without the aid of beams and girders. The slab 
may be of uniform thickness throughout the entire floor area, 
or a part of it, symmetrical about the column, may be made 
somewhat thicker than the rest of the slab, the thickened portion 
of the slab thus formed constituting what is known as a dropped 
panel, or drop (see Fig. 67). 

The columns themselves in practically all cases flare out toward 
the top, forming a capital of a shape somewhat similar to an 
inverted truncated cone. This capital gives a wider support for 
the floor slab, which results in a decrease in the bending moment 
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which the slab is called upon to resist, and a decrease in the 
punching shear to be taken by the concrete, and tends to a 
more rigid structure. Modifications of the preceding general 
arrangement are made whenever called for by any peculiarities of 
the problem in hand. 

164. Advantages of Flat Slab Buildings. Structurally, the flat 
slab type of building has many advantages over the ordinary 
beam and girder type. The most important of these may be 
enumerated as follows: 

1. For ordinary spans with heavy loads, under average condi- 
tions, the flat slab type is more economical than the beam and 
girder floor. 

2. In a multi-storied building, the same number of stories of 
a given clear height may be obtained with a smaller total building 
height. This is well illustrated by a comparison of the designs 
in Arts. 159 and 168. 

3. The slab formwork is much simplified. 

4. The flat slab type, owing to the lack of many sharp corners, 
is better able to resist continued exposure to fire than the beam 
and girder type. It has been found by actual experience that 
the worst damage caused to reinforced concrete by severe fires 
has occurred at places where there may be spalling, that is, at 
exposed edges and sharp corners. 

5. Automatic sprinkler protection may be made more com- 
plete under a flat slab floor since the nozzles may be placed well 
up near the under side of the slab without obstruction to the path 
of the spray. 

6. More light may be admitted into the building if desired, by 
placing the wall beams above the floor level, and thus allowing the 
windows to be extended to the under side of the slab. The 
absence of deep beams and girders also removes the obtruction to 
the passage of light within the building. 

7. Due to the large number of smaller rods extending in 
several directions over the entire area of the floor, the danger of 
sudden failure or collapse is less than in the beam and girder type 
of floor. The relatively large breadth of structure also makes the 
effect of local variations in the concrete less than would be the 
case for narrow members like beams. 
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8. The opportunity for inspecting the position of the rein- 
forcement is excellent, and the conditions attending deposition 
and placing of the concrete are favorable to securing uniformity 
and soundness in the concrete. 

165. Analysis of Stresses in Flat Slab Floors. The theoretical 
analysis of stresses in a flat slab floor is rather complicated and 
based on numerous assumptions. At best, such an analysis can 
give only approximate results. The analyses which have been 
made have proved to be ultraconservative as compared to the 
results of tests. It should be borne in mind, however, that 
results of tests are apt to be exceptionally high, due to the fact 
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that excessive care may have been taken in preparing the panels— 
a condition not approximating actual practice. By comparing 
the stresses determined by a sound theoretical analysis with 
those obtained by actual tests, a method of design may be devised 
which will give rational and safe results. 

This process has resulted in the development of a number of 
empirical methods of design as typified by the Flat Slab Regula- 
tions of the Special Committee of the American Society of Civil 
Engineers, of the American Concrete Institute, and in the build- 
ing codes of various cities. 

Figure 66 represents a portion of a flat slab floor including four 
column supports, equally spaced, the load on the floor being uni- 
formly distributed. The full circles represent the column heads 
underneath the slab. It is evident that, considering any radial 
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line from the column center, the curvature of the slab along this 
line will be convex upward for a certain distance, then concave 
upward, then convex upward again. This implies that at some 
point along each radial line there is a point of inflection where 
the radial bending moment changes from positive to negative. 
The locus of all these points may be represented by the dotted 
approximate circles centered about the column capitals. 

As the slab is loaded, deflection occurs. The point N at the 
mid-point of the panel, being the farthest away from the support, 
will deflect more than a point M, P,Q, or R midway between any 
two adjacent columns. The points M, P, Q, R will therefore be 
higher than point NV but lower than the supports. This results 
in a negative moment along the line MQ at M, and a positive 
moment at N. The condition is similar along line PR. As 
described by Turneaure and Maurer, ‘‘There will exist ridges 
along the lines AB, BC, CD, and DA, with low points or saddles 
at the center points. The moments transverse to these ridges 
are negative at all points.” 

After the total amount of moment existing in the slab has been 
computed the proportion of the total resistance that exists as 
positive moment and that as negative moment must be deter- 
mined. These proportions will vary somewhat with the design 
of the slab. The Joint Committee, in their recommendation, 
consider 24 of the total as negative, and 14 as positive moment. 

With reference to variations in stress along the sections, it is 
evident from conditions of flexure that the resisting moment is 
not distributed uniformly along either the sections of positive 
moment, or those of negative moment. This may be illustrated 
by a consideration of the negative moment existing normal to a 
vertical plane AB. A strip 1 ft. wide along the line BC may 
be expected to be more rigid than a similar strip along the line 
MQ. The amount of negative moment taken by the strip BC 
at B is greater than that taken by the strip MQ at M. The 
same analysis holds true of the positive moments perpendicular 
to a vertical plane through PR. . 

As the law of distribution is not known definitely, it is necessary 
to make an empirical apportionment along the sections. For 
purposes of computation each panel of the slab is usually divided 
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into sets of strips such as strip A and strip B in Fig. 67. Strips 
A extend from column to column and have a width equal to 7 
centered about the column line; strips B occupy the space 
between strips A and likewise have a width of 5" The strips 


are for purposes of design only and are not necessarily the 
boundary lines of any steel used. 

The positive moment portion of strip A is usually called the 
Outer Section, and the negative moment portion the Column- 
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head Section. The positive moment portion of strip B is called 
the Inner Section, and the negative moment portion the Mid- 
section. The total negative moment existing in the slab is 
apportioned between the column head and mid-sections, and 
the total positive moment between the outer and inner sections. 
As mentioned above, the column-head section furnishes more of 
the negative resisting moment than the mid-section, and the 
outer section provides for more of the positive moment than the 
inner section, 
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The exact amounts of moment, both positive and negative, to 
be taken by each strip are given in the various building codes and 
technical committee recommendations. A typical and very 
satisfactory municipal building code governing flat slab construc- 
tion is that of New York City; this code is given in Appendix C.* 

At right angles to the strips mentioned above, the panel is 
divided into similar strips A and B, having the same widths and 
relations to the column lines, and with the same designation of 
moment sections as the above strips. 

166. Methods of Reinforcing Flat Slab Floors. There are, in 
the main, four different methods or systems of reinforcing the 
slab in this type of floor: (1) Two-way system, (2) Four-way 
system, (3) Three-way system, (4) Circumferential system. 

In the two-way system small bars are placed parallel to the 
lines of columns over the entire area of the floor at small intervals. 
The maximum spacing allowable varies in the different codes 
and specifications, but is seldom greater than one and one-half 
times the thickness of the slab, or greater than 12 in. 

The four-way system consists in two main bands of steel 
running parallel to the lines of columns, each band centered about 
the column lines, and two diagonal bands of sufficient width to 
fill up the floor area left uncovered by the direct bands. In 
some cases short bars are placed near the top of the slab at right 
angles to the direct bands over the middle portion of the band 
to resist the negative moment over that portion; these latter 
bars constitute what are known as the across-direct bands. 

The three-way system involves a special arrangement of 
columns, such that the lines connecting their center lines form a 
series of equilateral triangles. The reinforcement then follows 
the sides of these triangles, each band being centered about one 
of the panel sides. The three-way system is peculiarly adapted 

3The New York City Flat Slab Regulations fix 147WI as the total 
moment in either rectangular direction, in which W is the total load on the 
panel and / the average span of the panel. For slabs with drops, one-third 
of this is considered positive and two-thirds negative. For slabs without 
drops, four-tenths is considered positive and six-tenths negative. These 
moments are then apportioned between the various sections, both positive 
and negative, according to the relative stiffnesses of the sections, as indicated 
in Appendix C, 
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to such structures as car barns, garages, ete., on account of the 
large radius of curvature permitted by the arrangement of 
columns. 

In the circumferential system, radial steel emanating from the 
column head, and circumferential steel in the form of concentric 
rings symmetrical about the column head are used. Concentric 
rings are also placed about the mid-point of the slab, and about 
the mid-points of the four edges of each panel. The three-way 
and circumferential systems are not in such general use as the 
two- and four-way systems. Of the last two, the four-way 
system is the more theoretically correct, while the two-way 
system is simpler in design and construction. 

167. Factors to Be Considered in the Design of Flat Slab 
Buildings. Flat slab floors are ordinarily designed to carry only 
a uniform load over the entire surface, the assumption being 
that no breaks in the continuity occur. Where heavy con- 
centrated loads are to be sustained in addition to the uniform 
load, beams should be introduced in such positions as will enable 
them to carry the weight of the concentrations. Where openings 
in the slab occur, they should be framed by beams which will 
have the effect of restoring continuity to the slab. These beams 
should be designed to carry a portion of the floor load in addition 
to any concentrated loads that may rest upon them. 

The columns should be designed to provide for bending stresses 
such as might be caused by unequally loaded panels. This is 
especially important in the exterior columns where both the 
dead and live loads cause continual bending, and where the 
direct loads are relatively small. The interior roof columns are 
not likely to be subjected to such eccentric loading, and the 
ratio of the possible bending stress to the direct load stress 
decreases as the number of floors to be supported increases. 
Hence, bending in the interior columns is not so important as 
in the exterior columns. It should be investigated, however, 
especially in the upper stories. The amount of bending moment 
to be assumed is usually stated in the various regulations goy- 
erning flat slab design. The spacing of columns is governed 
by practically the same factors as in the case of the beam and 
girder type. 
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To provide proper drainage, a slight pitch may. be given 
to the roof slab without any change in the theoretical 
computations. Sudden changes in slope, or steps, on the other 
hand, require special attention. 

It should be remembered at all times that careful compliance 
with the building code pertaining to the place of construction is 
not only necessary to the acceptance of the design, but is also 
conducive to safety. As in all other types of construction, 
failures of flat slab buildings have occurred. The causes of such 
failures may in most cases be traced to one or more of the 
following: 

1. Strong commercial competition leading to the tendency to 
use thinner sections than good design dictates, especially in the 
absence of good building codes. 

2. Faulty construction, such as poor mixing of concrete, inac- 
curate placing of the steel, too early removal of forms, or placing 
of concrete in freezing weather. 

3. Overloading of the floors beyond the load allowed in the 
design. 

4. Faulty design, due to a lack of knowledge on the part of the 
designer. 

The first essential of a safe and economical design is the removal 
of all agencies such as are stated above, that might lead to failure, 
or on the other hand, to needless waste. 

168. Design of Flat Slab Building. The method of design of 
flat slab floors as well as other details involved in a reinforced 
concrete building is illustrated below in the complete design of 
a flat slab building, 66 X 105 ft. in plan, consisting of two 
stories and a basement. The height of the upper stories is 
12 ft.-0 in. and that of the basement 10 ft.-O0 in. The floor plan 
is shown in Fig. 78. The live load to be supported by the 
floors is 200 lb. per sq. ft., and by the roof 40 lb. per sq. ft. A I-in. 
granolithic finish is to be considered in the dead weight of the 
floors, but this finish is not to be assumed as part of the effective 
slab thickness. An additional dead load of 40 lb. per sq. ft. 
is to be allowed for in the design of the roof to provide for a 
cinder concrete surface to prevent condensation. Adequate 
drainage will be provided by inclining the exterior slabs in the 
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short direction of the building and by varying the thickness of the 
surfacing over the middle panel. The New York City Flat Slab 
Regulations (see Appendix C) will be used in the design of the 
floor slabs. The specifications to be followed in the design of the 
other parts of the building are given in the following articles. 


Design of Floor and Roof Slabs 


Interior Floor Panel 
sLAB—Rules No. 12B and 8. Average span—21.5 ft. 
Assume t = 9 in., weight = 112 lb. per sq. ft. 
Total load on slab including 1-in. finish = 324 lb. per sq. ft. 
t = .02l\/w + 1 = 02 X 21.5>/324 + 1 = 8.8 in. 
1g X 21.5 X 12 = 8.1 in. 
The assumed thickness of 9 in. is satisfactory. 
cAPITAL—J?tule No. 6 
.225 X 21.5 X 12 = 58 in. Assume diameter of capital 
= § ft.-0 in. 
prop—Rule No. 7 
oo X 21.5 KX 12 = 85in. Assume drop 7 ft.-6 in. square. 
33 X 9 = 2.87 in. Assume drop 3 in. thick. 
SHEARING STRESSES—Rule No. 4 
Unit shearing stress on bjd section around drop not to 
exceed 60 lb. 
V = 324[(21 < 22) — (7.5)?] = 131,500 lb. 
Assuming the distance to the center of gravity of steel as 
114 in. 
131,500 


= TX7TSX2XGXIS 56 Ib. per sq. in. 


v 


Unit shearing stress on bd section around column capital 
not to exceed 120 lb. 


fp 
4 


V= 324 | 1 x 22) — | = 143,000 lb. 


_ 143,000 
x X 60 X 10.5 


= 72 lb. per sq. in. 


The assumed dimensions of capital and drop need no 
revision. 
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BENDING MOMENTS—Rule No. 12A 
W = 324 X 21 X 22 + 342 X 150 X 7.5" = 152,000 Ib. 
=a le OG 1 = 2S an, 
WI = 152,000 X 258 = 39,200,000 in.-Ib. 


Column-head section moment = —145 X 39,200,000 = 
— 1,222,000 in.-lb. 
Mid-section moment = — 433 X 39,200,000 = 


— 295,000 in.-lb. 
Outer-section moment = + lg X 39,200,000 = 
+491,000 in.-lb. 
Inner-section moment = + 433 X 39,200,000 = 
+295,000 in.-lb. 
REINFORCEMENT—?ule No. 9 
Inner section: Assuming 14-in. bars and 34-in. clear 
insulation, the effective depth of the upper row of bars 
is-9 — 144 =.71% in. 
295,000 
16,000 X .874 X 8 
rounds. 


A, = 


= 2.63 sq. in. Fourteen 14-in. 


Mid-section: Assuming !4-in. bars and 34-in. clear insula- 
tion, the effective depth 3 is9 —1=8 in. 


295,000 mm ’ 1 
A,= 16,000 X 874 X75 2.81 sq.in. Fourteen 4-in, 


rounds. 


The mid-section steel is furnished by bending up one-half 
of the inner-section bars from the adjacent panels. 
Outer section: Assuming 34-in. bars and 34-in. clear insu- 
lation, the effective depth is 9 — 11g = 77¢ in. 
491,000 


E sa = ax — = K ( s A al 5 a8 ; 
a 16,000 X 874 X 7.87 445 sq. m. Ten 9%4-in 


rounds. 


Column-head section: Assuming °34-in. bars and %4-in. 
clear insulation, the effective depth of the lower row of 
bars is 12 — 1% = 101 in. 

1,222,000 


Pee Ae eee se ee : 3/3 
A= 16,000 X 862 < 10.12 8.76 sq.in. Twenty 34-in. 


rounds. 
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Ten of these are furnished by bending up one-half of 
the outer-section bars from each adjacent panel. The 
other ten are straight bars placed in the top over the 
column head, of a length equal to .6/ 

FIBER STRESS IN CONCRETE—Jtules No. 4b and 7 
At the column-head section: 
20 X .4418 
Be coeds ea 

From Table V, k = .412 andj = .863. 
3 2 X 1,222,000 

te = Fie x 863 X 90 X 10.122 

The thickness of drop, therefore, needs no revision, since 
750 lb. per sq. in. is allowed at this section. At all other 
sections, the moment is so much less and the effective 
width so much greater than at the column-head section 
that further investigation for the compressive stresses in 
the concrete may be omitted. The actual stresses are 
well below the allowable value of 650 Ib. per sq. in. 

Exterior Floor Panel—Rule No. 12C 

Inner section: 

A, = 2.81 X 1.2 = 3.37.sq.in. Eighteen 14-in. rounds. 

Outer section: 

A, = 4.45 X 1.2 = 5.34 sq. in. Twelve 34-in. rounds. 

Mid-section at first interior row of columns: 

A, = 2.63 X 1.2 = 3.15 sq. in. Sixteen }4-in. rounds. 


= 746 lb. per sq. in. 


Mid-section at wall: 
A, = 3.15 X .5 = 1.58 sq. in. Nine 14-in. rounds. 
Column-head section at the first interior row of columns: 
A, = 8.76 X 1.2 = 10.5 sq. in. Twenty-four 34-in. 
rounds. 
Column-head section at wall: 
A, = 10.5 X .8 = 8.40 sq. in. Nineteen 34-in. rounds. 
The arrangement of bars that is used to satisfy the above 
requirements and Rule 9 of the code is shown in Fig. 
68a. 
Complete steel details are shown in Fig. 83. 
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The method of detailing shown in Fig. 83 bends practically 
every bar at one end only. An alternate method consists in 
bending one-half of the positive moment steel at both ends, 
leaving the remaining one-half straight. The additional nega- 
tive moment steel is then furnished by short straight bars as 
necessary. Figure 83a gives the complete steel details for the 
above floor under this method. 


‘ eS ae 
in Offer 
Direction Similar 


| heintorcement in Other 
Direction Sinilar 


(b) Roof Reinforcement 
Fira. 68. 


A third method consists in bending all of the positive moment 
steel at both ends, lapping over the negative moment portion 
as required. The bending should be done in at least two places 
so as to prevent the formation of a continuous crack along the 
line of bending. In most cases under this system the use of 
additional straight bars in the negative moment portions becomes 
unnecessary. 
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The bent bars extend to the point of inflection, .3l beyond 
the column line. The bends are made approximately at the 
quarter point of the span. 

Interior Roof Panel 
sLaB—Rules No. 12B and 8 
Average span, 21.5 ft. Assume ¢ = 614 in.; weight = 81 
Ib. per sq. ft. 
Total load, including surfacing = 161 lb. per sq. ft. 


t = .02 X 21.5161 +.1 =.6.47 in. 
149 X 21.5 X 12 = 6.46 in. 


CAPITAL—From floor design, diameter of capital = 5 ft.-0 
in. 
prop—The drop will be 7 ft.-6 in. square, and 8 in. thick 
to correspond with that under the lower floor slabs. 
SHEARING STRESSES—Rule No. 4 
Unit shearing stress on bjd section around drop not to 
exceed 60 lb. 
V = 161121 X 22 — (7.5)2] = 65,500 lb. 
Assuming the distance to center of gravity of steel to be 
13¢ in., 
=> UL ees 5 41 lb. per sq. in 
(4X75 X12)xX5K xX pass a as 
Unit shearing stress on bd section around column capital 
not to exceed 120 lb. 


[=r 
V = 161 (21 x 22) — a = 71,200 Ib. 
4 
FL 200m ee 
v= ES, 60 xX 8.12 = 46 lb. per Sq. in. 


BENDING MOMENTS—Kule No. 12A 
W = 161 X 21 X 22 + 342 X 150 X 7.5° = 76,500 Ib. 
h=a2os In. 
Column-head section moment 
Mid-section moment 
Outer-section moment 
Inner-section moment 


— 617,000 in.-lb. 
— 148,500 in.-lb. 
+ 247,000 in.-Ib 
+ 148,500 in.-lb. 
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REINFORCEMENT—Rule No. 9 
As in the computations for the steel area in the floor slab, 
Inner section: A, = 2.13 sq. in. Twelve 14-in. rounds. 
The extra bar is added to simplify the steel detailing in 
the present case. 
Mid-section: A, = 1.93 sq. in. Twelve 14-in. rounds. 
These bars are furnished by bending up one-half of the 
inner section bars from the adjacent panels. 
Outer section: A, = 3.25 sq. in. Twelve 5<-in. rounds. 
Column-head section: A, = 5.72 sq. in. Nineteen 5¢-in. 
rounds. 
Twelve of these are furnished from the adjacent outer 
sections; the remaining seven are extra straight bars. 
FIBER STRESS IN CONCRETE—J?ules No. 4b and 7 
At the column-head section: 


5.84 si pm 
18) = 90 X 7.81 = .0083 k = 388 and = S871 


4 2 X 617,000 
fo= 388 X .871 X 90 X (7.81)? 
Exterior Roof Panel—Rule No. 12C 
Outer section: 
A, = 3.25 X 1.2 = 3.9 sq. in: Thirteen 5¢-in. rounds. 
Inner section: 
A, = 2.13 X 1.2 = 2.56sq.in. Fourteen 14-in. rounds. 
Mid-section at first interior row of columns: 
A, = 1.93 X 1.2 = 2.81 sq.in. Twelve }4-in. rounds. 
Mid-section at wall: 
A, = 2.31 5 = 1.16 sq. in. Eight 44-in. rounds. 
These bars will be considered satisfactory even though 
the spacing (about 15 in.) is somewhat large. This 
number is available from the inner section. 
Column-head section at first interior row of columns: 
A, = 5.72 X 1.2 = 6.86 sq. in. Twenty-two 5¢-in. 
rounds. 
Column-head section at wall: 
A, = 6.86 X .8 = 5.48 sq. in. Eighteen 5¢-in. rounds. 
The arrangement of bars is shown in Fig. 68d. 
Complete steel details are shown in Fig. 84. 


= 665 lb. per sq. in. 
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169. Design of Interior Columns. The interior columns are to 
be of 2500-lb. concrete, round, with spirals, and designed in 
accordance with the recommendations of the Joint Committee 
(see Chap. V). In selecting the size of columns required for the 
given direct load, allowance must be made for the stresses caused 
by the bending due to unequally loaded panels, as stated in the 
Flat Slab Regulations (Rule 12D). The minimum diameter of 
interior column permitted by the regulations (Rule 5) is governed 
in this case by 45 of the average span of slab supported by the 
column; 5 X 21.5 X 12 = 17.2 in. 

The fundamental principles in Chaps. IV and V should be 
reviewed and their application to the following design noted. 
In flat slab construction, the unsupported length of a column is 
equal to the clear distance from the floor to the bottom of the 
capital. In spiral columns, only that area enclosed within the 
spirals is considered effective in resisting stress; the diameter d 
of this effective core area is taken as the distance center to center 
of spiral wire. Two inches of insulation outside of this core 
area are allowed in the following design. The longitudinal 
steel is placed directly inside of the spirals, making the diameter 
of the circle on which the steel is placed equal to the effective 
diameter d, less one diameter of spiral and one diameter of the 
longitudinal bar. This diameter will vary from 34 to 134 in. 
less than the effective diameter d, and will, for the average 
column, be approximately I in. less than the effective diameter. 
The moment of inertia of the steel may therefore, without appre- 
ciable error, be taken from Table XII. If a more exact solution 
is desired, the moment of inertia of the steel may be found from 

1D) 
the equation J, = es in which d’ is the diameter of the circle 
on which the steel is placed. 

The assumed sizes of columns and areas of steel are given in the 
following table. The spirals are proportioned so as to furnish a 
volume equal to one-fourth the volume of the longitudinal steel, 
as required by the Joint Committee; the maximum pitch of 
spirals is given by the Committee as one-sixth of the core 
diameter, but not to exceed 3 in. in any case. Table XIV may 
be used in selecting the required size and spacing of spirals. 


REINFORCED CONCRETE BUILDINGS 293 


Riser Load Amount | Effective Vertical Per Spirals 
from of load | Diameter steel cent epi 
Roof 76 ,500 14 in. Y in. 
Second | Column 3,000 5 — ¥ in. | 1.0 @ 214 in. 
Capital 2,000 rounds 
Total 81,500 
Floor 152,000 20 in. 546 in. 
First | Column 5,200 10 — lin. 255 @ 2% in. 
Capital 1,600 rounds 
Total | 240,300 
Floor 152 ,000 24 in. 5 in. 
Base- | Column 5,800 10 — lin. 17 @ 3 in. 
ment | Capital 1,400 rounds 
Total 399 ,500 


The 1-in. vertical bars from the lower columns are extended 
2 ft.-0 in. above the floor level to lap with those of the column 
next above. 

170. Investigation for Bending Stresses. According to Rule 
12D, any two superimposed columns must withstand a bending 
moment caused by unequally loaded panels of 149 Wil, in which 
W, is the total live load on one panel and | the average span of the 
slab supported by the lower column. The two columns are to 
resist this bending moment in direct proportion to their values 


ies : : ; : 
of jp mn which J is the total moment of inertia of the column, and 


h its unsupported height in inches, measured from the top of slab 

to base of capital. The maximum total stress exists only when 

the panels at the floor line under consideration are unequally 

loaded, a full live load occurring on alternate panels. A full 

live load is assumed on all the floors above the one considered. 
TOP OF ROOF COLUMN‘ 


M = Y% X40 X 21 X 22 X 21.5 X 12 = 119,000 in-lb. 


4On account of the improbability of an eccentric live load on the roof, 
this investigation for the top of the roof column may usually be omitted. 
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This must be resisted entirely by the roof column. See 
following tables for values of moments of inertia, etc. 


PU Z00 eX Ul eae : ; 
f. = pgin oe 370 lb. per sq. in. 


The simultaneous direct load stress, 

2 
(pie Se 
Jo = — 153. OEE IE LAS 


The total combined stress = 775 lb. per sq. in. 
BOTTOM OF ROOF COLUMN 
M = 1% X 200 X 21 X 22 X 21.5 X 12 = 596,000 in.-Ib. 
20.1 
20.1 + 105.0 


the roof column. 


= 405 lb. per sq. in. 


< 596,000 = 96,000 in.-lb. to be resisted by 


The bending stress 


96,000 X 7 _ : 
f= — 3943. 300 Ib. per sq. in. 
The direct load stress 
81,500 


f= 153.9 4 11 X153 ~ 478 lb. per sq. in. 


The total combined stress = 778 lb. per sq. in. 

The investigation for the remaining columns follows as above; 
the results are tabulated in the following tables. 

The allowable unit stresses are 780, 960, and 870, for the second 
floor, first floor, and basement tiers, respectively (see Art. 108). 
At the bottom of the basement column, since no bending is 
considered, the allowable stress is 725 lb. per sq. in. The actual 
stress is but slightly in excess of the allowable, and the design 
may be considered satisfactory. 


Ie (n — IIs If h 
Column in.4 in.4 =I[.+(n—1)I, : = 
(Table XI)| (Table XII) in.4 fra hi 
Second...... 1,886 357 2,243 112 2071 
Rirster cee 7,854 3,900 11,754 112 105.0 
Basement....| 16,286 5,598 21,884 90 243.2 
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A, = A+ | Effective 
Column Point (n — 1)A, direct Je se ng fe fe 
% direct in. Ib. bending total 
sq. in. load, lb. 
Top 69, 260 405 119,200 370 775 
Second 170.8 
Bottom 81,500 478 96 , 000 300 778 
Top 188, 800 473 500 , 000 425 898 
First 400.6 
Bottom 240,300 600 179,000 153 753 
Top 347, 500 645 417,000 228 873 
Basement 538.8 
Bottom 399 , 500 742 0 0 742 


171. Design of Exterior Columns. The exterior columns are to 
be made of 2000-lb. concrete, rectangular in shape, and the 
longitudinal steel tied together by means of ties spaced 8 in. 
center to center, the diameter of tie being 14 in. for the upper 
two tiers and 5{¢ in. for the lower tier, in accordance with the 
rule suggested in Art. 104. The dimension parallel to the wall is 
kept constant, that perpendicular to the wall being varied as 
required. In addition to the load from the floors the upper floor 
exterior columns must support the weight of the walls enclosing 
the floor next above. ‘The basement wall is to be of solid con- 
crete 14 in. thick, poured monolithic with the basement columns 
and first floor slab, and, will, therefore, act as a bearing wall to 
support the spandrel load from the first floor, thus relieving the 
basement tier columns of this weight. 

It should be noted that with this type of construction, the 
basement columns are in reality pilasters in the bearing wall, and 
as such need not be designed to support the entire load from the 
first floor slab. The amount of bending moment to be taken by 
these columns is also considerably less than that stated in the 
flat slab regulations. The following design of the basement 
columns, which disregards these modifications entirely, is, there- 
fore, very conservative, but is justified by the rigidity of structure 
obtained at an insignificantly larger cost. 

In estimating the weight of the enclosure walls, the wall beams 
and brick spandrel underneath the windows are assumed 12 in. 
thick, the spandrel 2 ft.-6 in. deep, and the wall beam 2 ft.-O in. 
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deep. The brick parapet wall at the roof is assumed 12 in. thick 
and 3 ft.-6 in. deep. The weight of windows, including sash, 
is taken as 8 lb. per sq. ft. The general arrangement of a typical 
wall panel is shown in Fig. 69. 
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Fig. 69. 


The following tables contain a summary of the design. In 
investigating the stresses induced by eccentric loading, Rule 
12H of the flat slab regulations requires that the total live load 
and dead load on one complete panel be substituted for the live 
load only in the formula 14)Wl. The general investigation 


is similar to that for the interior columns, the difference in shape 
necessarily causing certain changes in the determination of the 
moments of inertia. Since the bending stresses in the exterior 
columns often exceed the direct load stresses, thus causing ten- 
sion on one face, the diagrams of Chap. VI permit of easier solu- 
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tion than the method used in the design of the interior columns. 
The following tables illustrate their use. Figure 70 illustrates 
the terms used in the following table for moments of inertia. 


| 
: , A,=At 
L A : 
Bloor oad mount Size of Vertical Paeceu w= iA, 
from of load column steel ; 
sq. in. 
Roof 38, 200 
Wall 14, 200 24 X 18 6 34-in. 0.6 469.2 
Second Bracket 500 rounds 
Columns 7,300 
Total 60, 200 
Floor 76,000 
Wall 12,000 24 X 20 6 Vg-in. 0.8 530.5 
. Bracket 400 rounds 
Firat Column 6, 000 
Total 154, 600 
Floor 76,000 
Bracket 300 24 X 24 8 l-in. u ss | 664.0 
Column 6,000 rounds 
Basement 
Total 236,900 
, = We AVR SS] Ie 
ie = yy aba ( / ) ; if h I 
Column Ker 14(Asc?) (n — 1)I ; 
in. aay ee in. h 
In. mM. 
Second 11,700 1,630 13 ,330 112 119 
First 16,000 2,900 18 ,900 112 169 
Basement 27 ,650 5,950 33 ,600 90 374 


In computing the stress at the top of the basement column, the 
value of d’ was assumed 214 in., 7.e., from the face of the column 
parallel to the wall to the center of the three bars parallel to that 
face (see Fig. 72). While not theoretically correct, it simplifies 
the computations without introducing an appreciable error, 
giving but a slightly lower stress, 575 lb. per sq. in., than the true 
stress, 589 Ib. per sq. in., calculated by equation (38), Art. 99. 


>This value includes the weight of the column above the roof (see 
Fig. 69). 
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‘ ; N d’ M e€ “ ? 2g. 

Colne i lb. a |in.-lb. | @ Sollee bate fe 
Top 55,100 493 , 000}. 496 .45} .106 |597 

Second IBY. 
Bottom | 60,200 405,000} .373 .57| .111 |468 
Top 148 ,600 575 , 000) . 193 .96} .103 |580 

First 122 
Bottom |154 ,600 305 ,000) .099)1.41 453 
Top 230,900 675,000] .121)1.40 575 

Basement .104 
Bottom |236 ,900 0 Son 


The allowable unit stress for all exterior columns where bending 
is included is .3 & 2000, or 600 Ib. per sq. in. The complete 
column schedule is shown in Fig. 85. 

172. Design of Interior Column Footings. The interior column 
footings are to be square, sloped, and reinforced in two direc- 
tions. The report of the Joint Committee will be followed in 
the design of all footings. The allowable soil pressure is 3 tons 
per sq. ft. A 2000-lb. concrete is to be used. 

Diameter of round column = 28 in. Total load = 399,500 lb. 

Side of equivalent square column = 25 in. 

Assume weight of footing as 25,000 lb. 


; 424,500 
oT ares — ee fe a = 1 Tea <] 
Bearing area required 6000 70.8 sq. ft. Use base 
8 ft.-6 in. square. 
Net upward pressure from soil = se = 5540 lb. per sq. ft. 


Punching shear at perimeter of 28-in. round column is 


5540(72.3 — 4.3) = 377,000 lb. 
377,000 
a X 28 X 120 


d = = 35.6 in. Use 36 in. 

Allowing 4 in. of insulation below the center of gravity of 
the steel, the total height of footing is 40 in. The top of footing 
is made 3 ft.-0 in. square, and the total thickness at edge, 12 
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in. The weight of footing is then 25,000 Ib. as assumed (see 
Bigs 72): 

The effective depth at a vertical plane 36 in. from the face 
of the round column is 


d’ = 36 — 3285 X 28 = 8.8 in. 


2 
The area outside of this plane = 72.3 — (a5) = 2.7 sq. ft. 
2.7 X 5540 ; 
v= - = = 5 lb. per sq. in. 


A 100X875. x 8.8 


From the equation in Art. 131, the bending moment at the 
edge of the equivalent square column is 
M = 02 4 12x | x (222)° x 12 = 2,030,000in.-Ib. 

2,030,000 

16,000 X .9 X 36 

For bond, assuming deformed bars hooked at both ends, and 
allowing an increase of 50 per cent over the allowable bond stress 
given by the Joint Committee (see Arts. 80 and 133), each band 
requires 


For each band, A, = 


= 3.92 sq. in. 


These requirements are satisfied by using twenty }4-in. round 
deformed bars, hooked ateachend, perband. The effective width 
of footing for each band of steel is 

28 +2 xX 36+ 14 X 2 = 101 in. 

The spacing of bars is approximately 514 in., a satisfactory 
value. No additional bars are required outside of the effective 
width of band. 

Ten 1-in. round dowels, 4 ft.-0 in. long, are placed in the foot- 
ing to lap with the longitudinal bars in the basement column. 
‘These dowels are placed so as to project 2 ft.-0 in. above the top 
of the footing. 

173. Design of Exterior Column Footings. The exterior column 
footings on all sides except the front will consist of a solid block, 
rectangular in plan, and reinforced in two directions. 

Column 24 X 24 in. Total load 236,900 Ib. Assume weight 
of footing = 12,000 lb. 
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284,900 
6,000 

A square footing would be the most economical type to use in 
supporting a square column, a typical design for which is given in 
Art. 138. In order to illustrate the design of a rectangular foot- 
ing, the size of footing selected for the present case is 6 ft.-0 in. 
x 7 ft.-0 in. 


Bearing area required = ='41;5 sq, Tt: 


236,900 
42.0 
For punching shear at the perimeter of the column 

d= eo = 18.6 in. Use 19 in. 

Allowing 4 in. of insulation below the center of the steel, the 
total height is 23 in., and the weight of footing is 12,000 lb. 
as assumed. 

On a vertical plane, 19 in. from each face of the column 


The net upward soil pressure = = 5650 lb. per sq. ft. 


<i nie 021 ee 
= | 42.0 i [5650 = 86,600 lb. 
and 
86,600 
OAR O10 20 lb. per sq. in. 


The maximum moment occurs along the face of column parallel 
to the 6 ft.-0 in. side of footing. 
For rectangular footings, the 
Joint Committee requires the 
upward pressure on the trape- 
zoids contributory to the column 
face to be concentrated at the 
center of gravity of the trapezoid 
in computing bending moment. 
The total upward pressure on 
the trapezoid ABCD (Fig. 71), 
5650 _, 24 + 72 
= tee 9 x 30 = 56,500 Ib. 
The distance from the face AB to the center of gravity of the 
trapezoid is 
24 X 30 + 24 X 30 X (72 — 24) 
72 + 24 


wees 
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M = 56,500 X 17.5 = 990,000 in.-Ib. 
990,000 A 

a9 = 76,000 C99 19 0! 8a 
Z. ci taal = 29.3 in. 


119.6 56.0 19 


To satisfy the above requirements, nineteen 14-in. round 
deformed bars are used. No additional bars are required outside 
of the effective beam width because of the small portion of footing 
remaining on each side. Further revision of the value of j is not 
attempted because of the approximations which would be 
involved in determining the percentage of steel. The effective 
width of footing for this band of steel is 

24+2 x 19 + 1% = 67 in. 

The spacing of the bars is approximately 314 in., a satisfactory 
value. 

The number of bars required in the beam parallel to the 
6-ft.-O in. side of the footing is governed by the bond stress 
requirement. The total amount of shear to be resisted by this 
band is 51,000 lb., and requires 


ee 00d 
P 112.5: 056-19 


= 26.6 in. 


which is furnished by seventeen }5-in. round, deformed bars. 
The effective width of this band is 73 in. No additional bars 
are required outside of the effective area (see Fig. 72). 

Hight l-in. round dowels, 4 ft.-0 in. long, are placed in the 
footing to lap with the longitudinal bars in the basement columns. 
These dowels are placed so as to project 2 ft.-6 in. above the top 
of footing. 

174. Design of Cantilever Footings. ‘To illustrate the funda- 
mental principles involved in the design of a cantilever footing, 
the front of the building is assumed placed directly on the 
street line, so that no encroachment beyond the columns is 
possible. The exterior column footings along that side are 
therefore, eccentric with respect to the loads they support, 
and must be tied to the nearest interior column footing by means 
of a reinforced concrete beam or strap to prevent overturning 
(see Fig. 74). 
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The design assumes that all of the loads are resisted directly 
by the strap; the portion under the exterior column is widened and 
reinforced at right angles to the strap so as to distribute the 
pressure from the column and strap over an area sufficient to 
keep the unit soil pressure below the allowable. The total depth 
of strap and exterior footing is made the same as that of the 
interior footing to which they connect. The width of exterior 
footing parallel to the wall is made the same as the corresponding 
dimension of the interior footing. 

The area of wall column footing required for the load on the 
236,900 
column = 6000 

Allowing approximately 25 per cent to provide for the weight 
of the strap and footing a base 8 ft.-6 in. 6 ft.-0 in. is selected. 


= 39.5 sq. ft. 


P 
¢ Int Col-- 


WE Strap =/250 /lbper Ft. 


Fia. 73. 


Taking the strap out as a free body, the external loads upon it 
are as shown in Fig. 73. The eccentricity of the exterior column 
load is resisted by a downward pressure P from the interior 
column, thus counterbalancing the tendency for the exterior 
footing to overturn. The load on the exterior column is con- 
sidered uniformly distributed over the column base, and the 
upward soil reaction R is assumed uniformly distributed over 
the 6-ft. length of the exterior footing. 

The total height of interior footing is 40 in. The effective 
depth of the strap is taken as 37 in., thus allowing 3 in. of insula- 
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tion. Assuming the weight of strap as 1250 lb. per lin. ft., the 
upward soil pressure R is determined by taking moments about A. 


— 236,900 X 21.0 — 1250 X 22 X 11+ Rk X 19 = 0, 


from which R = 277,800 lb. 
The downward pressure P is determined by taking moments 
about B. 


236,900 X 1.0 + 1250 X 22 X 11+P X 22 — 277,800 x 3 = 0, 


from which P = 13,400 lb. 

The maximum moment occurs at the point where the shear is 
zero. Zero shear occurs at some point near the interior edge of 
the exterior footing. Equating to zero the shear at a point 
x ft. from B, 


Ey ee oe 


ee 1250z = 0, from which x = 5.3 ft. 


The moment at this point is 


* b277, 800.4 5.8. 
des P ( x In 
= — 387,500 ft.-lb. or — 4,650,000 in.-Ib. 


— 4,650,000 
146.7 


Leu) 


M = —236,900 x 4.3 — 1250 x — 


bd? required = = 31,700 in.’ 

Since d = 37 in., b = 23.2 in. for moment. 

The maximum shear occurs at the inner face of the exterior 
column. 


VY = —236,900 — 1250 X 2.0 + ane xX 2.0 = —146,800 lb. 
b required for shear = Pee ELE = 30 in. 


37 X 1% X 150 


It is reasonable to allow a unit shearing stress of at least 150 
lb. per sq. in. since the strengthening action of the projecting 
portions of the exterior footing has been disregarded in computing 
the shearing area. 

A width of 30 in. is selected for the strap. The actual weight 
is then 1250 lb. per lin. ft., as assumed. The actual weight of 
the exterior footing, exclusive of the strap, is 18,000 lb., and 
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277,800 + 18,000 


the soil pressure under that footing 35 x6 = 5810 
lb. per sq. ft., which is satisfactory. 
ee 4,650,000 = : 
A, required in strap = 16,000 X 875 X37 > 9.0 sq. in. 
2» required in strap = ail = 30.2 in. 


150 X .875 XK 37 


Nine 1-in. square deformed bars hooked at both ends, placed 
in one row, the center of which is 3 in. below the top of strap, are 
selected. 

ee ea A 
E30 X37 
value sufficiently close to avoid the necessity of revision. 

Four of the bars may be cut off at a point 13.0 ft. from the 
exterior face of the wall column, since at this point the moment is 
four-ninths the maximum. They are continued 1 ft.-0 in. 
beyond this theoretical point of cut-off. 

Stirrups are required from the inner edge of the exterior 
column, the point of maximum shear, to the point where the unit 
shear is 60 lb., that is, x ft. from B, x being determined from the 
following relation: 


= .0081, and 7 = .872, which checks the assumed 


236,900 — oe + 1250x 
30 X .875 X 37 sr 
from which 
ee ORGS 


The required spacing of }4-in. round triple-looped stirrups at 
the inner edge of the exterior column is 
oe 6 X .1963 X 16,000 X .875 X 387 _ 70 in 
146,800 — (60 X 30 X .875 X 37) : . 
Five stirrups are used, at a constant spacing of 7 in., the first 
one placed 2 in. from the inner edge of the exterior column. 
The unit shearing stress at the inner edge of the exterior footing 


_ 13,400 + 1250 x 16 
30 X 875 X 37 
No web reinforcement other than that mentioned above is 
required. 


= 34 lb. per sq. in. 
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The unit load on each of the cantilever portions of the exterior 
footing, exclusive of its own weight, is 

277,800 

8.5 X 6 


= 5450 lb. per sq. ft. 


The maximum moment along the edge of the strap per foot of 
width is 


M = 5450 X 3 X 1.5 = 24,500 ft-lb., or 294,000 in.-lb. 
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Fig. 74. 


The area of steel in the exterior footing, perpendicular to the 
strap, per foot of width, is 


bs 294,000 i¢ 
“716,000 99 <7e5 


A, 554 sq. in. 


The total area for the entire footing is then .554 X 6 = 3.32 
sq. in., which is furnished by seventeen 14-in. round deformed 
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bars, hooked at both ends as shown in Fig. 74. The bond stress 
on these bars is 


5450 K 6 X 3 


U = T1371 XO X37 ~ 110 Ib. per sq. in. 


which is satisfactory. 

175. Design of Wall Beams. With the proposed floor plan 
as shown in Fig. 78, the unsupported spans of the end wall beams 
are 18 ft.-6 in. and 17 ft.-6in., while those of the interior wall beams 
are 20 ft.-O0 in. and 19 ft.-O0 in. for the short and long sides of the 
building, respectively. Since it is desirable to keep the depth of 
the wall beams constant throughout the entire building on account 
of architectural appearance, it is first necessary to determine the 
cross-section required for the maximum shearand moment. The 
width of beams is taken as 12 in. in all cases. The allowable unit 
stresses are taken as follows: 
fs = 16,000, f.= 650, uw = 100, v = 120, » = 40, and n = 15. 

The maximum shear occurs on the second floor interior beams 
along the short side of the building. According to the New York 
City Flat Slab Regulations, the wall beams must, in addition to 
supporting the spandrel load, be capable of providing for 20 
per cent of the total live and dead loads on one panel. The 
load per lineal foot is, therefore, made up as follows: 


Brick sill 244 x 1 X 140 = 350 lb. 
Windows 7.5 X 8 = 60 
Stem of beam, assumed = 140 
Floor load, .2 X 324 X 21 = 1360 
Total = 1910 lb. 


The maximum shear = 1910 X 10 = 19,100 lb. 


19,100 


Ose 12 


The effective depth required. = 


The maximum moment occurs in the end wall beams on the 
short side of the building. These beams are continuous over one 
support only and are designed for a moment of lgul?. 


M = Yo X 1910 X 18.5” X 12 = 785,000 in.-lb. 
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Since the wall beams in reality are T-beams with the Tee on 
one side only, the effective width of flange, according to the Joint 
Committee’s recommendation, is 


= 149 X 18.5 X 12 = 22 in. 
The approximate depth for moment is determined from equa- 
tion (26) of Art. 84. 
M. = \of.bt(d — }9t) 
785,000 = 144 X 650 X 22 X 9 X dd — 4.5) 


from which 
Ca—SeLOnratine 


An effective depth of 18 in. is used to furnish a desired exterior 
appearance to the building. Allowing 3 in. insulation below the 
center of the steel, the total height of beam is 21 in. With this 
value of d 

M 785,000 


Me RIC isis ee 
‘ote gee 
arke eae 


Diagram 3 shows that the neutral axis is in the flange and hence 
the beam must be designed as a rectangular beam 22 in. wide. 
The revised d required for moment under these conditions is 

785,000 __ ; 

176. Design of 2L1 and 2L2. Since it has been found above 
that a cross-section of 12 X 21 in. is satisfactory for all wall 
beams, it is now merely necessary to determine the area of steel 
required for each beam and fully to provide for shearing stresses. 

Assuming j = .875, for the end beam, 201, 
= 785,000 
~ 16,000 X .875 X 18 
This may be provided by four 1l-in. round bars. With this 
amount of steel, 


A, 


= 3.1 sq. in. 


= Pee 
By Beit 


From Table V, j = .873, approximately as assumed. 


= .0079. 
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Before investigating this beam over the support (first interior 
support) it is neceessary to determine the amount of steel in 


the interior beams. The moment existing in the interior beams 
212, is 


M = 4g X 1910 X 20° X 12 = 764,000 in.-lb. 


and the area of steel required is 


: 764,000 
~ 16,000 X .873 X 18 


A, = 3.04 sq. in. 
Since this agrees closely with the area furnished in the end beam, 
the same selection of rods is made. 
Two rods from each. beam are bent up to provide for negative 
moment at the support; the tensile steel furnished at each support 
is then 3.14 sq. in. and the compressive steel area 3.14 sq. in. 


gene 
* doa oe lke 
3.14 _ re 
ae ee 
A 


bd? =: 12 X : 18 X 18 


By interpolation from Diagram 9, f, = 720 lb. per sq. in. and 
from Diagram 10, fs = 16,200, both of which are satisfactory. 
Since there are only three panels in this side of the building, no 
other supports need be investigated. 

The maximum unit bond stress is 


: 19,100 
~ 4X314X KX 18 


U = 100 lb. per sq. in. 
Therefore deformed bars are necessary. 

Since only two bars are bent up in each beam, and these at one 
place, their strength is disregarded in providing for diagonal 
tension; stirrups are placed at suitable intervals to furnish all 
of the web strength necessary. In 2L2 


20° 40: 12) Bie 18 
2 1910 


t= = 6.0 ft. from edge of column. 
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The required spacing of 3¢-in. round U-stirrups at the edge of 
the column, assuming the distribution of shear as given in the 
first case of Art. 74, is 


2 19,100 


3. 2X 1104 X 16,000 X 875 X 18 _ 4 4in, 


Three feet from edge of column 


LOT) sues 
gs=44 x 13,370 —= (9) 74100 
The maximum allowable spacing = .45 X 18 = 8 in. Plac- 
ing the first stirrup 2 in. from the edge of the column, the remain- 
ing spacings from each end, as selected, are as follows: 5 at 4 in., 
5 at 6 in., and 2 at 8 in. 


18.5 40 x 12 X .875 X 18 
2 1910 
5.25 ft. from edge of column. 


In 201, x1 = 


At the support 


3 2X .1104 x 16,000 x .875 X 18 _ 


are 1910 X 9.25 ay te 


Placing the first stirrup 2 in. from the edge of column, the 
remaining spacings from each end, as selected are as follows: 
4 at 414 in., 4 at 7 in. and 1 at 8 in. 

The point at which the two bars, 50 per cent of the steel, may 
be bent up is found from Diagram 1, in 221, .18 X 18.5 = 3.33 
ft. from the edge of the column. ‘They are bent 3.0 ft. from the 
column. In 202, the two bars may be bent up .21 x 20 = 
4.2 ft. from the edge of the column. They are bent 4.0 ft. from 
the column. Negative moment is also provided for by this 
arrangement. 

The bent bars are continued along the top into the adjacent 
beam to the point of inflection, assumed at 14 span in all cases, 
measured from the outer edge of the columns. ‘The straight 
bars are continued 2 ft.-6 in. beyond the center of the column. 

In a manner similar to the above, the areas of steel required in 
the other wall beams, floor and roof, and the required arrange- 
ment of longitudinal and web reinforcement are determined. 
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The results are indicated in Fig. 81. The roof wall beams are 
made the same depth as those at the second floor. In investigat- 
ing the beams along the long side of the building it should be 
borne in mind that the first interior supports are designed for 
449 moment coefficient, while the other interior supports are 
designed for 14 coefficient. The end supports at the corners 
of the building are arbitrarily reinforced for negative moment by 
bending up one-half of the longitudinal steel in the adjacent 
beam. The necessary steel details are shown in Figs. 86 and 87, 


REAR ELEVATION 
Fie. 75. 


177. Design of Stairway Slab. The stairway, which extends 
from the basement to the second floor level, is located as shown 
in Fig. 78. The opening made by the stair well and future 
elevator shaft is framed by a series of beams as shown. In 
order to keep the thickness of the stair slab down to a minimum, 
beam B-9 is placed at the wall edge of the floor level landing slab. 
The stair slab is designed as a simple slab, the horizontal span of 
which is equal to the horizontal distance from the middle of 
beam B-9 to the middle of the wall support of the intermediate 
landing slab. The allowable unit stresses for use in the design of 
the stair slab and all beams framing the opening are as follows: 
fs = 16,000, f. = 650, wu = 100, »v = 40 or 120. 

The dead load on the stair slab is made up of the weight of the 
intermediate landing slab, the weight of the inclined slab, and 
the weight of the treads. For purposes of computation it is 
sufficiently accurate to assume this total dead load as uniformly 
distributed over the horizontal span. The live load is assumed 
as 100 lb. per sq. ft. of horizontal surface. 
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The widths of stair slabs and landing slabs as shown in Fig. 
80 will prove satisfactory in the ordinary building of this size. 
The width of each tread exclusive of the nosing is made 10}4 in., 
and the rise of each tread about 7346 in. This selection satisfies 
the rules for convenient climbing (Art. 158), and also gives a 
uniform rise of treads between landing slabs. 

Allowing 6 in. bearing on the brick exterior wall, the horizontal 
span of the stair slab = 12 ft.-1 in. The total length of slab 
between the supports is 


A/ 624157.66) 383 eure tt 


Assuming the weight of slab as 80 lb. per sq. ft., the total load on 
a 1-ft. strip of slab is as follows: 


eends Bee ye eae x 150 = 350 Ib. 

Slab 13.5 X 80 = 1080 

Pecaicn 12 X 100 = 1200 
2630 Ib. 


The maximum bending moment is 
M = Yo X 2630 X 12.1. X 12 = 38,200 in.-lb. 


Datel 58 20UsIe, eae eae 
= 107.7 X 12 12 == Gils: in. 


Using 5.5 in. and allowing 1 in. insulation, the weight of slab 
is 81 lb. per sq. ft., and no revision is required. 
38, 200 


A, = 16,000 X 874 X 5. ay .500 sq. in. per ft. width of slab. 


This is furnished by 14-in. round bars, 414 in. center to center 
One 14-in. round bar, 3 ft.-10 in. long, is placed under each 
tread as shown on Fig. 80. The floor level landing slab is made 


6 The detailing shown in Fig. 80 assumes that the stairway slab will be 
poured with the structural framework of the building. The coefficient of 
1/0 used in determining the moment is justified by the continuity provided 
across B-9. A more widely used method of construction places the stair 
slabs after the main structure has been completed. In such cases, recesses 
must be left in the beams in order to furnish support for the future stair 
slabs, and dowels must be placed in the beams so as to project into the 
stair slab when it is poured. The stair slab steel must extend only to the 
face of the supporting beams instead of continuing beyond this face as in 
Fig. 80. A moment coefficient of 14 should be used for such a stair slab. 


REINFORCED CONCRETE BUILDINGS 313 


614 in. thick, and every other bar of the stair slab reinforcement 
continued across this slab for reinforcement. The remaining 
stair slab bars extend across B-9 far enough to develop the neces- 
sary bond. Two }4-in. round bars 10 ft.-0 in. long are placed at 
right angles to the main landing slab reinforcement in order to 
assist in distributing the load on that slab and to provide for 
temperature stresses. Negative moment stresses in the stair 
slab at B-9 are provided for by means of short bent bars placed in 
the top of the slab at this point, as shown in Fig. 80. 

178. Design of Beams Framing Stair Well. 

Beam B-9. This beam supports a uniform load along its entire 
length, consisting of one-half of the stairway slab load and one- 
half of the floor level landing slab load in addition to its own 
weight. The span of the beam is 9 ft.-6 in., the distance center 
to center of beams B-6 and B-7. The beam is designed as a 
T-beam with the Tee on one side only; this is necessary because 
of the break between the up and down stair slabs at the landing. 

Beam B-6. This beam is a simply supported rectangular 
beam, the load on which consists of the weight of a 4-in. hollow 
tile partition and the concentrated load from B-9 in addition to 
its own weight. 

Beam B-8. This beam carries the concentrated load from B-6, 
one-half of the load from the landing slab, and the weight of a 4-in. 
hollow tile partition in addition to its own weight. B-8 has been 
placed at the edge of the outer section band of steel. This fact, 
together with the improbability of having the full live load on the 
portion of the floor near B-8, justifies the neglect of considering 
any floor load as supported by B-8. Due to the open shaft on 
one side of the beam at the point of maximum moment, it must 
be designed as a T-beam with the Tee on one side only. In order 
to illustrate the method of design where such irregular loads are 
involved, the design of B-8 is included below. 

The loads on the beam (see Figs. 76 and 78) are as follows: 

Uniform load over entire length of beam, 


Partition 20 X 11.5 = 230 lb. per lin. ft. 
Weight of beam = 200 lb. per lin. ft. 


Total = 430 lb. per lin. ft. 
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Additional uniform load from stairway landing slab, 
4 X 3.5 X 194 = 340 lb. per lin. ft. 
Concentrated load from B-6 = 9260 lb. 


9260 X 9.5 + 340 x95 430 x2. 
= = 9450 Ib. 
Rr Dhl 9450 lb 
Rp = 12,100 lb. 
88-9450/h 


poo 
LLL 


050 Ib, B5 20000 Ib, 9450/6. B8 12,100 Ib, 
oe Partition: — 20 lbper ft. Partition 230 Ibper ft. 
StemofBeam 180 Beam 200 
410 430 
20%oPanel Load 1360 LondingSlab 340 
89-7350 Ib. © 
ZS 
LAs 
S 
ve 


BS 7350 h 
Stairway Slab 1340 lb.per ft. 
Landing Slab 340 


eee 
Stem of Beam 50 
#0 1730 


The point of zero shear, which locates the point of maximum 
moment, occurs under the concentrated load. The maximum 
moment is 

11.57 
M = 9450 X 11.5 — 480 x 5 a 


80,400 ft-.lb., or 965,000 in.-Ib. 


The Joint Committee limits the effective width of flange to 
l40 span for beams with a Tee on one side only. If the flange is 
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relatively thick in comparison with the depth of beam, this value 
may be increased without endangering the safety of the beam. 
For such beams a value of b equal to one-half that recommended 
for beams with a Tee on both sides may be used 7.e., 14 & 14 
span, or 1g span. This value of the effective flange width is 
used in the present case. 


b= 1g X 21 XK 12 = 31.5 in. 


Assuming, on account of the thickness of the slab forming the 
flange, that the neutral axis is in the flange, 


Phy) Sc OGS, 000 by : 
i BULL = 16.8 in. Use 17 in. for the effective 
depth. 

b’ pei 100) = 6.8in. Use 10 in. for width of stem. 


; 190° 875 O17 


Allowing 3 in. insulation to provide for two rows of steel, the 
total height of beam is 20 in. and the weight per foot 200 lb. as 
assumed. 

M 965,000 ee 
bd Sp scap 7 1089 og = a7 = 38. 

Diagram 3 shows that the neutral axis is in the flange as 
assumed, and a rectangular beam section, of a width equal to 
31.5 in., actually exists. The above solution needs no revision. 

965,000 
~ 16,000 X .875 X 17 

With four 1-in. square bars p = .0075, 7 = .876, and the 
revised area of steel required is 4.05 sq. in. 

Since this beam is poured monolithic with the beams support- 
ing it, there will exist some negative moment at the supports. 
The amount of this bending moment is dependent upon too many 
factors to permit of an accurate determination. In order to 
provide for the stresses of negative moment, one-half of the steel 
is bent up and hooked over the support. Adequate bond 
resistance is furnished by the two deformed bars remaining. The 
points at which this steel may be bent up may best be found by 
determining the points where the bending moment is one-half 
of the maximum by means of an equation involving the distance 


Ay = 4.05 sq. in. 
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x from the support. For the left end of the beam as shown in 
Fig. 78, this equation is as follows: 

a? 
Sy 

The two bars on this side are bent up 4 ft.-6 in. from the 
center of B-5. 

A similar equation for the right end of the beam locates the 
point where the bending moment is 40,200 ft.-lb., 3.75 ft. from 
the center of B-7._ The two bars are bent up 3 ft.-6 in. from 
that point. 

Since only two bars are bent up, and these at a single point, 
they will not be depended upon for diagonal tension resistance 
and vertical stirrups will be used wherever web reinforcement is 


94502 — 430 40,200, from which x = 4.75 ft. 


required. In estimating the spacing of stirrups, it is assumed 
that the concrete can take care of the shear up to a unit value of 
40 lb. per sq. in. The stirrups, therefore, need only be designed 
to take the shear in excess of this amount. Where irregular loads 
oecur, the following method is convenient for determining the 
spacing of stirrups. 

The total shear per linear inch at any section to be taken by the 


V—Vi) . : : 
( ae in which V is the total shear 


web reinforcement = 


existing at that section, and V; the amount of shear that may be 
taken by the concrete itself. 
The spacing, 
Avjeul. coasgd 
jd 


s = 


The amount of reduction in the shear to be resisted by the web 
reinforcement, that is, the reduction of (V — V,), over the dis- 
tance provided for by the first stirrup, s; in., equals s; times the 
load per linear inch. The next stirrup may be spaced a distance 
S82 in. from the preceding one, sz being determined from an equa- 
tion as above, substituting for (V — V,) there used, the reduced 
value of (V — V;), the actual value existing at the section 
under investigation. Thus, at the left end of B-8, 


V — V; = 9450 — 40 X10 X .875 x 17) =:3500 Jb. 
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Assuming }4-in. round U-stirrups 


«, = 2X 0491 X 16,000 x .875 X 17 
: 3500 


The load per linear inch on this portion of the beam equals 
43074 = 36 lb. 
The spacing of the next stirrup 


gp = 2X 20491 X 16,000 X .875 X 17 
‘ 3500 — (6.7 X 36) 


=.6.7 in. 


eee 


In a similar manner the remaining spacings are computed, 
until the denominator of the equation becomes zero. In the 
present beam, the maximum allowable spacing = 8 in. Plac- 
ing the first stirrup 2 in. from the edge of beam B-5, the remaining 
stirrups are spaced 3 at 7 in., and 8 at 8 in. 

The computations may be grouped into a compact form as 
shown by those for the right end of the beam, as follows: 


V; = 40 X 10 X .875 X 17 = 5950 Ib. 
At the support 
V — V, = 12,100 — 5950 = 6150 Ib. 
The load per linear inch = 77%» = 64.2 lb. 
With 14-in. round U-stirrups, 
A,f.jd = 2 X .0491 X 16,000 X .875 X 17 = 23,400 


D3 A maberee. es 7 

61 = 6150 > 3.8 in. 6150 — 3.8 XK 64.2 = 5905 
25 400) 225 Ae « 7 

8 = 5005 4.0in. 5905 —.4.0 X 64.2 = 5648 
BS AOOE on A. a a 

33: = 5648 =42in. 5648 4,2 x 64.27 = 753718 


The spacing of the remaining stirrups is determined by con- 
tinuing the computations as above. Placing the first stirrup 
2 in. from the edge of beam B-7, the remaining ones are spaced 
as follows: 6 at 4 in., 3 at 514 in. and 5 at 8 in. 

The method outlined above will be found especially convenient 
where concentrated loads are placed at intervals along the beam 
in addition to the uniform load. 

Beam B-5. In addition to supporting the concentration from 
beam B-8 and its own weight, beam B-5 must be designed to 
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support the partition as shown and the required proportion of 
the floor load. The beam is a T-beam, with the Tee on one 
side only. 

Beam B-7. This beam supports loads as stated for B-5, and, 
in addition, the concentrated load from B-9. It is a T-beam, 
with the Tee on one side only. 

The complete framing details of the stairway beams are shown 
in Fig. 82, and the required steel details in Figs. 86 and 87. 
Figures 88 and 89 show an assembled drawing for a building 
similar to the above. 
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CHAPTER IX 
RETAINING WALLS 


179. Introductory. A pile of earth, cinders, or other material 
possessing more or less frictional stability, will, when deposited 
loosely in an unrestrained position, assume a definite slope. The 
steepness of this depends upon the internal friction of the material 
and other conditions, such as moisture content, ete. A mound 
of earth whose sides are permitted to assume this natural slope 
will, when thoroughly compacted, maintain its own integrity, 
and support external loads to a maximum amount which depends, 
among other things, upon the bearing qualities of the soil. 

In engineering construction it frequently becomes necessary 
to prevent the sides of such a pile of earth from assuming this 
natural slope. Such a condition occurs when the width of a cut 
or embankment is limited either by restrictions of economy or 
right of ownership. The most common examples of the latter 
limitation are found in railway and highway construction where 
the width of the right of way is fixed. In such cases it is essential 
that the earth be held in position 
by means of a wall capable of re- 
sisting the lateral pressure caused 

by the conditions of restraint. 
Yj A wall whose express purpose 
} to Wy, is to hold in position a bank of 
er earth or similar material is termed 
a retaining wall. The first step 
toward the design of a retaining wall is to determine its 
location. If the wall is to run along a fixed property line, such as 
a highway or a railroad, this provides definite placing. As is 
often the case, the amount of land available for the construction 
of a given cut or fill may be unlimited, but the cost of cutting 


or filling sufficiently to allow the natural slope of the earth to 
334 


RETAINING WALLS 3395 


obtain may be excessive. Wherever it is found that a retaining 
wall of the necessary height and section is cheaper than the 
additional cut or fill that it replaces, economy favors the con- 
struction. In Fig. 90, the wall replaces the shaded volume of fill. 
A few trials will show at what point the wall should be placed to 
obtain the minimum cost. 

The section of wall to be chosen will be determined by a con- 
sideration of economy, ease of construction, and other factors 
interposed by existing conditions. 

180. Types. Masonry retaining walls may be divided into 
two general classes: (1) the gravity wall, which retains the bank 
of earth entirely by its own weight; (2) the reinforced concrete 
wall, which utilizes the weight of the earth behind it in resisting 
the overturning moment of the retained material. In this latter 
class are included the cantilever wall, a type of construction 
consisting of a vertical arm supported upon a horizontal base 
slab, the vertical arm acting as a free cantilever in overcoming the 
pressure from the earth; and the counterfort wall, the vertical 
slab of which is anchored or tied to the base slab by means of 
counterforts or buttresses—triangular cross walls extending from 
the top of the vertical slab to the extreme point of the base slab 
at regular intervals throughout the length of the wall. The ver- 
tical slab of the reinforced walls may be placed at the front, at the 
rear, or at any point along the base slab, the exact location 
depending uoon limitations of economy and _ construction. 
Where conditions permit, a toe extension of from )4 to 141 will 
produce a more economical design than would result if the 
vertical arm were placed at the front edge of the base slab. Paas- 
well! proves that for a given location of the resultant pressure, 
the most economical width of base occurs when the vertical arm 
is placed over the assumed point of application of the resultant 
pressure. 

The back of a gravity type wall may be vertical, or may slope 
toward or away from the filling. The most economical section 
is obtained when the back slopes toward the filling. On account 
of difficulties of construction, however, the use of this section 
is restricted to comparatively isolated cases where unusual founda- 

1 PAASWELL, “‘ Retaining Walls,” p. 82. 
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tion conditions exist. In cold localities, where there is danger 
of upheaval by frost, economy may well be sacrificed to security, 
and the back be given a slight batter forward. Where this 
batter is of an appreciable amount, added stability may be 
obtained by constructing the back as a series of steps, thus 
utilizing more fully the relieving weight of the earth directly 
over the base of the wall. 

The section of wall to be chosen will be determined by a con- 
sideration of economy, ease of construction, foundation require- 
ments, and other factors imposed by existing conditions. In 
comparing the relative economy of gravity walls and reinforced 
concrete walls, the added cost of construction in the case of the 
latter must be included. A careful study of the different types 
leads to the conclusion that unless affected by unusual conditions, 
the gravity type will prove most economical for low walls, the 
cantilever type for walls of medium height, and the counterfort 
type for the higher walls. The critical height, or height of 
separation between the various types, is not clearly defined, since 
it depends upon too many economic as well as constructive con- 
ditions. In general it is found uneconomical to use the counter- 
fort construction for walls less than 18 ft. in height. 

181. Conditions of Loading. There are three general condi- 
tions of loading that need consideration: (1) walls with no 
surcharge, the top surface of the fill being horizontal and level 
with the top of the wall; (2) walls with an inclined surcharge, 
the top surface of the fill extending upward and back from the 
top of the back of the wall; (3) walls with a horizontal surcharge 
extending some distance above the top of the wall. 

The angle of inclination 6 in Case 2 is usually taken as the 
angle of repose ¢ of the retained material. For ordinary condi- 
tions, this may be assumed as 33 degrees 42 minutes, which 
corresponds to a slope of 114 :1. For dry sand or similar filling 
a slope of 1:1, angle = 45 degrees, may be used. 

Case 3 includes loadings in which the actual surface of earth 
does not extend above the top of the wall, but supports an 
external load such as a building, railroad tracks, ete. The loads 
are converted into an equivalent height of earth above the top of 
the wall by dividing the weight of the additional load per square 
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foot by the weight of the earth per cubic foot, and the pressure 
estimated for this equivalent height of surcharge of earth. 

When the additional load from the fill consists of the weight 
from one or more railroad tracks, it is best to follow the recom- 
mendations of the American Railway Engineering Association 
as given below. 

(a) In calculating the surcharge due to the track, the entire 
load shall be taken as uniformly distributed over a width of 14 ft. 


oa Ne 
vies ea 


T= Superimposed Load per Foot of Wall A= 
b= With oF Distribution oF T, in feet ’ Be: 
w= Weight of Backfill per cu.ft. hyzhz 


Fig. 91. 


for a single track or tracks spaced more than 14 ft. centers, and 
the distance center to center of tracks where tracks are spaced 
less than 14 ft. 

(b) In calculating the pressure on a retaining wall where the 
filling carries permanent tracks or structures, the full effect of the 
loaded surcharge shall be considered where the edge of the dis- 
tributed load or structure is vertically above the back edge of the 
heel of the wall. The effect of the loaded surcharge may be 
neglected where the edge of the distributed load or structure is at 
a distance from the vertical line through the back edge of the 
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heel of the wall equal to h, the height of the wall. For inter- 
mediate positions the equivalent uniform surcharge load is to be 
taken as proportional. For example, for a track with the edge 


of the distributed load at a distance 9 from the vertical line 


through the back edge of the heel of the wall, the equivalent 
uniform surcharge load is one-half of the normal distributed load 
distributed over the filling. Figure 91 explains the distribution. 
The height of surcharge loading will be equal to the load per 
linear foot divided by bw (b = 14 ft. for a single-track railway). 
Where the edge of the distributed load cannot come nearer to 
the vertical line through the back edge of the heel of the wall 
than h — x, the equivalent uniformly distributed load in terms 
of the height is 
: & 
h',=h : 
The terms of this equation are explained in Fig. 91. 

182. Determination of Earth Thrust. The first essential in 
any design is the determination of the force to be resisted. The 
principal force governing the dimensions of a retaining wall is 
the pressure exerted by the retained material in its attempt to 
assume its natural slope. In order fully to determine the pres- 
sure of the filling against the wall, the resultant must be known 
in amount, in line of action, and in point of application. 

Many theories have been advanced which lead to a purely 
academic determination of earth thrust. These mathematical 
discussions of the action of earth masses premise an ideal, 
incompressible, homogeneous material, without cohesion, possess- 
ing frictional resistance between its particles, and of indefinite 
extent in the mass. Such a fill is rarely found in practice. The 
degree of exactness of the thrust as determined by any of the 
theoretical methods will depend upon the difference between 
the actual conditions and the theoretical. 

While refinements in the theory of earth pressure are, therefore, 
unwarranted from a practical standpoint, such academic thrust 
determinations, when modified in accordance with the conclu- 
sions drawn from actual tests and the results of engineering 
experience, may become the basis for a rational working formula. 
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The subcommittee of the American Railway Engineering 
Association on Design of Plain and Reinforced Retaining Walls 
and Abutments, in its report of 1917, comments upon earth 
pressures as follows: ‘‘ Actual tests on an extensive scale will be 
required to produce any results of real value. No such tests 
have yet been made, and in the absence of such definite infor- 
mation as they might be expected to produce, and believing that 
the intelligent use of theoretical formulas leads to economical 
and proper design, this committee therefore recommends that 
Rankine’s formulas, which consider that the filling is a granular 
mass of indefinite extent, without cohesion, be used in the 
designing of retaining walls.” 

Rankine’s development of earth pressure, which starts out 
with an infinitesimal prism and leads to an expression for the 
thrust of the entire earth mass upon a given surface, leads to the 
general equation, 


P=CX wes (85) 
in which P is the total thrust upon the back of the wall, w the 
weight of the earth per cubic foot, h; the height of the earth 
column in feet, and C a constant depending upon the angle of 
inclination of the back of the wall, the conditions of loading, 
and the physical properties of the earth fill. The original 
development by Rankine includes formulas for vertical walls 
only. This theory has been expanded by Ketchum? to include 
walls leaning away from the filling and walls leaning toward the 
filling. These latter equations, in addition to the original 
vertical wall expressions, are given in the report of the Committee 
mentioned above, in substantially the form shown in Fig. 92. 

The amount of the pressure on any given horizontal strip 1 ft. 
in height at a distance x ft. below the surface of the earth is 
given by the equation 

P, = Cwe: (86) 
The pressure distribution along the back of the wall for cases 
1 and 2 of Art. 181 is shown in Fig. 93a, and for Case 3 in 
Fig. 930. 


2 Ketcuum, “ Walls, Bins, and Grain Elevators.’ 
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In determining foundation pressures in a wall of a cross-section 
as shown in Fig. 94, the earth fill vertically above the base slab is 
considered as a resisting pressure equivalent to the same weight of 
masonry, and the total overturning pressure is the total earth 


(a) (b) 
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thrust on a vertical plane at the heel of the wall. The height 
CD is therefore used in equation (85) for determining the earth 
thrust. This applies also to walls of gravity section in which 
the back slopes away from the fill. In determining the bending 


~ 


---——-------- 2p --~---- --------ske-- 


Fia. 94. 


moment on the vertical arm AB (Fig. 94), the total thrust is due 
to a column of earth of a height equal to AB. 

183. Line of Action of Earth Pressure. The line of action of 
the total thrust upon a wall with a vertical back exposed to the 
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action of the earth is parallel to the top surface of the filling. 
In a wall whose back slopes away from the fill, the total thrust 
upon a vertical plane through the heel of the wall acts parallel to 
the top surface of the earth. For walls leaning toward the filling, 
the resultant pressure P will be horizontal for a wall without 
surcharge or with a horizontal loaded surcharge, and will make an 
angle \ with the horizontal for a wall with a sloping surcharge. 
The values of \ will vary from the angle of surcharge, where the 
wall is vertical, to zero, where Rankine’s theory shows that the 
resultant pressure is horizontal. Values of \ are given in Fig. 92. 

184. Point of Application of Resultant Earth Pressure. For 
walls with no surcharge, or a sloping surcharge, the point of 
application of the total earth thrust is usually assumed at a point 
in the plane against which the earth is acting and at a distance 
of one-third its height, measured from the base of the plane. For 
walls with a loaded surcharge, the point of application is taken 
at the center of gravity of the pressure quadrilateral shown in 
Fig. 93b. The location of the point of application of the resultant 
thrust for the various conditions of loading 


Ga AE Pig : : 
es is given in Fig. 92. 


185. Factors Affecting the Design. TF ol- 
lowing a determination of the earth’s thrust, 
an investigation must be made of all pos- 
sible modes of failure, and each element 
of the construction so proportioned as to 
make such failures impossible. A gravity 
type of wall may fail by sliding along the 
plane of the base, by overturning, or by 
settlement at the toe, caused by crushing 
of the soil there. An extreme case of this 
will also cause overturning. A reinforced 
concrete wall may fail in any of the ways 
mentioned above. In addition, any of the thin sections which 
together furnish the necessary strength and rigidity might 
yield in a manner similar to a corresponding element in other 
constructions. 

186. Overturning and Crushing. When the overturming 
moment Py (Fig. 95) becomes equal to the stability moment 


Fig. 95. 
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Wg, the wall is at the point of incipient overturning. This con- 
dition exists when the resultant of the overturning and resisting 
loads passes through the toe of the wall. As long as the resultant 
load falls within the base, the wall is safe against overturning. 
The desirable location of the point of intersection of the resultant 
load and the base depends upon a consideration of foundation 
pressures. 


PRESSURES ON FOUNDATION 


Fesultant in middle third 
Pr -(41-6a) 5 
By 
Pe Pp =(6a-2b)75 
: f 
when a- Zp, =P>*7 


Resultant outside of middle third 


ba ta) 
Pisa 


Fia. 96. 


In Fig. 96a, let H represent the resultant of the total earth 
pressure and the resisting weight on a 1-ft. strip of wall, and let F 
represent its vertical component. The point of intersection 
of # with the base of the wall is located by the distance a. Under 
these conditions the column of earth directly under the base 
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: l 
sustains an eccentric load F at a distance of 574 from the 


gravity axis of the column. Applications of the principles of 
flexure and direct stress as outlined in Chap. IV lead to the 
general expression for the values of p; and pe, the unit pressures at 
the toe and heel of the wall, respectively, as follows: 


p, = (41 — 6a); (87) 
p2 = (6a — al) . (88) 


Examination of equations (87) and (88) shows that uniform soil 


pressure occurs only when a = 9 that is, when no eccentricity 
ny) 


of load exists. For this condition, p1 = pz = 7 Since an ideal 


design of foundation demands a uniform distribution of upward 
pressure, the desired location of the point of intersection of the 
resultant # with the base is at the middle of the base. The 
economics of retaining walls, however, usually forbids the ful- 
filment of this condition. Further examination of the equations 
indicates that when the intersection occurs within the middle 
third of the base, compression exists over the entire foundation— 
the footing is bearing on the soil along its entire length. Ifa is 


less than 3’ tension exists at the heel—the footing is not bearing 


on the soil along its entire length. If the construction is such 
that this tension cannot be provided for, the entire load will have 
to be resisted by the compression under the forward portion of 
the wall, that is, over a distance 3a from the toe (see Fig. 96c). 
The expression for the unit pressure at the toe under this condi- 
tion becomes 
_ 2F 
Pl ~ 30 
A larger toe pressure results from the use of equation (89) than 
would be the case if equation (87) were applicable. 

Analysis of the above discussion leads to the conclusion that, 
since it is economically undesirable under ordinary conditions to 
proportion the wall so as to cause a uniform distribution of the 
pressure on the foundation bed, a satisfactory design results 


(89) 
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when the line of action of the resultant pressure on the founda- 
tion bed intersects the base at any point within the middle third, 
provided the safe bearing pressure of the foundation material is 
not exceeded. When the wall rests upon a compressible material 
where settlement may be expected, the resultant thrust ZH should 
strike at the middle or back of the middle of the base so that the 
wall will settle toward the filling. Where the wall rests on solid 
rock, or is carried on piles, the resultant thrust E may strike 
slightly outside the middle third, provided the wall is sufficiently 
safe against overturning, and also provided the maximum allow- 
able pressure is not exceeded. 

The requirements of foundation pressures, therefore, require 
the wall to be safe against incipient overturning; a wall pro- 
portioned to distribute properly 
the load over the foundation will 
furnish a factor of safety, against 
the tendency to topple over, 
greater than 1. To allow for 
obvious exigencies, this condition 
should always be investigated and 
a suitable factor of safety applied. 


of Vertical Loa 


Confer of trav. 
E 
| 


Since the wall is designed for the . 

greatest load that is anticipated, rel 2 af ake § | 
this factor need not be large. A  [K---------- eee 
value of 2 is satisfactory for ordi- Fia. 97. 


nary design. An expression for 
the overturning safety factor may be derived as follows: 
In Fig. 97 let F = vertical component of resultant 
P, = horizontal component of earth thrust 
l = length of base 
n = factor of safety against overturning 
a = distance from toe to point of intersection 
of resultant with base 
In the triangles MNQ and MSV 
ee 
b—a Pu 
Dee eae 
PyXt b-a 
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Multiplying each side by 6 
Foss Sone 
(2 >< t ah b td} 


1 ( (90) 


An approximate value for n may be found by substituting for 


b in the above equation its near equivalent oY 


l 


ean resare 


(91) 

187. Sliding. In order to prevent sliding of the wall along the 
base, the frictional resistance of the base against the foundation 
material must be greater than the horizontal component of the 
thrust on the back of the wall. The frictional resistance of the 
base is equal to the resisting weight multiplied by the coefficient 
of friction of the masonry on the soil. The coefficient of friction 
of masonry on dry clay varies from 0.5 to 0.6; on wet clay 0.33; 


(a) (b) 


Fig. 98. 


on sand 0.4; on gravel 0.6. A factor of safety of 11% is usually 
considered satisfactory. 

In case an adverse condition of sliding exists, the base may be 
widened, thus increasing the weight of the wall; narrow shallow 
trenches may be dug in the foundation, forming projections which 
will materially increase the resistance to sliding; the base may be 
inclined upward toward the toe; or the forward portion of the 
trench may be filled with masonry so that the wall butts directly 
against the original earth. Figure 98 illustrates the principles 
involved in sliding resistance, 


RETAINING WALLS 347 


188. Details of Construction. The front of the wall is usually 
built with a batter of from 14 to lin. in12in. A coping, project- 
ing a short distance beyond the wall, adds to the architectural 
appearance and, to a certain extent, protects the masonry in the 
body of the wall from dripping water. The base of the founda- 
tion should be a sufficient distance below the surface of the 
ground to insure against the dangers of action by frost, a mini- 
mum of 214 ft. being sufficient in ordinary climates. Expansion 
joints should be provided at intervals along the wall, preferably 
not further apart than 30 ft. In the reinforced walls where 
cracks would not only be unsightly but also detrimental to the 
integrity of the wall, additional steel should be placed at right 
angles to the main reinforcement to provide for temperature and 
shrinkage stresses. An amount varying from .1 to .33 per cent 
of the cross-section area is usually specified. Proper drainage of 
the fill behind the wall may be effected by inserting 4-in. drain 
tiles through the wall near the bottom at intervals of 10 to 15 ft., 
and piling crushed stone, gravel, or other coarse material around 
these ‘“‘weep holes” at the back. At least one drain should be 
provided for each pocket formed by counterforts. 

189. Application of Fundamental Principles. It should be 
remembered that® ‘‘no theoretical formulas can be more than 
an aid to the judgment of the experienced designer. The main 
value of such formulas is in obtaining economical proportions, 
in obtaining a proper distribution of the stresses, and in making 
experience already gained more valuable.” A careful study 
should be made of the conditions in the design of each wall and 
modifications of ‘the above discussion made wherever required 
by the peculiarities of the problem under consideration. 

The foregoing fundamental considerations will be elaborated 
upon, and the additional computations required to proportion 
properly the elements composing the various types of reinforced 
concrete walls will be explained in the following typical designs. 

190. Design of Gravity Wall. A gravity wall 16 ft.-0 in. high 
is to sustain a bank of earth with a loaded horizontal surcharge 
equivalent to 4 ft. of filling above the top of the wall. The safe 


3 Report of Committee on Masonry, Bulletin, Amer. Ry. Eng. Ass’n., 
February, 1917. 
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bearing pressure on the clay foundation bed is 2 tons per sq. ft. 
The weight of the retained fill is 100 lb. per cu. ft., and the angle 
of repose 33 degrees 42 minutes. Determine the required section 
of wall. 

The ordinary procedure in the design of a gravity type wall is 
to select a tentative section, the dimensions of which are governed 
by the judgment and experience of the designer. This tentative 
section is then analyzed in accordance with the principles out- 
lined above, and modifications in the assumed dimensions made 
where necessary. 

In the present case, the tentative dimensions are shown in 
Fig. 99. Investigation must be made with and without the por- 
tion of surcharge directly over the base included in the resisting 
weight W3. Assuming that the former condition obtains, the 
analysis is as follows: 

From Fig. 92, the total pressure per foot of wall against the 
vertical plane through the heel of the wall 
1 —sin¢ 
1+sin ¢ 
= ; x 100 X 16(16 + 8)(.286) =5500 lb. 


The distance of the point of application of P above the bottom 
of the plane is 


ae 5 wh(h 4 2h!) x 


_ V+ 3hh 
Y= 3(h + 2h’) 
_ 167+3X4X 16 


Wise sori’ x 13 X 150 = 9750 lb. 

We = 9.5 X3 X 150 = 4280 lb. 

pee! - 470% 100 = 7350 Ib. 
Ww = 21,380 lb. 


By taking moments about the toe of the wall, the point of 
application of the total resisting load W is found to be 5.05 ft. 
from that point. 

The resultant of P and W = 22,100 lb. and intersects the base 
3.44 ft. from the toe, or 0.27 ft. inside the forward edge of the 
middle third. 
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aU Con te 3 = S00 ne per at 
en = = 389 lb. per sq. ft. 


Investigation of the same section, assuming that the surcharge 
directly over the base is not included in the resisting load W3, 
shows that the total load W = 18,580 lb., and its point of applica- 
tion is 4.90 ft. from the toe of the wall. The point of application 
of the resultant of P and W is 3.05 ft. from the toe. This is but 
0.12 ft. outside the middle third, and will be assumed satis- 
factory. The toe pressure for this case is, 


Pers) 


Pi = 33.05 4050 Ib. per sq. ft. 


For Case 2, which is the most severe condition, the overturn- 
ing moment is 
5500 X 6.24 = 34,300 ft.-lb. 
and the resisting moment 
18,580 X 4.90 = 91,200 ft.-lb. 


The factor of safety against overturning = =~ = 2.66 


The force producing sliding = 5500 lb., and the force resisting 
sliding, assuming the coefficient of friction along the base as .5, 


5S X 18,580 = 9290 lb. 


The factor of safety against sliding = oe = 1.69 


191. Design of Cantilever Wall. Design a reinforced concrete 
wall of the cantilever type 18 ft.-0 in. in height, to retain a bank 
of earth with a surcharge whose slope is 144:1. The wall is to be 
placed along the easement line, beyond tat no encroachment 
is permissible. The soil is a firm clay with an allowable pressure 
of 314 tons per sq. ft. The weight of the retained fill is 100 lb. 
per cu. ft. The allowable unit stresses are as follows: f. = 800, 
f; = 16,000, u = 100, v = 40, and n = 15. The coefficient of 
friction between the concrete base and the subsoil equals .5. 

Owing to the conditions, an L-shaped wall with a vertical face 
is necessary. The tentative dimensions are shown in Fig. 100. 
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The overturning pressure on a vertical plane through the heel 
of the wall from Fig. 92 is 
P = 4 cos 6 X wht+h’)? 
= 14 X .832 X 100 X (26.6)? = 29,500 lb. 


. 26.6 
and its point of application eee 8.9 ft. from the base of the 


plane. 

The total relieving weight W, consisting of the weight of the 
wall and the earth directly over the base, is found as in the pre- 
ceding example to be 34,200 lb., and its point of application 7.2 
ft. from the front face of the wall. The resultant of P and W, 
found graphically, is 56,000 Ib. and its point of intersection with 
the base 5.03 ft. from the toe, or 4)4 in. inside the forward edge 
of the middle third. 


= (4 ~ 14 — << 5.08) ax a = 6600 lb. per sq. ft. 
po = (6 X 5.03 — 2 & 14) X SS ae = 560 lb. per sq. ft. 


The factor of safety against overturning, by equation (90), 
Art. 186, equals 


AB _ 7.2 
CB 7.2 — 5.08 
In order to furnish a sliding safety factor 
of 114, the friction force required equals 
25,000 X 114 = 37,500 lb. The force fur- 
nished by the friction on the base equals 
5 X 50,000 = 25,000 lb. Assuming that the 
concrete is poured directly against the original 
earth in front, the sliding resistance furnished 
by the earth at the toe is 3 x 7000 = 21,000 
lb. The total resistance is 46,000 lb., which 


= 3.3 


is ample. 
Vertical Arm. Figure 101 represents the 
Fig. 101. force acting on this member. 
P= soe x 100 X 15° = 9360 lb. 


Uv 
ey 
| 


= 9360 X .832 = 7800 lb. 
7800 X 5 X 12 = 468,000 in.-lb. 


M,-z 
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Sane 
oa pear ==) Gps) stay. 


146.7 * 12 

Vea =. 7000 Ib. 
i 7800 a 18.6 in. 

ANU Se IPS 8 


The thickness of 30 in. selected gives a value of d = 27 in., 
allowing 3 in. insulation. A smaller value of d would require 
excessive reinforcement, which would add greatly to the cost of 
handling and placing. Assuming 7 = .875, 

nes 468,000 
: 16,000 X .878.* 27 


34-in. round deformed bars 4 in. center to center are selected. 


ae = .0041, and from Table V, 
j = .902. The revised required steel area = 1.20 sq. in. per ft. of 
wall, and the 4-in. spacing is still necessary. 

7800 
LS ES GAS ay 1) 

The rods must continue into the base a distance beyond the top 
of the base slab sufficient to develop their strength in bond, or 

16,000 Bok. eae 
4X 100 x 4 = So ninie 

Investigation must be made of the depth and area of steel 
required at intermediate planes in the height of the vertical arm. 
This may be accomplished by considering the wall above the 
plane in question as a free cantilever and analyzing in a manner 
similar to that followed above for the entire vertical arm. The 
actual effective depth furnished at the plane should be used in 
solving for the steel area. The depth required at any section 
should be less than that furnished. 

On account of the decreasing pressure, the number of bars 
required per foot of wall at any horizontal plane decreases as the 
top of the vertical arm is approached. Therefore, alternate bars 
may be discontinued a safe distance beyond the points of theo- 
retical cut-off. The points at which these bars are no longer 
required may best be found by computing the steel area required 
at two or more intermediate heights, and plotting required steel 


= 1.24 sq. in. per ft. of wall. 


With this arrangement, p = 


“= = 45 |b. per sq. in. 
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areas against height of vertical arm. In the present case, every 
other bar is discontinued at a distance of 4 ft. from the top of the 
base slab, and every other remaining bar is cut off at a point 8 
ft. from the top of the base slab, both of these being well above 
the theoretical points of cut-off. This arrangement gives a 
spacing of 16 in. for the bars 
near the top of the wall. This 
represents practically the maxi- 
mum spacing desirable for these 
bars. 

Base Slab. Figure 102 repre- 
sents the forces acting on the 
base slab. The maximum 
moment occurs along the plane 
B-B, and is equal to the differ- 
ence in moments of the upward 
foundation pressure and the 
downward load from the filling 

Fic. 102. above the portion of the base 

slab behind the plane B-B. 

The vertical component of the resultant earth pressure on the 

wall, assumed as uniformly distributed over the rear portion of 

the base slab, should also be included in computing the down- 

ward moment. The total downward load of the filling and base 
slab itself to the rear of B-B is 


16 + 23.6 
2 


xX 11.5 X 100 + 3 X 11.5 X 150 = 28,000 lb. 


Its point of application is 6.1 ft. from B. The vertical component 
of the thrust P = 29,500  .554 = 16,100 lb., and is assumed as 
uniformly distributed over the base slab to the rear of plane B-B. 
The total upward pressure from the foundation (see Fig. 102) 
is 
560 + 5530 
an —— X 11.5 = 35,000 lb. 


and its center of gravity is 


11.5(5530 + 2 x 560) 
3(5530 + 560) 


= 4.2 ft, trom 6 
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Mz_p = 28,000 X 6.1 + 16,100 X 5.75 — 35,000 X 4.2 = 
116,700 ft.-Ib., or 1,400,000 in.-lb. 
Vp_p = 28,000 + 16,100 — 35,000 = 9100 lb. 


1,400,000 
f = ? tele FEES . 
d for moment 146.7 < 12 28:2 
d for shear ey = WANG tree 


~ 40K % & 12 
Allowing 3 in. for insulation, the effective depth furnished is 
33 in. A smaller value would require excessive steel. 
es 1,400,000 
Ay E 16;000°K: BTA BS 
This is furnished by I-in. square deformed bars 4 in. center to 
center. 


= 3.0sa. in. per ft. of wall. 


ee 
Mice VIET SOTE R BB | ). per sq. In. 
16,000 
aeons Se 


A hook on the wall end of each bar provides for the deficiency 
in length of embedment. . 

Since the downward moment is greater than the upward 
moment, the tension face is uppermost, and the steel must 
be placed along that face. Alternate bars in the base slab could 
be discontinued as outlined in the design of the vertical slab. 

In the vertical slab the principal temperature reinforcement 
is horizontal, and most of it is placed along the exposed face. On 
the front face, 14-in. round horizontal bars, 12 in. center to center 
vertically, are used, and wired to 1!4-in. round vertical bars 
36 in. center to center. On the rear face, }4-in. round horizontal 
bars 24 in. center to center are wired to the main slab 
reinforcement. 

In the base slab, 14-in. round bars are wired to the main 
reinforcing steel, and placed 12 in. center to center to prevent 
the formation of cracks which would permit seepage of water into 
the slab, with the resulting damage to the reinforcing bars. 

4This amount of steel is rather large for efficient handling. A more 
satisfactory design would result by increasing the thickness of the base 
slab so that the spacing of the 1-in. square bars could be increased to approxi- 
mately 6 in. 
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COUNTERFORT RETAINING WALL 
Fia. 103. 
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192. Design of Counterfort Wall. Design a reinforced con- 
crete wall of the counterfort type, 24 ft.-0 in. in height, to support 
an earth fill, the upper surface of which is horizontal and level with 
the top of the wall. The weight of the filling is 100 lb. per cu. ft., 
and the angle of repose 33 degrees 42 minutes (slope 14% : 1). 
The allowable pressure on the soil is 2 tons per sq. ft., and the 
coefficient of friction between the base and the subsoil is .4. A 
spacing of 10 ft. for the counterforts for walls of medium height will 
usually be economical. The ordinary range of counterfort spac- 
ing is from 8 ft. for the low walls to 12 ft. for the higher walls. 


\----@ --->k--x -->I 
Fra. 104. 
The thickness of counterfort varies from 12 to 18 in. In the 
present case a thickness of 18 in. and a spacing of 10 ft. will be 
used. The remaining dimensions are assumed as shown in Fig. 
103. In estimating foundation pressures, a length of wall of 
10 ft. is considered to allow for the effect of the counterfort. 
Allowable unit stresses are as follows: f, = 650, f, = 16,000, 
u = 100.» = 40. and n = 15. 
From Fig. 92, P = .143 X 100 X 24” X 10 = 82,500 lb. 
y=16 X 24 = 8 ft. 
As in the preceding designs 
Wi, = 10 X 1 X 22 X 150 = 33,000 lb. 
We = 2 * 11 xX 10. X 150 = 33,000 lb. 
W3 = 46 X7 X 22 X 1.5 X 150 = = 17,300 lb. 
We = XGSeo2 15x 100-=: -11,600,1b. 
Ws=7 X 8.5 X 22 X 100 = 131,000 lb. 


W = 225,900 lb. 
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The point of application of the total relieving weight W is found 
by taking moments about the toe of the base slab to be at a dis- 
tance of 6.64 ft. from the toe. The resultant pressure on the 
base is 

~/ (225,900)? + (82,500)? = 240,000 lb., 

and its point of intersection with the base is determined analyt- 
ically as follows: In Fig. 104 let x be the horizontal distance 
from the line of action of W to the point where the resultant # 

intersects the base. Then, by similar triangles, 
Md 
y W 
82,500 X 8 
~ 225,900 

The distance a = 6.64 — 2.93 = 3.71 ft. The resultant 
pressure on the base intersects the base .04 ft. inside the middle 
third. 


= 2.93 ft. 


Pi = ap (4X 11 —6 X 8.7122" = 4050 Ib. per sq. ft. 
Pe = <5 (6 X 8.71 — 2 X 11) pew”? = 50 Ib. per sq. ft. 


The factor of safety against overturning is 


225,900 6.64 
82,500 X 8 


The factor of safety against sliding, including in the sliding 
resistance the resistance offered by the soil in front of the 12-in. 
key wall shown in Fig. 103, is 

225,900 K .4 + 10 X 4000 
82,500 

Vertical Slab. The vertical slab is designed as a simple slab 
supported by the counterforts. The thickness of slab required 
is governed by the pressure at the top of the base slab. For a 
horizontal strip of vertical slab 12 in. high, 22 ft. down from the 
top of the wall, the pressure per linear foot, from equation (86), 
Art. 182, is 


= 2.27 


= 1.58 


(1 — sin ¢) 
(1 + sin ¢) 
100 XK 22 X .286 = 630 lb. 


P, = wxC = wx 
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The maximum bending moment in the strip, assuming the 
length as the clear distance between counterforts, is 
M = ¥ X 630 X 8.5 x 12 = 68,400 in.-lb. 
ake oe Speen 


107.7 x 12 
V = 14 x 630 X 8.5 = 2680 Ib. 
pipe alc Eis 


40 X % X 12 


The thickness of 12 in. adopted, furnishing an effective depth 
of 9 in., is satisfactory. A thinner section would be impractical 
because of the difficulty in placing the concrete in the forms. 


: 68,400 _ ls eet 
With K = 12x92 70.5, Table IV gives 7 = .895 


68,400 


bead o BrOERy AAV ears es 4 . 
i 16,000  .895 x 9 0.53 sq. in. per ft. 


14-in. square bars, 5.5 in. center to center, are selected. 


u= oS ~ = 76 lb. per sq. in. 
2X 55 x 895 X 9 


A similar investigation for strips of the vertical arm at heights 
of 18, 12, and 6 ft. give spacings of 14-in. square bars required 
of 7, 12, and 24 in., respectively. The rods are placed as shown 
in Fig. 103. 

Heel Slab. The rear portion of the base slab is designed 
as a simple beam supported by the counterforts. The load on the 
slab is equal to the difference between the upward soil pressure 
and the downward load from the earth above it. The load dis- 
tribution is shown in Fig. 105. The slab is analyzed in strips 2 
ft. wide. The strengthening action of its monolithic construction 
fully warrants such a procedure. The strip at the heel is sub- 
jected to a resultant load per foot of 


780 
(2200 + 300) X 2 — Gases) 2 = 4170 Ib. 


M =16 X 4170 X 8.5 X 12 = 453,000 in-Ib. 


8.5 
ie 9 
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The depth required is governed in this case by the shear. 
= 20.5 in. 


Allowing 3 in. insulation for the steel, an effective depth of 21 
in. is furnished and the assumed thickness of slab is satisfactory. 
1 453,000 

A. = 5X 76,000 x .9 X 21 


5¢-in. round bars 5 in. center to center furnish the necessary 
area. 


= (0.75 sq. in. per ft. 


17,700 he. p 
~ 1,964 X 246 xX 9X21 99 Ib. per sq. in. 


U 


2200+300=2500 Jb per ft, 


£50 Ibporkt 
780 lbper ft. 


é ‘2960 Ib per Ft 
4050 /b per ft. 
Fig. 105. 
Deformed bars are necessary. 
3068 


From Table V, 7 = .914 and the revised steel area = 0.74 
sq. in. per ft. 

Since the downward load exceeds the upward pressure, the 
steel at the heel must be placed near the bottom of the slab. 
The point where the upward pressure becomes equal to the 
downward load is at a distance of x ft. from the heel, where 


x = (2500 — 50) X 114000 = 6.75 ft. 
The heel slab steel in front of this point is required in the top of 
the slab. In the present case, the top steel is omitted, since 
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the point of inflection is approximately under the rear face of the 
vertical slab. 

Following an investigation of the other strips along the heel 
slab, the reinforcement is placed as shown in Fig. 103. 

Toe Slab. The toe slab is designed as a free cantilever with 
a length of 3 ft.-0 in. The moment in the cantilever is due to 
an upward load as represented by the trapezoid of pressure 
underneath (Fig. 105) and a downward load equal to the weight 
of the toe slab itself. The resultant moment equals 183,800 
in.-lb., and the resultant shear 9600 lb. With an effective depth 
of 20 in., the unit shear, 


9600 


Chae hei ee 44 lb. per sq. in., 


v 


which may be considered satisfactory. 


183,800 De Ve 
es 16,000 O20 0.64 sq. in. per ft. 


To satisfy requirements of bond, 5<-in. round deformed bars 
are spaced at 41% in. center to center, and every fourth bar 
continued to the heel of the wall to furnish transverse reinforce- 
ment in the heel slab. 

9600 ; 
uUu= 1.964 X 12 x .9 x 20 = 102 lb. per Sq. in. 


4.5 


Counterfort. The moment in the counterfort is due to the 
pressure of the earth on the vertical slab over a length of wall 
equal to the distance center to center of counterforts. 

P = .143 X 100 X 22? X 10 = 69,300 Ib. 
y = 4 X22 = 7.33 ft. 
M = 69,300 X 7.33 X 12 = 6,110,000 in.-lb. 

The effective depth of the counterfort is the perpendicular 
distance from the point A (Fig. 103) to the reinforcing steel. 


ll 


io x 1 B= BB in 
ae 22? + 7? 
110,000 
aS 6, ’ 


- 110,000" = = 4.93 64. in. 
16,000 X 9 X 88 sq 
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Five 1-in. square deformed bars are used. 

P = gsr gg = -0032, j = 912, A, = 4.77 
69,300 
~ 4X 5X .912 X 88 

The effective depth to be used in determining the unit shear on 
the base of the counterfort is equal to the horizontal distance 
from A (Fig. 103) to the reinforcing steel, that is, 

d = (8X 12) —3 = 93 in. 
69,300 
amis x7 oT2 50.93 

This value of the unit shear is satisfactory because horizontal 
bars are provided to anchor the vertical slab and the counter- 
fort together. These bars serve the added function of web 
reinforcement. 

Following an investigation of the moment and shear at heights 
of 6, 12, and 18 ft., the rods are bent into the counterfort in pairs 
as shown in Fig. 103, and anchored to the vertical slab steel. 

To provide for the pull of the vertical slab, horizontal 4-in. 
square bars are placed in pairs in the counterfort, one on either 
side, so arranged as to hook over the vertical slab reinforcement 
and extend to the rear of the counterfort. These bars are so 
spaced as to engage every other bar in the vertical slab. The 
amount of pull at the base of the vertical slab per foot of height is 


.286 X 100 X 22 X 8.5 = 5360 lb. 

The area of steel required per foot of height is 

5360 : 
16,000 = .334 sq. in. 

The 14-in. square bars, 11 in. center to center, furnish 0.56 
sq. in. Similar investigations at various heights show that the 
arrangement described above is satisfactory. Vertical 14-in. 
square bars are placed at intervals in the counterfort and 
anchored to the base slab reinforcement as shown in Fig. 103. 

The main reinforcing bars must extend into the base slab a 
distance 


u = 43 lb. per sq. in. 


v = 45 lb. per sq. in. 


lL = ———— x1 = 40in. 
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A key wall 1 ft.-6 in. deep and 2 ft.-0 in. wide is constructed 
under the heel of the wall to provide the necessary embedment. 
The main bars are hooked as a further precaution. 

In the above design the vertical slab and rear portion of the 
base slab have been assumed as simply supported and no pro- 
vision made for continuity over the supports (the counterforts). 
Some designers prefer to consider these portions as partially 
or fully continuous, and to provide for the negative moment at 
the supports by bending every second or third bar to the opposite 
face of the slab. Where such an assumption is made, a moment 
coefficient of {9 or %2 may, of course, be used. 

To provide for the negative moment, some bars may be bent 
to the opposite face at the counterforts, or additional straight 
bars may be placed in that face across the counterforts. The 
length of such bars should be from 0.5 to 0.6 of the spacing of 
counterforts. In the higher walls some provision should be made 
for continuity even though the slabs are designed as simply 
supported. 


CHAPTER X 
ARCHES 


193. Advantages and Forms of Reinforcement. An arch with 
a parabolic axis and loaded with a fixed uniform load would 
require no steel reinforcement, for the line of pressure would 
coincide with the axis of the arch, no moment would be produced 
in any section, and the stresses would be wholly compressive. 
In the principal adaptation of the concrete arch, namely the 
concrete arch bridge, the live load is not fixed, and the most 
desirable form of arch departs considerably from the parabola. 
Provided the ratio of live load to dead load is so small that under 
no loading conditions the line of the resultant pressure departs 
from the middle third, compressive stresses only exist. Often, 
however, in order to accomplish this result without the use of 
reinforcement, rather heavy sections are required. With the use 
of steel reinforcement it is not necessary to keep the line of pres- 
sure within the middle third as the steel can care for tensile 
stresses just as in a reinforced concrete beam. 

As in all concrete members whose main stress is compression, 
there is no theoretical economy in the use of the reinforcement. 
With the line of pressure within the middle third, the stress in the 
steel is compression and the working values low. Even when 
the line of pressure is outside the middle third, the tensile stress 
is usually not great, as the compressive stress in the concrete 
on the other side of the section is the governing factor. As in 
columns, the use of the reinforcement makes the arch a more 
secure and reliable structure and aids in preventing cracks due to 
settlement. 

The forms of reinforcement vary. The smaller arches are now 
generally constructed with ordinary reinforcing bars on both sides, 
these bars being usually tied together in some manner in order to 
be more effective in aiding the concrete in resisting the compres- 


sion. Some of the earlier arches used wire netting as reinforce- 
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ment and some of the so-called “system” types use certain 
forms of structural steel. A few of the larger arches of the 
present day are built with heavy structural steel reinforcement, 
or a combination of structural steel and ordinary reinforcing bars. 

194. The Curve of the Intrados. The form of the curve of the 
intrados (see Fig. 106) is one of the main considerations in the 
design. This curve is usually circular, multi-centered, elliptical 
or parabolic. The multi-centered arch is perhaps the most 
common, as: it gives a pleasing appearance and generally an 
economical design. It is usually either three centered or five 


Extrados, :Crown 


Haunch... ~Haunch 


( Intrados 


fl 
' 
& 

a 

< 


ETE POT SAA ee a ES 
aS ee ae Spreng 
Clear Span 
Fia. 106. 


centered. The three-centered arch ordinarily gives the more 
economic design, but the five-centered arch has more graceful 
lines and is often necessary on account of clearance requirements. 
The formulas for the radii when the span and rise are known are 
as follows (see Fig. 107): 


CS Ab 
R; = By 
pe at Bea AD 
2 2 ED cos 6, — BE sin 6, 
Poona AF’ + FB’ 
* 2 FB cos (6: + 62) — AF cos (61 + 02) 
sin Os 3 
fal l,VDE? + BE’ 
sin 99 = BNDE TOE 


195. Spandrels. The space between the back of the arch 
(the curve of the extrados) and the roadway is known as the 
spandrel. This space may be entirely filled with earth which is 
retained by side walls supported by the arch ring. This type of 
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construction is known as the filled spandrel arch. The spandrel 
space may, on the other hand, be left more or less open, and the 
roadway supported on a series of transverse or longitudinal walls 
or on a complete superstructure of columns, girders, beams, and 
slabs. This is known as open spandrel construction. With filled 
spandrels, the side walls may be of the gravity type or they may 
be reinforced and tied together with cross walls. Solid filling 


Fie. 107. 


increases the dead load, but open spandrel construction requires a 
much larger amount of form work. For short span arches and for 
arches where the ratio of rise to span is small, the filled spandrel 
type will usually be found to be the more economical. 

196. Loads. The principal load on an arch ring is the dead 
load, which consists of the weight of the arch ring itself, the 
spandrel construction, and the roadway. With open spandrel 
construction the dead loads (except that of the ring itself) and 
their points of application are definitely known. In such cases 
it is usual to assume the weight of the arch ring as concentrated 
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at the point of application of the superimposed loads. While in 
filled arches the pressure from the filling is really inclined, it is on 
the side of safety to neglect the horizontal component of the 
inclined force and design for the vertical loads only. Except 
in arches of comparatively high rise, the error is not great. 

The depth of filling at the crown depends on the type of load 
which the arch is to sustain. For highway bridges it is rarely 
advisable to use less than 1 ft. below the pavement, while for 
railroad bridges not less than 2 ft. below the ballast should be used 
in order to distribute the load uniformly and absorb the shocks 
from rapidly moving traffic. 

The weight of the earth filling is taken as either 100 or 120 
Ib. per cu. ft. The latter value is generally used where it is 
probable that at times the filling may be thoroughly saturated 
with water. Ballast is assumed to weigh 120 lb. per cu. ft. and 
pavement (except wood block) and concrete 150 lb. per cu. ft. 


s¥ Tie 8'x8'x/0-0” 
is} 


The live load used in a design should be the greatest that is 
likely to come upon the structure. For railroad bridges of 100-ft. 
span or less, the weight of the locomotive properly distributed 
should furnish the basis for design. For longer spans a some- 
what lighter load should be used. Where the filling is sufficient 
thoroughly to distribute the load, an equivalent uniform live 
load may be used. For highway bridges the same live loads are 
used as for the design of slab, beam, and girder bridges (see 
Chap. XI) except that in filled arches no allowance for impact 
need be made. 

197. The Arch Ring. The arch ring may have a width 
equal or nearly so to that of the roadway it supports, or a series of 
narrow rings or ribs may be constructed on which the roadway 
is supported. The former type is known as the barrel type and is 
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illustrated in Fig. 108. Thelatter is known as the ribbed type 
and is illustrated by Fig. 109. The former is always used with 
filled spandrel construction. It is usual to make such a design 
for a section of arch 1 ft. in width as in the design of slabs rein- 
forced in one direction only. The weight of roadway, fill, and 
arch ring may be assumed concentrated at a number of selected 
points, without any great error. In the ribbed type, two ribs 
give the more simple design, and should preferably be used 
except for very wide bridges. 


Floor Slab 


Stok Aib “Floor Bearn 
Bracket 
Half Section at Crown 


Diaphr 11, 


Half Section A-A 
Fic. 109. 


198. Crown Thickness. Various empirical formulas have 
been proposed for determining a trial thickness of arch ring at the 
crown. These depend upon the span, the rise, and the loads to 
be sustained. They give variable results, and none of them 
seems to fit a great variety of conditions. In flat arches the 
temperature and arch shortening stresses are of great importance, 
and no formula so far developed, to the authors’ knowledge, 
gives sufficiently definite consideration to these factors. Figures 
110 and 111, taken from an article by Joseph P. Schwada in the 
Engineering News of Nov. 9, 1916, seem to give as satisfactory a 
final thickness as any other method. It should be noted that 
these curves are for barrel arches for definite unit stresses and 
loads, and are based on a temperature variation of +20 deg. 
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32 Fill on Crown 2:0" 
30 Uniform Live Load 200 Ib.per sq. ft 
28}  £.=550 |b. per sq.in. 
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Fahrenheit. Allowance must be made for other unit stresses, 
loads, and ranges of temperature. 

199. Analysis of the Arch by the Elastic Theory. Let Fig. 112 
represent a curved beam, the curvature of the beam being large 
in proportion to its depth, so that the length of all fibers may 
be considered equal. Assuming ab as fixed and considering an 
elementary length As, the plane dc, in deflecting, rotates through 
an angle A¢ to the position d’c’.. The change in length of a fiber 
at a distance e from the neutral axis is eA¢d. The deformation 


: eAd ff. Pee Week 
per unit length is then Reick But M = ae th 
and Ag = ae 


Fre. 112: 


In the rotation of bending, it is assumed that each small block 

successively changes, beginning from the left end. In Fig. 113 

from similar triangles since rA@ is practically perpendicular to 
rAd Ay j a 

Vee te that Ay = vA¢ and since for a positive moment 


Ay is negative, substituting the value of Ad 


MzxaA 
wes ihe 
Similarly Ar = ues 


ARCHES 371 


A concrete arch with fixed ends is statically indeterminate since 
there are six unknown quantities, three at each support, namely 
the vertical and horizontal components of the reaction and the 
bending moment. Since the ends are fixed Ax = 0, Ay = 0, 
and A¢é = 0. By considering the arch cut at the crown, the 


Fra. 113. 


thrust, shear, and moment at that point may be determined, 
and these being known, each half of the arch becomes statically 
determinate. 

With the origin of coordinates at the crown C (Fig. 114), the 
horizontal movement of C due to bending bears the same relation 
to each cantilever. Then from the theory developed above 


Shar = — Sas 


a MyAs Bp MyAs 
Beat Hai anes ar (92) 


or 


Fic. 114. 


The changes in Ay are equal and in the same direction, so that 


AMevAs BM rAs 


c Rl  €¢-EI oe) 
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Also the changes in direction of the tangent to the axis at C 
are equal but opposite in direction, hence, 
AMAs B MAs 


CHET SCARE 
Denoting you as >! and >u as > Me, dividing the 


arch ring into divisions such that As is a constant! and eliminating 


(94) 


Ae. if. : 
1Tf the arch is divided so that 5 82 constant, the equations for H,, Vo, 


and M, are 
nimy — Zmzy 


He = aay)? — nzy"l 
Dmx 
Ve 2>2x? 
M, zm + 2H.dy 
2n 


iB Lhe ee es ee at 


In this case all ys are measured downward from the axis through the crown 
and are considered as negative; n equals the number of divisions in one-half 
of the arch. 


For temperature changes 


Tos gH wtln 
2 8 2[nZy? — (dy)?] 
Mine! Ho zy 
n 


and 
M=M.+4+ Hy 
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the constant H 


YM = ~ SMe > (95) 
Me 5 = Mes (96) 
Ye = - > (97) 


Considering the left half of the arch as a free body (Fig. 115), for 
any section M, tends to produce counterclockwise rotation, 
which will be taken as positive. Similarly V, is always positive. 
H, produces compression and acts towards the cut section at the 
crown. Hence for any section 


M=M,+Hyt+V.xr —m (98) 


where m is the bending moment at the section due to the external 
loads. 


Similarly for the right half 
M=M,+ H.y-— Vx«rx—m (99) 


For arch shortening 
. I Caln 
ee Das? (Day 
The graphical method of dividing the half axis into divisions so that 
is constant is shown in the accompanying figure. AB is drawn equal to 
one-half the arch axis. The curve CD is then drawn through points whose 
ordinates are J and whose abscissas are the corresponding distances along the 
arch axis measured from the springing. A length AZ is then assumed, a 
perpendicular FG erected at its center, and the lines AG and GE drawn. 
Starting from #, lines are drawn parallel alternately to AGandGE. Only 
two or three trials are usually necessary to divide the axis into the required 
number of divisions. For most arches ten divisions are sufficient. The base 
of each triangle thus formed corresponds to s and its altitude to J. Since 


all the triangles are similar, = is constant throughout. The center of all 


these divisions is now located on a drawing of the arch axis and their coordi- 
nates with the crown as the origin determined. 
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Substituting in equations (95,), (96), and (97), and combining 
the terms 


oH, > + 2M, + => > = 0 (100) 
2V. > =e t > =0 10H 
oH, 7 + 2M. > - Ss “= 0 (102) 


Considering the application of load on the left half of the arch 
only, the terms containing m, disappear. Combining equations 


(100) and (102), 
1 
. Ds =a a ay 


TSM y\2 4108) 
Ei — (3%) | 
m PE #8 
nie = Qu (104) 
ae 
MX 
while V.= : (105) 


22 
Is 
If the origin of coordinates? is shifted so that Dy = 0, equations 
2 This position may be determined as follows: 
Let y’ = distance from axis at crown to axis taken so that a = 


Yc = distance from axis at crown to any division point 
y = corresponding distance from new axis to the same division 


point 
Then y=y¥—yoy=y—y' 


and “S(" en 7%) =0 
a rola 


Therefore, 


>F- > and since y’ is a constant 
yi 
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(103) and (104) become 


wey 
eg (106) 
Ok 
m 
M, = oak (107) 


The ordinate y when measured upward from the axis is taken as 
positive, when measured downward as negative. 
For temperature stresses Ax is equal to the change in length 


tl 
of the half span = = » where w = the coefficient for one degree of 


temperature change, t the number of degrees of temperature 
change, and 1 the span. Then from equation (92) 


My As Gr wtl 
pee) ie BO 
Also since A¢ = 0 
M, _ 
io 0 


There being no external loads, m = 0, and from symmetry V, = 
0, hence M = M, + H.y. Substituting this value of WV in the 
above equations 


2 wil B 
Uo es = 5 a 


M, y 
and T -~ pee = 0 


Equation (106) will give the same value of H, as equation (103) while the 


H. 
5 es Hy’ from that 


I 


determined from equation (104). In the general expression for moment at 
any section, M = M, + H.y + Vox — m the sum of the first two terms is 
the same whichever position of the axis is taken as a basis for the summations, 


value of M, from equation (107) is different by 
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° Uh es 
But with 7 = 0 
He eee (108)? 
ys 
Dae 
Ms 20 
and M= Hoy (109) 


A thrust throughout the arch producing an average stress on 
the concrete equal to ¢a lb. per sq. in. would shorten the arch 


a 


span an amount equal to : , if the arch and the abutments were 


not fixed. Since the abutments are fixed, and the arch cannot 
shorten, there is a tensile stress developed. The action is similar 
to that of a fall in temperature. The resulting H) may be found 


cil . 
by substituting a for wtl of equation (108). There results 


Fp) re ate ; (110) 
sy" 
55, 


and similarly M = Hy. 


[g-------~--- mtn OUTRO | “ac eaten marae ere 
Fie. 116. 


200. Approximate Methods of Analysis. Since the form and 
dimensions of an arch must be assumed before any calculations 
are made, it frequently happens that the first assumptions do 
not give an economical design, and all the calculations must be 
repeated. A complete analysis is a long and tedious operation 
and it is desirable to have a method for more nearly determining 
the dimensions in advance so that the final stresses will be close 
to the desired values. Victor A. Cochrane* has developed a 
series of approximate equations for determining stresses in an 

3 + for a fall in temperature 

— for a rise in temperature 
4 Proceedings, Engineers’ Society of Western Pennsylvania, vol. 32, p. 647. 
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arch ring, which give values very close to those obtained by the 
exact method. While the authors’ experience with these equa- 
tions seems to indicate that the results obtained by their use are 
slightly smaller than those obtained by exact analysis, they are 
sufficiently accurate to warrant their use in preliminary calcu- 
lations, and in less important structures might serve as a basis 
for the final designs. Some of the equations developed by Mr. 
Cochrane are given on page 377. The following notation is used. 


1 = span of arch axis in feet 
h = rise of arch axis in feet 


: Rule 
r = rise ratio I 


y = ordinate of arch axis, the abscissa of which is cl 
s = length of half axis, measured along axis from crown to 
springing 
Ss, = distance along axis from crown to a given section whose 
abscissa is cl = x 
t, = thickness of arch rib at crown 
t, = thickness of arch rib at springing 
t, = thickness of arch rib at point whose abscissa is x 
Sz 
Ss 
us = ratio of thickness of springing to thickness at crown = 
t, 
to 
M,. = moment at crown in foot-pounds 
T.. = thrust at crown in pounds 
M, = moment at springing in foot-pounds 
T, = thrust at springing in pounds 
Tm = coefficient for wl for thrust at crown corresponding to 
maximum positive moment at crown 
Tm, = coefficient of wl for thrust at crown corresponding to 
maximum negative moment at crown 
V, = approximate dead load vertical end reaction, or one-half 
dead weight of span in pounds 
We = weight of arch at crown, plus average weight of super- 
structure at crown, in pounds per linear foot of span. 
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w = live load in pounds per linear foot of span (not necessarily 
the same for all positions of the live load) 
w = coefficient of linear expansion due to temperature changes 
t = change in temperature in degrees Fahrenheit 
H = modulus of elasticity of concrete in pounds per square foot 
I, = moment of inertia of arch rib at crown in bi-quadratic feet 
fa = average direct stress throughout arch in pounds per square 


foot 
fac = direct stress at crown section in pounds i square foot 
For open spandrel arches 


y= ge (3c? + 10c!r) (111) 
and tan 6 = at Br (3 + 5r) (112) 
For filled spandrel arches 
y= ns - (c? + 24c*r) (113) 
and tan @ = ier (1 + 7.5r) (114) 


If the half axis is divided into ten equal sections, the ratio of 
the depth of the arch at the center of each section to the depth at 
the crown is given in the following table. 


THICKNESSES OF TypicaL ARCHES 


Values of ws 


Value of v a eee 
TeSOR asa le 200) 2.25 a2. bOUR2. (oul e000) | aa2o 

1.000} 1.000} 1.000; 1.000) 1.000) 1.000) 1.000) 1.000 

.05 1.007) 1.006) 1.005) 1.004} 1.003) 1.002) 1.001] 1.000 
«Ld, 1.021) 1.018] 1.015) 1.012} 1.009} 1.006) 1.003) 1.000 
.25 1.035] 1.030} 1.025} 1.020) 1.015} 1.010} 1.005) 1.000 
.30 1.049] 1.042} 1.035) 1.028) 1.023} 1.021} 1.023] 1.030 
45 1.063! 1.054] 1.048] 1.048] 1.057! 1.070] 1.083! 1.101 
55 1.077) 1.072) 1.085)-1.105) 1.133) 1.165) 1.193) 1.231 
.65 1.095) 1.125) 1.168) 1.215) 1.269] 1.328) 1.385] 1.455 
5th 1.145) 1.223) 1.311] 1.403] 1.508) 1.625) 1.737] 1.865 
.85 1.245) 1.393) 1.547] 1.700) 1.862) 2.025] 2.185) 2.355 
.95 1.406] 1.621) 1.837] 2.055) 2.277) 2.495] 2.709] 2.932 
1.00 1.500) 1.750} 2.000) 2.250) 2.500} 2.750} 3.000) 3.250 
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The value of s, the length of the half axis, may be determined 
by scaling from the drawing or it may be taken by interpola- 
tion from the following table: 


Lenerus or THE Hater ArcH AxIs s IN TERMS OF THE SPAN LenatH / 


Values of ; for rise-ratio r = 


Kinds of arches ar taicuaat 
-10 PLS: .20 .25 .30 
Open spandrel arches . 513 . 529 .551 nOue .607 
Filled spandrel arches .O15 .534 .559 
| 


The formulas for moment, thrusts, and average stresses are 
given on page 377. 

201. Form of Arch Axis. It is the usual practice to make the 
arch axis conform to the dead load equilibrium polygon through 
the crown and the springing. The positive live load moments 
(those producing compression in the upper fiber) are greater 
than the negative live load moments at both the crown and 
springing sections. At certain sections in the haunch the 
negative live load moments will be the greater. If the axis is 
made to conform to the equilibrium polygon for dead load plus 
one-half the live load over the whole span, the total maximum 
positive and negative moments due to live load and dead load 
will be equal. Unless however, the ratio of live to dead load is 
unusually large, there will be little difference between such an 
axis and the one conforming to the dead load equilibrium polygon. 

The effect of the shortening of the arch axis is to produce 
positive bending moments at the crown and larger negative 
bending moments at the springing. Also the fallin temperature 
is often specified as greater than the rise which tends to produce 
larger positive than negative moments at the crown and larger 
negative than positive moments at the springing. In the haunch 
of flat arches the stresses produced by arch shortening and 
temperature changes are not nearly so great as those produced at 
the springing. 
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It is of benefit at the springing to make the arch axis conform 
to the dead load equilibrium polygon, since the arch shortening 
moments and the excess of fall over rise of temperature moments 
are the reverse of the larger live load moments, thus making the 
total positive and negative moments more nearly equal. The 
reverse is true at the crown, but since the springing section is 
much the larger it seems desirable to favor it rather than the 
crown section. The method of laying out the arch axis for dead 
load is outlined in Art. 203. 

202. Procedure in Arch Design. 

1. Assume a crown thickness from Fig. 110 or Fig. 111, or by 
comparison with a previous design, and compute the total dead 
load per linear foot of span at the crown. 

2. Assume a vertical springing thickness of from two to three 
times the crown thickness. For flat, heavily loaded arches the 
lower limit should be assumed, while the upper limit will give 
best results for arches of high rise. Assume the amount of 
reinforcement at the crown and at the springing. 

3. Make approximate computations for the length of the 


span and rise of the arch axis and determine the rise ratio, a 

4. By the equations of Art. 200 calculate the extreme fiber 
stresses due to the proper combinations of moments and thrusts 
using the methods and diagrams of Chap. IV. If the stresses are 
too small or too great, change the thickness at the crown or at the 
springing or both, and repeat the operation. It is usually not 
necessary to make approximate calculations for maximum nega- 
tive moment at the crown or for maximum positive moment at 
the springing, especially if the fall in temperature is taken as being 
appreciably greater than the rise in temperature. 

5. Lay out the arch axis according to equation (111) or equa- 
tion (113). In flat arches y should be computed at the quarter 
point of the span and for three or four intermediate points 
between quarter point and springing. In arches of high rise, one 
additional point between quarter point and crown should be 
determined. From the first table of Art. 200 determine the 
thickness of the arch at several points, and draw the curves of 
the intrados, extrados, and neutral axis. 
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6. Compute the dead loads at the panel points or at suitable 
intervals and lay out an equilibrium polygon passing through the 
crown and springing. 

7. Alter the shape of the arch axis so that it will fit the 
equilibrium polygon as nearly as practicable. Lay out the arch 
thickness again and determine the radii of the intrados, extrados, 
and neutral axis. 

8. Analyze the arch so determined by the elastic theory for 
maximum stresses in the steel and in the concrete. In most 
arches the maximum stresses occur either at the crown or at the 
springing, although where the ratio of live to dead load is large 
the maxium stresses may be found in the haunch. For aesthetic 
reasons the arch ring must gradually increase in thickness from 
crown to springing. Such a ring has a thickness much greater 
than required over the greater part of the distance between crown 
and springing. For this reason an investigation of the crown 
and springing sections is usually sufficient. 

203. Design of a Reinforced Concrete Arch. 

Type—Filled spandrel 

Clear span—70 ft.-0 in. 

Rise of intrados—10 ft.-0 in. 

Live loading—Cooper’s E-60 

Ballast 6 in. under ties 

Minimum fill—2 ft.-0 in. 

Unit stresses—for dead load, live load, and arch shortening 

f-—not greater than 650 lb. 

f;<—not greater than 16,000 lb. 

When temperature stresses are included an increase of 25 
per cent in the above stresses is permissible. 

Arch to be designed for a rise in temperature of 20 deg. Fah- 
renheit and for a fall in temperature of 30 deg. Fahrenheit. 

Considering the weight of one locomotive distributed over 
50 ft. of track and the load per foot distributed to the arch as 
shown in Fig. 108, the live load per foot section is about 600 lb. per 
ft. The rails and fastenings are assumed to weigh 150 lb. per 
ft. of track, and ballast and fill 120 lb. per cu. ft. 

Ties are 8 in. X 8 in. X 10 ft.-O in. In making computations 
for dead load it is assumed that the top of the ballast is level 
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with the base of rail and the weight of the ties neglected. 

From Schwada’s Curves (as given in Fig. 111), the crown thick- 
ness is assumed as 22 in. and the vertical springing thickness as 
two times the crown thickness, or 44 in. 

In Fig. 117, assuming ae as a straight line, and dec = 14ce = 22 
in. 

h = 120 in. + 11 in. — 22 in. cos?6 

l = 840 in. + 2(22 in. cos 6 sin 6) 


a 
¢ | 
A 
q : 
ai 
YY 
mee tc: ee , 


Fig. 117. 


Assume 6 = 38°; sin 38° = .616, cos 38° = .788 
es 17-3 In. 


i = 861.4 in, 
7 = 150 
4r ee Le ‘ ‘ 
But tan @ = Taare (1 + 7.57) = (See page 379.) 
4X .136 ay ee 


tan 38° = .781. 

Radial springing thickness = 44 X .788 = 34.7 

A springing thickness of 34 in. is assumed. 

Reinforcement at crown 7¢-in. round rods 6 in. center to center, 
one row 2 in. from extrados and one row 2 in. from intrados. 


2.41 d 2 


/ 
Therefore p = 12 x 22 7 .0091 and Piri .09. Ata point 


10 ft.-O0 in. from the springing, these rods are lapped with 1-in. 
round rods, the latter being carried through the springing section. 
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Therefore, at the springing, p = oa = .0077 and é = 4 = 
.06. The dead load at the crown consists of 
Willis. = c0.s cbc gh ieee eae eee 240 Ib 
Ballasts 0 ot. a eens eee Pattee ee 140 Ib 
Rails: ohio he eee Oe ae ae 10 lb 
CODGrebeer nie te ecu ae ty ne ores 275 |b 
665 Ib 
Approximate Method of Testing Trial Arch 
he—eiales 
h=9.8 
(pos Mate 
U, = = — Alesya: 
W, = 665 
w = 600 
w = .000006 


E = 288,000,000 lb. per sq. ft. 
¢ = +20 deg. Fahrenheit or —30 deg. Fahrenheit 
wt = 34,560 or 51,840 


1 Pn otal, AON ee 

Gee Merkin" e.crrree Ach = 
22 241 

Aga Pa 1 2,07 


ant = 600 <°71-8 =43,100 1b. 
wl? = 3,093,000 ft.-lb. 
Section at Crown? 
Dead Load 
1+ 3X 136 i 
T.=-=- mea X 665 X 71.8 = —61,800 
M, assumed = 0 
Live Load for Maximum Positive Moment 
57.6 + (189 — 8 X 1.55) X .136 — 220 x .136° 


lo= = 1000 X .136 ay 
= —.570 X 43,100 = — 24,600 
M, = 4 12 +105 x .136 + 220 x .136° — (17: + 10 X.136) X1.55 +1.5 X 1.55" 


10,000 
X 3,093,000 = .00656 3,093,000 = +20,300 
5 Mr. Cochrane’s analysis considers a compressive stress to be of positive 
sign. The authors prefer the opposite convention and in the example here 
shown compression is indicated by a minus sign. 
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Live Load for Maximum Negative Moment 
p= _ 5UB+2X 155+ (10+ 30X 1.55) x .136 — (380-+30 X 1.55) x 136? 
pas 1000 X .136 


x 43,100 = —.446 X 43,100 = —19,230 
Temperature (Fall of 30 deg.) 


T.=+(19.4 X eee + es pay 31) X .136 —140(1.55 —1) x.136?] 
, ne ,62%: 31.840 3s 
Stat = = SE = +7100 


9.8? 9.87 
M, = +(88.5 — 12.8 X 1.55 + 1.6 X 1.55”) oO 


2255008 C7100. 
= a = +15,700 


Section at Springing 
Dead Load 


V, = 


_ 2+ 15 X .186 
4 


T, = 61,8002 + 48,200? = —78,400 
M, assumed = 0 


xX 665 X 71.8 = —48,200 


Live Load for Maximum Negative Moment 
_ 27.6 + (125 + 6 X 1.55) X .136 +320 X .136" 


ar ~ 1000 X 136 ree 
= .381 < 43,100 = —16,400 
|= 2 
ia | 228 _ taano | x 43,100 = .219 x 43,100 
= —9400 
vr, = — 283-480 X.136 —9 (4.22 —2.8X 136 —1.55)?X 3,093,000 


10,000 — 
= —.0171 X 3,093,000 = —52,900 
Temperature (Fall of 30 deg.) 
T, = (1.18 — 2.55 X .186) X 7100 = .78 K 7100 = + 5500 
M, = + 15,700 — 9.8 X 7100 = —53,900 
Average Stresses 
For Dead Load 


fa = — | 1.030 + 2.5(.136 + .05)? 


_ (20 X .136 + 8) X 1.55 — (1.55 — 1)2 
100 

61,800 954 x 61,800 _,, . 

2.07 ~ 2.07 mig 


x 
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For Live Load Producing Maximum Positive Moment at Crown 


fo = — [920 +- 2.6 X 136° — .04 * 1.55 + 


(6.7 + 33 X .136)(4 — 1.55)?] ,, 24,600 
1000 
_ .932 X 24,600 


= —11,100 
2.07 MS 


For Live Load Producing Maximum Negative Moment at Spring- 
ing 


fe =— | 950 Soy S86 — 05 5G 105. 
(4 + 48 x .136)(4 — 1.55)? 
1000 
9400 .967 < 9400 
Liye We Ove Ie. a ee 


For Fall of Temperature (30 deg.) and Arch Shortening 
Stresses 


: 710 
fa = (1.075 — .8 X .186 — £081. — .11 X W86)sx< L5b)-< a 
.864 7100 
= a 3000 
2.07 si 
SumMary ror Maximum Positive Moment at Crown 
Average 
Thrust Moment 
stress 
Dead load —61,800 0 —28,500 
Live load —24,600 +20,300 —11,100 
Arch shortening + 5,100 +11,300 + 2,200 
—81,300 +31,600 —37,400 
Dead load + live load — 86,400 +20 ,300 — 39,600 
Temperature + 7,100 +15,700 + 3,000 
Arch shortening + 4,700 +10,500 + 2,000 
— 74,600 +46, 500 — 34,600 


® See typical computation on p. 401. 


ARCHES 387 


SumMMaArY ror Maximum Neacative Moment At SPRINGING 


Dead load —78 , 400 0 —28,500 

Live load —16,400 — 52,900 — 4,400 
Arch shortening + 3,300 — 22,900 + 1,800 
—91,500 —75,800 —31,100 

Dead load + live load —94,800 —52,900 —32,900 
Temperature + 5,500 — 53,900 + 3,000 
Arch shortening + 3,000 —29,400 + 1,600 
—86,300 —136 ,200 |_28, 300 


Unir STRESSES 


Section | Ske Ae 
a ba’f, 
D+L4+8 31,600/81,300} .212 .93 .113 |. 580 
Crown |———_|——_- ——— 
D+1+4+8+T | 46,500/74,600; .340 .67 .127 | 760 
D+L+4+S8S 75, 800/91 ,500} .293 75 .120 | 550 
Springing — 


D+L-+S8 + T |136, 200/86,300| .557 48 .128 | 920 


D = Dead Load, L = Live Load, S = Arch Shortening 7 = Temperature. 


Analysis by the Elastic Theory. The shape of the arch axis 
may be determined from equation (113). The values of cl = 
x and the corresponding values of y are tabulated below: 


c | cl | 24c5r | (i | c? + 24c5r y 
| | 

25 17.95 00098 . 0032 0625 0657 Lei 
30 21.54 00243 .0079 0900 0979 2.72 
35 25.13 00525 .O171 1225 1396 3.87 
40 28.72 01024 0334 1600 1934 5.37 
45 32.31 01845 . 0602 2025 2627 7.29 
50 35.90 03125 . 1020 2500 3520 77 
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The curve of the half arch axis is plotted, and half the radial 
thickness of various points along the axis laid off on either side of 
the axis. These thicknesses may be taken from the first table 
of Art. 200. The arch of Fig. 118 is laid out in this manner. 
In order to determine the approximate line of thrust due to dead 


Fie. 118. 


load, an equilibrium polygon for dead load may be drawn through 
the crown and springing. Such an equilibrium polygon closely 
represents the line of thrust produced by the dead load. The 
half span is divided into ten (or more) equal divisions. The 
horizontal line BD represents the top of the fill, and the line HF 
the reduced load line for fill. (The fill is assumed to weigh 120 
Ib. per cu. ft. and the concrete 150 Ib. per cu. ft. Therefore, 


ai eS ; ; eg 
be is 150 times ae.) The weight of the ballast, rails, and joints 
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per foot section of arch is reduced to equivalent weight of concrete 
and GH plotted parallel to HF. The dead load on the arch is 
then represented by the area between the line GH and the curve 
of the intrados. The load for each section is determined by 
measuring the ordinates AG, cd, etc., taking the average of each 
two adjacent ordinates, and multiplying this average by the 
width of each division times 150. The loads so determined are 
as follows: 


Pi = te < 3.59 X 150 = 6000 
Py = LENO x 3.59 x 150 = 5400 
P;= ieee < 3.59 X 150 = 4500 
Ps comet X 3.59 x 150 = 3800 
P, = sa 6-6 3.50 x 150 = 3400 
pee - 5-9 x 3.59 x 150 = 3000 
joan + 5-4 3.50 x 150 = 2800 
Py = ai poo X 3.59 X 150 = 2600 
Py = ata - ea X 3.59 X 150 = 2500 
P= ee X 3.59 X 150 = 2400 


The center ot gravity of each trapezoidal load is determined, 
and the verticals P;, Ps, etc., drawn through these centers, which 
represent the points of application of the loads. The load line is 
now constructed, any convenient pole O assumed, and the rays 
of the force polygon drawn. After drawing the corresponding 
equilibrium polygon AJ, the first and last rays are prolonged to 
their intersection at K. The vertical through K represents the 
resultant of all the loads on the half span. To construct an 
equilibrium polygon passing through both A and C, CK’ is drawn 
horizontally, and LO’ parallel to AK’. 0’ is the pole of the force 
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polygon required for a corresponding equilibrium polygon pass- 
ing through both A and C. If this equilibrium polygon fails to 
coincide with the neutral axis at all sections, the line of thrust 
for dead load will be eccentric and a bending moment will be 
produced at such sections. If it is desired to have no bending 
moments produced by dead load, the shape of the arch axis 
should be altered to coincide with the equilibrium polygon pass- 
ing through the crown and the springing. If the difference 
between the assumed axis and the equilibrium polygon is great, 
the loads should be revised. In the present case, this is not 
necessary. 

Radii of Neutral Axis. Three-centered curves are to be used 
for the intrados and the neutral axis, the larger radius in each 
case being used from crown to quarter point. From the equa- 
tions of Art. 194, the radii of the neutral axis are computed as 
follows: 


17.95 1.70 


R; = 2x L173. = 93.99 ft: 
sin 6 = .191 cos 8 = .982 
ee aa eas 
Ry 1 17.95" + 8.04 ~ 43.30 ft. 


~ 2 8.04 X .982 — 17.95 X .191 


The length of the neutral axis may be computed, scaled, or 
estimated from the second table of Art. 200. The computations 
involved are as follows: 


6 = 11 degrees 2 minutes 


Length crown to quarter point 


11440 = 
360 | X 93.99 X 2x = 18.10 
Soin ; 19.66 
sin 5 Z subtending chord of Ry = 2x 43.30 7 227 


The Z = 26 degrees 15 minutes 
Length quarter point to springing 
2614 
360 
Total length = 2(18.10 + 19.84) = 75.88 ft. 
By Art. 200 the length = .529 x 2 X 71.8 = 75.96 ft. 


X 43.30 XK 2x = 19.84 ft. 
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Radi of Intrados. The radial thickness of the arch at the 
quarter point is, from Art. 200, 


1.065 X 22 = 23.4 in. 
In Fig. 119 


Let 


Fig. 119. 


The horizontal distance from b to a is 17.95 ft. The horizontal 
23.4 
24 x< . 


vertical distance from b to a = 1.73 ft. 


distance from 6 to c is 17.95 — 191 = ye76it.. Che 


Lin 83.4 


The vertical distance d to ¢ = 1.73 — 12 ob a O82 = 
LT ie 
Then 
CEA Skee 
R, = 3.x 1.77 = 89.99 ft. 
sin 6 = .197 cos 6 = .980 
WNW aAA2z 0.992 
and Rz beer ee = 39.07 ft. 


~ 9(8.23 X .980 — 17.24 X .197) 


Location of Axis. Dividing the half of the neutral axis into 
ten equal divisions, the length of each division is 3.79 ft. Laying 
off the centers of each one of the divisions on Fig. 120, the co- 
ordinates with the origin of coordinates at the crown are scaled 
and tabulated in the last two columns on page 393. The radial 
thickness of the arch at the center of each division is also scaled 
and the moment of inertia computed and tabulated. 
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Temperature Thrusts 


Thrusts for Unit Load 


Fic. 120. 


ARCHES 393 


* a ING Ye 1 | 

Point Gaal ( v) sei, LV Ge T T y x 

; , 

10 ‘|1.85| .528| 0.578 |.135| .663) .02} .03] 1.51/+2.15| 1.9 
9  {1.87| .545| 0.593 |.139| .684| .19] .28] 1.46/+1.98| 5.7 
8  |1.90| .572| 0.608 |.142| .714| .50| .70] 1.40/+1.67] 9.5 
7 11.92] .590| 0.624 |.146| .736] .96| 1.30] 1.36|+1.21|13.2 
6  |1.95| .618| 0.640 |.150| .768/1.57| 2.04] 1.30/+0.60/17.0 
5  ‘|1.97| .637| 0.672 |.157| .794'2.37| 2.99| 1.26|—0.20/20.7 
4  |2.02| .687| 0.706 |.165| .8523.49| 4.10] 1.17, -1.32|24.3 
3 |2.13| /805| 0.810 |.247/1.052/4.90| 4.66 .95|—2.73/27.8 
2 |2.34/1.068] 1.000 |.305|1.373/6.61| 4.81] .73|—4.44/31.1 
1 [2.661.568 1.346 |.411]1.979|8.64) 4.37] .51|—6.47/34.4 

Crown [1.83] .511/ 0.563 |. 132 oo > ; 

Springing |2.83/1.889| 1.563 |. 477 iS 25.28) 11.65 


From the above tabulation the axis is located so that 
25:28 


iL65 > 2.17 ft. below the crown. 


i = 0, that is, y’ = 


(See footnote on page 374.) 

Determination of Loads. The load is assumed applied to 
the arch at the equidistant points as indicated on Fig. 120. The 
dead loads are computed in the same manner as on page 389 and 
are as follows: 

A—4900 Ib. 

B—5400 lb. 

C—6500 lb. 

D—8500 lb. 

E—11,100 lb. 

The live load is 4800 Ib. per section. 

Moments and Thrusts for Unit Loads. The table on page 395 
gives the value of H., V., and M, for unit load applied at each 
of the several load points. The tables on pages 396 to 398 give 
the moments and thrusts produced at the crown, sixth point, 
and springing sections respectively by unit load. The sixth 
point is chosen, not because it is necessarily the point of highest 
stress, but to show the method of computation for a section other 
than the crown or springing (see Art. 202). 

The value of the thrust NV is determined as follows: 
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In Fig. 121, H, and V, represent the thrust and shear, due to a 
load unity P, applied as shown. These forces produce right 
and left reactions of R, and R,, respectively. At section a, 
the thrust produced by the load P is equal and opposite to the 
component of R, which is parallel to the neutral axis at that 


point. Similarly, the shear at section a is equal and opposite to 


the component of #&, perpendicular to the neutral axis. At 
section b, the components of &,, determine the thrust and shear. 


For any section on the right half of the arch, section c, the 
components of #,, determine the thrust and shear. In Fig. 120, 


the thrusts and shears are laid off as previously computed, and 


hirem22: 


the values of the thrusts at the various sections determined as 
above, by scaling from the diagram. 

The moment may be computed as indicated in the tables on 
pages 397 to 399 or it may be obtained graphically. From 
Fig. 122 it may be seen that M=H.c, H, always being negative 
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and c being positive when measured upward to the neutral axis, 
and negative when measured downward to the neutral axis. 

Loading for Maximum Stresses. From the values of M and N 
for unit load as given in the tables it can readily be seen what 
portions of the arch should be considered loaded in order to 
obtain the maximum positive and negative moments for the 
sections investigated. Finally the values of thrusts and moments 
for the design dead and live loads are obtained by multiplying 
the values for unit load by the section loads as previously deter- 
mined. The summations give the resultant maximum moments 
and thrusts, 


WS 


vi 


DESIGN OF CONCRETE STRUCTURE 


396 


SO IILXS - oo IIXz | : GO ILXS GO IIXS SO IIXS 
coo = => = ——— a2 = = = ° 
0 TI os'0 LU ¥9T ge be Leg 82°9 ¥OFI A 
E 990F Xz 4 990% XZ 990% XZ 9907 X& 9907 XZ 
¢00'0 = 9 aa 9 == Q =—— 9 == ° 
8e ne ILE wed 9601 longed Piaad tal POPE 4 
e 049 XZ 5 OVIXS ; OFX OFOXS 079 XZ 
sco'0-—= To -= OO poe ea ee ee te | ° 
Tl ctr 0 olg— 8E0°T 6zeI— 819° 0'20¢— £06T 7 eFo— A 
Tt £1) 88. 101 OLE 1ZE 1 1 6° SEI— |960T | 1° 8é 0° Z0C— |8F16|\ 1°28 9°¢5¢— [pore F-9FT 0° $9 990% Cot < 
| eae Las Eeedbegte = 
V1—| 88 |tt}te|yoe—|zor |2'¥ [e°6|F 49 —lo8e [Fg |F 91 9°22 —ler¥ lo°ct/9°€z|9 Tor OFS |z eT |'0E |e 1z|F09 |98"IF/F eRTT\I9°0 |zF-9—|F FE I 
o-61—|zet ¥ °F |0°9|9 ce —|86z [9°6 |I et 29 — 09% |B FI\E"0z)%"68 — zO |I-Oz |S-Lz|F°FT/9OL |1L°6T/z' 296 [£20 [FFF T'TE g 
TL —l0L |9°S |L°S\h'S% —\6S |€'°6 |8°6 |Z FF —|l0SF |Z 91/0 ZT\8° 29 — 0¥9 O'S |S PZT L |FEL |Sh L 8° SLL 1960 |€L° 3—|8 Le 2 
86 —|08T |F' 2 \€'9 |6° 02 —|E [8'ST/S°ETI6 TE — isg¢ ZFS |L°06|0'S |169 |F2°T |S 06S |ZT'T (ce I—\€ Fe v 
LO —|0OL |r € [LS |¢°% —\6G% \¢°21\6'6 I€ F — StF |G IZ |T'LZT|T'O |OFS |¥0'0 |S Sz |9Z'T 02 O—|2°06 g 
6 +\8&T |T'8 |2°9 |F OT +196 |F LT IF ST/S'O |9ZE |98°0 |0 68S \OE'T |09°0+ 0° ZT 9 
OF +\tF le |F SZ [8ST +21 IT SE 19°6 [O'S |28S [OFT [2 F2T [98° T [TS 1+|2 ST L 
6 Sl + 62 |€'8 6S |6°S [92T \62°S [06 [OFT |29°1+)9'6 8 
T'9 +)St |T'S [E'S 2S |Zh 106s |¢°Ze OFT 86° I+/L'¢ 6 
| 02 32 oo'F 19°€ T9°T [St S+i6'T or 
Il eI sh I Le a eee SE ON aS Le Be | eds oot a 
fu jow)ul}%) Aw |ow) w || Aw |rwl] uw | “| fw |ow] w | “| fw [rw] w | & Ls da 
0'8T 0) 
8°01 qd 
9°¢€ Vv 
a a ) @ vrepop yg =| S/ li | | Eo |e 
z z T 
OKe @x: OKe a 
1 = py is = °H A 


xe 


cae 


3Uuej}su00 D = ¢ 


397 


ARCHES 


g°sI—| be —| 6'6z—| 9'6I+lz'sc—le-y. + < 
A 
AG 
70) q 
a ‘ a E 
* * iV is 
* * €°6 —|S°OI+| 6°F |06°I—|st’s+] gz°9 El F—|806'T— Vv 4 
* * * * $°8 —|Z°0 +] #°S |8S°I—/et°0+] e¢g'e oh S—|8LZ9°1T— gq S 
* * 8°9 —|0°F —| S'9 |#0°I—/19°0—| F9°T SZ°S—|8e0° I — 8, oe 
* * 8°€ —|0°'F —| ¢°8 |st'0—-|zF°0—| oc ‘0 L6°0—|S#'0-— a 
* * 4°0 —|8°0 —] TIT |90°0—|z0°'0—| ¢o°o ZE°0—|Se0'0— aq 
= i 
N Ww N W 
N | w 
TOqhy IeMoT reqiy Jeddy eee N Ww PH Ue Neel AY | AerE °H w01q009 
‘dur0o “xeur 10; Surpvo] oary peor preg 
U— 2PA+ My + oy = hw wolves rad LOS=¥ T600°0 = °d LVot =A. 
spunod jo spuesnoy} url “qI OOEF Est = 0D D 
‘N pue ‘yy ‘spvoy prog P®OT eAryT e790 = 1 60°0 = .P O=2 


NOILOGG NMOUD 


DESIGN OF CONCRETE STRUCTURES 


398 


} 1 | 
| | 
ser =| Oso —liras—s G6 Oly 09—|8°6.— | ed 
* * 9°0 —|I°O —| I°IE | $00 |I0°0—| ¢0'0 &1°0 —|s00'0—|90'0+|¢¢0'0— iW 
* * Ye —|L0 —| S81 Fr 0 |80°0—| 0970 OI I —/9#0'O—|Z¢ "0+ |¢ctF'0o— id A 
+ ‘ Looe Neonatal COmmeN Zen — he OeE €g16)— |SSh 0 —|¢or bt |Se0) 1 70) 5 
* * COSe— | GareakrG eee OGnOL Go ue 1g°9 —|*92°0—/98°T+|82z¢°T— 1f = 
* * GEG. Soe) Grr ||) FOr EN Sral— | Soe9 00° OT —|8TF'O—|#3°3+ |€06 IT — iV ° 
* * 8°6 —|2°8 —| 6'F | 66'T |8L°I—| 8%°9 |08'0Z—|00 OT+ |STF ‘0+ |Fz°s+|/806°T— 4 B 
* * Cara rage S/o hssek ce SOM eh LS Ou-t9c0 0109s 1SLaur g & 
* * ‘ + |@°8 —|@°T +] ¢°9 | 98° |6T°O+] F9°T [06'S —jEz°e + \SET°0+|es°T+/se0°T— 0) 
‘ » j|¢°€ —|0°8T+| ¢°8 | T¥%'O \2t°2+| O¢‘O OTL +|9%0°0+ |29°0+ |StF'0— a 
* « |9°0 —/9°% +] TIT | $0°0 |€z°0+} g0°0 \2t°0 +/¢00°0+ |90°0+|g¢¢0°0— q 
N WwW N W 
N W 
qaqiy IaMoT qaqrg raddq peo N Ww on us — x°A °A hoy on wor0eg 
peed 
‘duioo “xeul Joy Zurpvoy oary psol pvoad 
umw—@A+ @H+°W = W wo1j008 rod S=V £800'°0 = °d ee 
Spunod jo spuvsnoy} ut “AI O0EF 10'S =D D 
‘N pus yy ‘speoy pwod PROT GALT cF8'0 = I 80°0 = up 68 = 


LINIOg HLXIg 


399 


ARCHES 


6'6T—| 8'0S—| 8°Fe—| Z°96+|z'89—|2°sa+ « 
* * 9°0 —|2°€ +] T°IT | $0°0 |6z°0+] ¢0'0 81°0 —/¢00'0— \2r'0 +/¢¢0'0— nc 
* * 6° —|0°6T+] 3°8 8€°0O |€%'° s+] O¢°O $9°T —|9F0' 0—|88°S -Fistr 0— id 
* * 6-9. —|¢ 08+] 9°9 16°0 |69°F+] F9°T tS fe 9S). 0 = 68 2a} 880. — 70) q 
* * O22 2s} eg TFT |90°9+] go's 8h'6 —|F9S O— |66°TI+|82¢°T— I E. 
“ * 4°8 —|0°82+] 6°F LL’T |GL°S+]| 82°9 GO’ ST —|81h' O— |9F FI+ |806 TI — wW td 
* * 66 —|0'241+] 6°F 248°T |9F €+] 8Z°9 08° ZE—|Z0°SI+|8Tb 0+ lor FI+ E06 I— if 8 
* * * . CrGaa lS ias= tapes OL*T j80°O—} S¢'s [OL S3—|8h'6 +|493'0+]66° 11+ \8z¢°T— gq es 
* * 8°8 —|6°se—| ¢°9 SE°T /€S'€—| F9'T [06° 2ZI—|F8°F + \98T°0+\68'2 +]/8e0'I— 70) s 
* * Os ee Sra Ges €6°0 |4¢°¢—]| OF 0 jO8 OLT—j¢9'T + |940°0+|8e's + \¢FF'0— qd 
* * I'L —|2°0€—| TTL | #9°0 |¢6°s—| ¢0'0 |o9°€ —/8t°o +/¢00'0+|\zr'0 + \¢c0'0— q 
N WN N WN 
a N W 
I ° oqiy todd re N WW Ww u— mA °A hor “aah WOT}08g 
ToqhyT JeMo'T requ sa peed ! 
‘duioo "xvur JOy Surpeoyl oarq peo, proq 
uw—ry4+ H+ HW = NW uoloes rod eco ab. 2L00°0 = °d 09 L~ =A 
spunod jo spuvsnoy} ur “Al 008+ €8'3 = 2 eG Ore 
‘N pues py ‘speol pvoq PROT OArT 996: Ga ye OTe Say 


. DNIONIYdG 


400 DESIGN OF CONCRETE STRUCTURES 


Temperature Stresses. The value of H, for a fall in temperature 
of 30 degrees is from equation (108) 


_ 288,000,000 K 30 X .000006 71.8 


H . = 7700 
f 2 X 64.0 3.79 tc 
For a rise of 20 degrees. 
H, = —5100 
Srresses Dur to THRUST 
Crown Springing Average 

Dead load |—28,100 —21,700 — 24,900 
For live loading pro- Crown —14,400 — 9,200)—11,800 
ducing the maximum } Sixth point |— 3,200|/— 4,000— 1,800)/— 3,100 


compression in the} Springing |—17,700)/—11,100—13,200]—14,900 
upper fiber at the:— 


For live loading pro- Crown — 6,500)— 6,300— 3,800|— 5,800 


ducing the maximum } Sixth point |—19,800)—12,900—14, 500) —16, 800 
compression in the| Springing |— 6,500|— 6,300— 38,800/— 5,800 


lower fiber at the:— 


Fall of 30°F. |+ 3,700 + 1,900)/+ 2,800 
Rise of 20°F. |— 2,500 — 1,300)— 1,900 


Temperature 


Since the arch shortening stresses are proportional to those for 
a fall in temperature, these are more easily obtained in the final 
summation for maximum moments and thrusts. 


PRG Lee 
CEFARTMENT 


MACHINE DESIGN 
SIBLEY SCHOOL 
CORNELL UNIVERSITY 
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Maximum Moments AND THRUSTS 
Crown SECTION 
Maximum Compression in Upper Fiber 


Thrust Moment Cz 
Dead load — 58 , 200 + 4,800 — 24,900 
Live load — 29,900 +19 , 600 —11,800 
Arch shortening? + 5,200 +11,200 + 1,900 
—82,900 +35 ,600 — 34,800 
Dead load + live load —88,100 +24,400 —36,700 
Temperature (30° fall) + 7,700 +16,700 + 2,800 


Arch shortening + 4,800 +10,400 + 1,700 


—75,600 +51,500 ~-32, 200 


Maximum Compression in Lower Fiber 


Dead load —58,200 + 4,800 —24,900 
Live load —13,500 — 4,400 — 5,800 
Arch shortening + 4,300 + 9,400 + 1,600 
—67, 400 + 9,800 —29,100 
Dead load + live load —71,700 + 400 —30,700 
Temperature (20° rise) — 5,100 —11,100 — 1,900 
Arch shortening + 4,600 + 9,900 + 1,700 
—72,200 = 800 —30,900 
7 For a 30-degree fall in temperature wif = —51,840. (For a 20-degree 
rise + 34,560.) ca for dead and live load = —36,700. The thrust, moment, 
— 36,700 


and c, for arch shortening are equal to =31.840 times the similar quantities 


for a 30-degree fall in temperature, or +5500, +11,800, and+2000, respec- 
tively. The latter value, when added algebraically to the value of c, for dead 
and live load, results in a smaller numerical value for the summation, 
and consequently the ratio between the arch shortening quantities and 
the temperature quantities becomes smaller. Hence, the thrust, moment, 
and ca as computed above are slightly too large. Assume ca due to arch 
shortening = +1900. Then the total cz = —34,800 and the thrust, 
moment, and c, due to arch shortening are +5200, +11,200, and +1900, 
respectively. If the latter value does not check the value assumed, another 
computation must be made. 
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Srxtu Point 


Maximum Compression in Upper Fiber 


Moment 
Dead load —60,400 — 9,800 — 24,900 
Live load — 7,400 +10, 900 — 3,100 
Arch shortening + 3,800 — 4,600 + 1,500 
—64,400 — 3,500 — 26,500 
Dead load + live load — 67,800 + 1,100 —28,000 
Temperature (20° rise) — 4,900 + 6,000 — 1,900 
Arch shortening + 4,000 — 4,900 + 1,600 
—68, 700 + 2,200 — 28,300 

Maximum Compression in Lower Fiber 
Dead load — 60,400 — 9,800 — 24,900 
Live load — 43,000 — 25,000 —16,800 
Arch shortening + 5,600 — 7,000 + 2,100 
— 97,800 —41,800 —39 ,600 
Dead load + live load —103 , 400 —34,800 —41,700 
Temperature (30° fall) + 7,300 — 9,100 + 2,800 
Arch shortening + 5,200 — 6,500 + 2,000 
— 90,900 — 50,400 — 36 , 900 


SPRINGING SECTION 
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Maximum Compression in Upper Fiber 


403 


Thrust Moment Ca 
Dead load | — 68,200 | + 25,700 | 24,900 
Live load — 34,800 + 96,200 —14,900 
Arch shortening + 4,400 — 42,500 + 2,100 
— 98,600 + 79,400 —37,700 
Dead load + live load — 103 , 000 +121 , 900 — 39,800 
Temperature (20° rise) — 4,000 + 39,000 — 1,900 
Arch shortening + 4,600 — 44,600 + 2,200 
—102,400 +116, 300 — 39,500 

Maximum Compression tn Lower Fiber 

Dead load —68 , 200 + 25,700 — 24,900 
Live load —19,900 — 50,800 — 5,800 
Arch shortening + 3,400 — 32,900 + 1,600 
—84,700 — 58,000 — 29,100 
Dead load + live load —88 , 100 — 25,100 —30, 700 
Temperature (30° fall) + 6,000 — 58,500 + 2,800 
Arch shortening + 3,100 — 30,400 + 1,500 
— 79,000 —114,000 — 26,400 
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Frnau Maximum UNIT STRESSES 


Section | Fiber Load M N = |k sr foyer 

D+L+S + 35,600}— 82,900|.235].88].117 |630 

\ihepere | a eel (eel eee 
D+L+S4T|4 51,500|— 75,600}.372).63].128 |820)5,500 

Crown Sh eo a a eo mee a a 

D+L+S + 9,800|— 67,400 

Lover |-————————— | —— 
Di-- DS. 2} — 800|— 72,200;.005|\K = 0.91}250 
D+L+5 fe 3,500)— 64,000 

Upper | ——— | c——_\— 
D+L+S8+T/+ 2,200|)— 68,700].016/K = 0.96)/230 

Sixth point. |_-——| AAA _ _ -c“|i— cr | \— ——— 

D+L+S8S — 41,800)/— 97,800}.213).94].111 |650 

Lower 
D+L+S8S-+ T /— 50,400/— 90,900}.276|.79].121 |720| 1,700 
D+L+S + 79,400}/— 98,600|.284|.78].122 |560) 1,700 

Upper |- - —- . 
D+L+S + T |+116,300| —102, 400] .402|.60|.127 |790] 6,700 

Springing — —- 

D+L+S5 — 58,000|— 84,700].242].87|.117 |430 500 

Lower —|——]--- 
D+L+S + T |—114,000]— 79,000}.510|.50|.128 |770]10, 200 


204. Design of Abutments. Since a slight settling of its 
supports will produce large stresses in an arch, it is important 
that the abutments be so designed that no such settlement occurs. 
On soft ground it is difficult in the extreme to obtain an abutment 
large enough to insure stability, without the use of piles. As the 
size of the abutment increases, its weight and the weight of the 
filling above it increase so rapidly that in some types of arches 
an abutment without a pile foundation becomes nearly as large 
as the arch itself. It is a question whether some other type of 
structure is not preferable where hardpan or rock is not accessible 
as a foundation bed, or where a good pile foundation cannot 
easily be made. 

The abutments of a reinforced concrete arch are often designed 
for full live load and also for live load over one-half the arch. 
While the first condition of loading may give the maximum 
total pressure on the abutment, the two most extreme conditions 
are those loadings which cause maximum compression in the 
upper and lower fibers of the arch at the springing section. The 
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moments and thrusts for this section are given on page 403. In 
a similar manner the shears for unit load are obtained from Fig. 
120, and the total dead and live load shears computed and 
tabulated below. The shear at the springing due to a fall in 
temperature of 30 degrees Fahrenheit scaled from Fig. 120 is 
—4700 lb. The shears due to rise of temperature and to 
arch shortening are proportional. 


Shears 


Load at | Dead : i i i 
oad a eac For live loading | For live loading 


section load ’ For : ; : 3 
For unit ee producing maxi- | producing maxi- 
load load | mum compression| mum compression 
in upper fiber in lower fiber 
E bit —0.76 | —8.4 2 
D 8.5 —0.50 | —4.3 * 
(6) 6.5 —0.07 | —0.5 "¢ 
B 5.4 +0.36 | +1.9 = . 
A 4.9 +0.68 | +3.3 : 
Jalis 4.9 +0.82 | +4.0 ‘¢ 
B’ 5.4 +0.75 | +4.1 - 
Gt 6.5 +0.52 | +3.4 ts 
iDy 8.5 +0.24 | +2.0 “3 
EX’ ila} +0.03 | +0.3 * 
3) +5.8 +14.6 —4.2 
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Summary oF Moments, THRUSTS, AND SHEARS 


For Maximum Compression in Upper Finer Av SPRINGING 


M N | V 

Dead load + 25.7 — 68.2 + 5.8 

Live load + 96.2 — 34.8 +14.6 

Arch shortening — 42.5 + 4.4 — 3.4 
+ 79.4 — 98.6 +17.0 e=+0.81 

Dead load + live load +121.9 —103.0 +20.4 

Temperature + 39.0 — 4.0 + 3.1 

Arch shortening — 44.6 + 4.6 = 3.5 
+116.3 —102.4 +20.0 e=+1.14 


For Maximum Compression IN Lower Firper AT SPRINGING 


M N Vi 

Dead load + 25.7 —68.2 +5.8 

Live load — 50.8 —19.9 —4.2 

Arch shortening — 32.9 + 3.4 —2.6 
— 58.0 —84.7 —1.0 e = —0.69 

Dead load + live load — 25.1 —88.1 +1.6 

Temperature — 58.5 + 6.0 —4.7 

Arch shortening — 35.9 + 3.7 —2.9 
—119.5 —78.4 —6.0 e= —1.52 


An abutment section ABCDE (Fig. 123) is assumed. From 
the center of BC, the eccentric distance e (+1.14 ft.) is laid off 
upward, the value of N (— 102,400 lb.) drawn perpendicular to 
BC, and the resultant of N and V obtained. This resultant 
must be combined with the forces due to the weight of the earth, 
filling, and abutment itself. 

The forces due to the weight of the filling and the abutment are: 
(1) the weight of the filling; (2) the weight of the abutment; and 
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(3) the horizontal pressure due to the weight of the filling. When 
there is live load over the abutment a fourth force must be 
considered. 

A more simple method giving results nearly the same as the 
more detailed analysis can be used for all but very large or 
important structures. 


Fie. 123. 


The reduced load line for fill at 120 lb. per cu. ft. (ab) is con- 
structed as in the design of the arch. The line cd is drawn 
representing the top of the ballast as before. The trapezoid 
cdDE may now be considered as material of the same weight 
(150 lb. per cu. ft.) and its amount and point of application 
determined. The horizontal pressure due to the filling (in this 
case less than 2900 lb.) is neglected. The vertical force and the 
resultant from the arch are combined graphically, and the total 
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resultant pressure with its line of action determined. HF’ is 
constructed as the projection of the base of the footing on a plane 
perpendicular to this resultant, and the distances HG and HF 


sealed. 
Then the maximum unit pressure is, from equation (87), 
oom 7 . a, ee 
SEES OBO. 137,000 re ear 
EF 17.0° 


15,700 lb. per sq. ft. 

In a similar manner the other condition of loading, that is, 
that producing maximum compression in the lower fiber at the 
springing, is analyzed and the maximum unit pressure found to be 


oLs SS 7s 1B ey 155 det SOO he nen ca Ae 


In determining the resultant pressure for this condition the 
live load is considered completely to cover the abutment, and the 
total vertical force is represented by the trapezoid efDE. 
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Fig. 127.— Details of Chemung River bridge, Corning, N. Y. 
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Fig. 128.—Franklin Avenue Concrete Arch bridge, Minneapolis, Minnesota. 
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CHAPTER XI 
SLAB, BEAM, AND GIRDER BRIDGES 


205. Short span bridges of reinforced concrete are often more 
economical construction than any other type. They can be 
treated architecturally so as to give a pleasing appearance, and 
when well constructed, furnish bridges of permanent character. 
They may be divided into three groups, as follows: Slab Bridges, 
Deck Girder Bridges, and Through Girder Bridges. 

For highways, slab bridges are adapted to short spans up to 
about 25 ft. in length. If the head-room is not limited, a beam 
bridge of the deck girder type is more economical, although not 
quite so simple in construction. 

Deck girder bridges are adapted to spans from 20 to 60 ft. 
or more, where the head-room is not limited. 

Through girder birdges may be used for about the same range 
in span length, but do not admit of as wide a roadway as is pos- 
sible with the deck girder bridge. In a few cases longer spans 
have been built of concrete, where the conditions were ideal, and 
this type of structure the more economical. 

Some concrete viaducts have been built as continuous or canti- 
lever bridges, but the cross-section of the superstructure is not 
materially different from those of the simple spans. 

Railroad bridges have rarely been constructed wholly of rein- 
forced concrete except for short spans, and in such cases the 
construction has usually been of the slab type. 

206. The only feature of the design not covered in Chap. III 
is the loading and its distribution. The loading to be used in the 
design of railroad bridges will not be discussed here. Overlying 
the concrete slab there is a varying depth of ballast which deter- 
mines the width of distribution of the load that can be assumed. 

Highway bridges are usually designed to support a combination 


of motor trucks and uniform live load. There have been many 
414 
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tests made to determine the actual distribution of the concen- 
trated load on a concrete slab with more or less varying results. 
The recommendations of the American Railway Engineering 
Association which follow are as satisfactory as any, and can be 
safely used. 


SPECIFICATIONS! 


Inve Loads. The live load shall consist of motor trucks 
followed by a uniform load on the roadways, and a uniform load 
on the sidewalks, as specified herein. In calculating the stresses 
produced by trucks, the truck loads shall be considered applied 
as follows: 


Crear WiptsH or Roapway Lines or TRucKs 
Wiese tiael Softer wemetorey a erin aiate sve caise ths sintguebevenetate’s eterplens 1 
A Scot bO xO tien wt hae ai, ere kanancttois ita eucaa s earelaga te soya 2 
SOMO OSD te neten ac © ecto clas suxieccpohe oo run cree ate eenieege iets a, 6 3 
MorenthaneaO LU, cesetynier gt ceste.tine © Gin Coal eesiskonsliy MeteMOe he elves’ & co 4 
as 


be 4216" hele! 2 
“0 -->ke—---}-- Se ~40-—->\¢ — — 1910" + >< 4440" 
rot “0°! mane et oh >1020" > - 2340” 


Fre. 130. 


Spacing of Trucks. ‘Trucks shall be assumed as spaced relative 
to one another as shown in Fig. 130. Groups of trucks shall be 
so arranged relative to the members of the bridge as to produce 
the maximum stresses in those members. 

Distribution of Truck Loads. Truck loads shall be assumed as 
distributed 80 per cent on the rear axle and 20 per cent on the 
front axle. The wheel loads shall be assumed as distributed 
laterally on the roadway surface at 1000 Ib. per in. 

Multiple Lines of Traffic. In calculating the maximum stresses 
when two or more lines of traffic are assumed simultaneously on 

1From Bulletin, Amer. Ry. Eng. Ass’n., vol. 24, p. 162. 
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the bridge, the following percentages of the specified loads shall 
be used: 


Oni stringers arid HOOr Slaps aetraciistatiaietetserel es 100 per cent 


On floor beams 


Kortwo: lines: of tratie-.ee eae? 100 per cent 

Rorthree lines of trathicussscaccnseme |e ree 90 per cent 

For: tour lines ob traiicae., <= aacueses itn 80 per cent 
On main girders 

For two) lines Ob traiicses. oceania ae ere ee 90 per cent 

Hor three lines of stratic. sc. senieehinean oe 80 per cent 

Forsourmlines oistratic seinen aie 75 per cent 
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Intensity of Loads. Truck loads and uniform loads shall be 
assumed as follows: 

(a) For bridges carrying primary highway or electric street 
railway traffic, three 20-ton trucks followed by a uniform load of 
800 Ib. per lin. ft. for each line of traffic on the roadways and 80 
lb. per sq. ft. on the sidewalks. 
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(b) For bridges carrying secondary highway traffic three 15- 
ton trucks followed by a uniform load of 600 lb. per lin. ft. for 
each line of traffic on the roadways, and 60 lb. per sq. ft. on the 
sidewalks. A single 20-ton truck shall be used as alternative 
loading on the roadway for bridges of this class. 

(c) For bridges carrying light country traffic, three 10-ton 
trucks followed by a uniform load of 600 lb. per lin. ft. for each 
line of traffic on the roadways, and 60 Ib. per sq. ft. on the side- 
walks. A single 15-ton truck shall be used as an alternative 
loading on the roadways for bridges of this class. 

(d) For foot bridges a uniform load of 80 lb. per sq. ft. 

The truck loads shall be as shown in Fig. 131. The truck loads 
specified shall be the total weight of the trucks loaded. 

Street Railway Loads. For bridges carrying street railway 
tracks on the roadway, the car loads on each track shall be con- 
sidered as alternative loads displacing an equal length of one line 
of trucks. 


The size, weight, and wheel spacing of street railway cars shall 
be as shown in Fig. 132 unless otherwise specified. 

Cantilevered Sidewalks. In bridges with cantilevered sidewalks 
only one sidewalk shall be considered loaded when calculating 
the stresses in the truss or girder, and floor beam hangers, 
adjacent to that sidewalk. 

Distribution of Concentrated Loads on Concrete Slabs. The 
wheel loads shall be assumed as distributed uniformly over a 
width of slab measured parallel to the supports, as computed by 
the following formulas, in which 

E = effective width of slab, or width over which the load shall 

be assumed as uniformly distributed. 
1 = length of span center to center of supports, in feet. 

T = width of tire, in feet, taken as 1 in. for each 1000 lb. 

of wheel load. 
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(a) Slab supported by longitudinal stringers with load applied 
midway between supports: 


KE = 24(1+ T), but not more than 5 ft.-6 in. 


-¢ of Floorbeant 


% xe 

S iv) 

(b) Slab supported by transverse floor- nS S 
beams without longitudinal stringers, with S re) 
. . ie) 

load applied midway between supports: “ bl 


1 £ of Floorbearn: 
Vi 3 + 7, but not more than 5 ft.-6 in. Fig. 133. 


For SHEAR 


(c) Slab supported by longitudinal stringers with load applied 
at a distance x from center line of nearest support equal to 
two and one-half times the effective depth of the slab: 


BH = 46(z + T) 


(d) Slab supported by transverse floor beams without longi- 
tudinal stringers with load applied at a distance x from center 
line of nearest support equal to two and one-half times the effec- 
tive depth of the slab: 


ey 


Distribution of Concentrated Loads to Stringers and Floor Beams. 
In calculating moments in stringers, the portions of two maximum 


, ‘8 
s -¢ of Floorbeam Ss ¢of Floorbeart 8 a 
: BS (ae ae Fe 
S SS) iy as Ss 
5 S Pre : 
2 z 5 3 3 
=] 4 SS 2 S 
« Ka 9 KI i 
cS 8 te Ss S 
+ a Zot Floarbeam™ 5 vw 
Fie. 134. Fra. 135. Fia. 136. 


truck wheel loads spaced 4 ft.-6 in. center to center (two trucks 
passing), assumed as carried by one stringer, shall be determined 
by the following formula: 
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L = load carried by one stringer. 

W = concentrated load on one wheel. 

S = spacing of stringers, in feet. 

In calculating moments in transverse floor beams (without 
longitudinal stringers), the distribution of each wheel load shall 
be determined by the following formula: 


a 


» but not less than Uy 


S 


8 


In calculating the end shears and end reactions of stringers and 
floor beams, no lateral or longitudinal distribution of concen- 
trated loads shall be assumed. 

Impact.2 An allowance of 30 per cent of the live load stresses 
shall be made for impact. 

207. Application of the Preceding Specifications. A_ slab 
bridge with a span of 16 ft.-0 in. is to be designed for light country 
traffic, with allowable unit stresses of 16,000 Ib. per sq. in. in the 
steel and 650 lb. per sq. in. in the concrete. 

The maximum load is that on either one of the rear wheels 
and is equal to 8000 lb. 


Oe ne yee 
B= 3(16 +75) = 11 ft-4 in 


L= 


But 5 ft.-6 in. is the maximum value allowed in the specifications. 


The live load moment is then 
1. 8000 X 16 


z 7 == £0 in.- 
4 514 xX 12 = 69,800 in.-lb 
The impact is moment 20,900 in.-lb. 


Assuming a 13-in. slab, the dead load moment is 


il —> 
8 xX 162 X 16 X 12 = 62,200 


The total moment = 152,900 
— 152,900 _ 
L07-% x 12 


A deck girder bridge with three girders 7 ft.-0 in. center to 
center is to be designed to carry secondary highway traffic. 


Then d = = 109 Used = 11 in. 


2 Not a part of Amer. Ry. Eng. Ass’n. recommendations, but a value 


widely used. 
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The maximum wheel load is 12,000 lb. 

BE = 248(7 + 1349) = 5 ft.-4 in. 

Then the live load moment, considering the slab partially 
continuous over the girders, is 

1 yc £2,000 67 x 12 = 37,800 in-Ib. 
Deore 

The impact and dead load moments are obtained as in the 
previous example. 

The distribution of the load to the supporting beams and 
girders and the moments and shears produced in these members 
are easily obtained and their design completed according to the 
principles outlined in Chap. III. 

208. Abutments. The principles of Abutment Design are 
given in the chapter on Retaining Walls. Some details are 
shown in the following pages. 
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ELEVATION CROSS SECTION 


Fiq. 137.—Reinforced concrete slab bridge, Illinois State Highway Department, 
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Fira. 144.— Details of Salt River bridge. 


CHAPTER XII 
FORMS! 


209. Tor practically all concrete work of any magnitude 
forms of one kind or another are required. Their direct and 
indirect costs therefore have to be considered in estimating or 
building almost any structure of concrete. The direct cost is of 
course obvious. It will include the cost of the lumber and the 
labor to receive it, as well as the cost of fabricating, together with 
the additional cost of erecting and stripping. 

The indirect cost is not so plain. It will include all sorts of 
expenses caused by lack of sufficient forms, poor design of forms, 
faulty handling, etc. There will be time for laborers or cement 
masons cutting and patching to improve defective surfaces on 
the finished concrete caused by poor form work; removing the 
fins left where the concrete ran in between loose-fitting boards; 
straightening up bulged columns and walls and sagged beams. 
In addition, if the forms are poorly designed, or are heavy and 
cumbersome to handle, the speed of the entire operation may then 
be retarded, and to the higher direct cost for labor must be added 
possible penalties for failure to complete on time, capital tied up, 
organizations and equipment not available for new work as 
scheduled, ete. 

The form must be: (a) light and cheap, but sufficiently strong 
to insure true lines; and (b) so designed that it can be put together 
and taken apart with the minimum of labor. This latter pre- 
supposes that no one piece will be larger than can be handled 
economically with the organization available. On a large job, 
where there is a labor gang devoted entirely to the stripping and 
handling of forms, a piece that it will take eight men to carry 
may be entirely economical. On a smaller job, where the 
stripping and handling of forms would not ordinarily warrant 

1 Abstracted by permission of Concrete Cement Age Publishing Co., from 


a series of articles written by Wm. F. Lockuarpt for Concrete, 1922. 
429 
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such a large gang, it might be necessary to borrow men from 
another gang at the expense of holding up concreting. Such an 
arrangement would very likely be highly uneconomical. 

210. Footings. Practically every structure requires footings 
of some kind. In building construction there are a few kinds 
and types of footings that are most generally met with, all very 
simple to build. As footings are very seldom exposed to view 
after they have been stripped, old lumber, if available, can often 
be used in making up the forms with economy. In some few 


(2 4'Stop Battens 3 


a 
“2 
ES 


cases, though, generally occurring in city construction, part of 
the footings will appear in the basement or cellar above the 
floor, in which case it will be better policy to use new material, 
to avoid the labor required to give the concrete a good surface 
afterward. Where any one footing is repeated a number of 
times, it will generally pay to build a good substantial form that 
will serve for all the footings of that size and type. 

Square Box Footing (Fig. 145). This is probably the most 
common footing type. For this footing it is frequently only 
necessary to dig a hole of the right dimensions and depth. It is 
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needless to point out that there is no use in building forms if the 
excavation is in firm material that will not collapse readily, or get 
churned up with the concrete. Occasionally, however, it becomes 
secessary to build a footing of this kind. 

In plan the footing may be square or rectangular. The dimen- 
sion ‘‘A”’ for the end panels is the same as the concrete dimen- 
sion for that side of the footing. For the ‘‘B”’ length between the 
stop battens, add to the concrete dimension twice the thickness 
of the lumber used for the end panels. (That is, if you have made 
the end panels up out of 7g-in. lumber, you will add 134 in.; if 
you have used 11¢-in. lumber, you will add 214 in.) For the 
“C” dimension—the over-all length of the long side panels— 
it is usual to add about 12 in. to the “B”’ figure. This allows 
for thickness of end panels plus the width of the stop battens, 
usually 1 & 4 rough lumber. 


CxA" Stake 


Footing 


Wedges’ | Fort 
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Fig. 146. 


If the sides are very long, they should be braced to keep them 
from bulging. The bulge will not show, but it will take concrete 
costing so much per yard in place to fill it. The bracing may 
be done as shown in Fig. 146 which gives two common methods, 
or by backfilling against the form. The latter is frequently done 
when it is not intended to use the form again. 

Step Footings. The step footing is a common type where the 
straight box footing would be wasteful of concrete. The steps 
may be two or three, but are more usually two, as shown in Fig. 
147. Both upper and lower forms are made the same as for the 
box footing shown in Fig. 145. Usually only the form for the 
first step is set before concreting is started. After the first step 
has been filled, and while the gang is concreting the next footing 
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the box for the second step is set in place, and made fast. Filling 
is resumed after the concrete in the first step has set up enough so 
that the weight of the concrete in the upper step will not cause it 
to overflow. 

Sometimes top and bottom forms are set at the same time, the 
form for the upper step being held in place by pieces of 4 x 4_ 
or scantling nailed across the top of the lower box, as shown in the 


drawing. This form has to be filled in two stages just the same, 
however, to keep the concrete in the lower step from overflowing, 
just as when the top box is placed afterward. Before building the 
form up in this way, it should be ascertained whether it will be 
possible to place the reinforcing steel in the footing on account 
of the interference of the scantlings. 

Both these methods save the expense of building a top form to 
close the space between steps 1 and 2. If a top form is used it 
will, of course, then be possible to spout the footing in one opera- 
tion, but it will be necessary also to weight the footing down very 
securely to keep it from lifting. 
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Slope Footings. The slope footing is one of the most common 
designs found in buildings more than one story in height, or 
where the soil is soft and of low bearing value. As shown in Fig. 
148a, a slope footing may be divided into two parts (both poured 
monolithic, however), the “ring”’ or box section at the bottom, 
which rests on the earth, and the sloped upper section, on the 
flat top of which the column stands. The method of placing 


Elevation of Footing Form for one side 
of slope section 


= ee ee >” ~=Boards /x 6 "DAS 
Battens lx kgk. 


Plan of Footing 
a 


Fig. 148. 


concrete and steel in one of these footings has an important 
bearing on the way the form is built. 

Owing to the small size of the opening at the top of the slope 
section, it is generally impossible to place the long reinforcing 
bars while this part of the form is in place. As a result, it is 
customary first to set in place the ‘‘ring”’ and backfill against 
it to keep it from bulging. Concreting is then started and kept 
up until all but about 2 in. of the ring has been filled. The steel 
is then placed, and after all the bars are in, concreting is resumed 
until the ring is full. While the steel is being placed, the four 
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panels for the top section are assembled on the bank, and as soon 
as the ring is full the assembled form is put in place as a unit. 
The slope panels for the top section offer very little more 
trouble in laying out and assembling than the preceding box types. 
Figure 148a shows a typical drawing of this kind of footing. 
All the necessary dimensions can be obtained from the footing 
plan with the exception of the dimension parallel to the slope of 
the footing, which is needed to give the width of the form panel. 


Ax4\ 
oH 8) feral! 
TH ay pes AO eb 
f up tight to hold the 
fp y ‘ dx 
' ee ah. Uo! INU 
Piles - a Track-spike in side of Pile 
Sand bags or stone 
piled on yoke of 
2" planks 
WTA AYN 
Oke of 2" Plank 7 
Lean Pile Butts Cut off pile-butts 
Wf ( I i ] NWN piled against form. 
hy, » 
Fic. 149. 


This dimension is marked (?) on the drawing, and is found just 
the same as the length of a rafter when the rise and run are known. 
The “‘rise’’ in this case is the depth of the slope section of the 
footing—2 ft.-6 in. in the drawing. The run will be one-half the 
difference between the top and bottom dimensions for that 
particular side. For the footing given, by subtracting 2 ft. from 
6 ft. we get 4 ft., one-half of which, 2 ft., is the run mentioned 
above. 

The panels are generally made of 1 X 6 roofers, with 2- x 
4-in. battens along the slanting edges, and with intermediate 
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battens 1!4- X 4-in. rough lumber, the whole panel being put 
together as shown in Fig. 148b. On very large footings, 5 or 
6 ft. wide, it is better to make all the battens 2- & 4-in. material 
for greater stiffness and ease in handling. 

With this type of footing it is always necessary to provide 
means of holding it down until the concrete has set. Several 
methods are shown in Fig. 149. Where the footing is not on 
piles, to which it may be wired down, it is necessary to provide 
sand bags or other suitable material for providing sufficient 
weight. To carry the sand bags a plank yoke is framed up as 
shown and put in place about one-third of the way up the slope 
of the footing, to enable the weight of the bags to be distributed 
to better advantage. Where the footings are on piles, in addition 
to wiring the forms down, recourse may be had to the accumula- 
tion of pile butts usually to be found on a piling job. These are 
heavy, fairly compact, and easily handled, and cost nothing. 

211. Walls. Wall forms on concrete industrial building con- 
struction are frequently not started until the structural skeleton 
is well under way, as they are not required for the strength of the 
building. In many of the smaller concrete operations, though, 
the concrete walls will be started as soon as the footings are 
poured, and for this reason they will be taken up here, although 
spandrel curtain walls are not built until after the pouring of 
the columns between which they stand. 

Light cellar and foundation walls do not require anything 
special in the way of form design. Wall panels are made up 
usually of 2 X 4’s spaced about 16 in. on center, to which the 
7¢-in. sheathing is nailed. These forms are used only once, and 
generally wrecked as soon as stripped and the lumber used else- 
where, so that it will pay to nail them up very lightly, just 
enough to hold the boards in place. The 2 X 4’s act as standards 
and run vertically, projecting above the top of the form, accord- 
ing to their lengths, as there is nothing gained by cutting them 
down. As such walls are always in an excavation, it is a simple 
matter to brace the 2 X 4’s, which would otherwise be too light, 
to the bank. Often such forms are built in place, at least as far 
as the outside form is concerned, the standards first being erected 
and braced, and the sheathing then nailed on. 
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On industrial buildings the walls are generally of two types: 
(1) the full story height wall, such as shaft enclosure walls; and 
(2) the curtain or spandrel wall, 2 or 3 ft. high, capped with a 
sill and carrying the sash. 

Of the former, a typical example is shown in Fig. 150, in which 
the upper part of the column and wall have been removed. The 
panels for each side of the wall are made up of 7¢-in. lumber, the 
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Fig. 150. 


boards running horizontally, with 1- xX 4-in. or 1- X 6-in. 
battens on the outside. The panels are held apart by spreaders, 
which may be any of the types described later. To bring the 
pressure on the individual boards to the bolts, the bolts are 
passed through standards, which in Fig. 150 are shown as being 
built up of two pieces of 1!4- X 4-in. lumber, separated by pieces 
of 7g-in. lumber, to provide a slot through which to pass the bolt. 
In erecting these walls the customary method is to put up the 
panels for one side, place the steel, tack the spreaders lightly in 
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place, and then up-end the outside panel against the spreaders and 
brace it in place temporarily. Bolt holes are then bored through 
both forms at the same time by the use of a brace with an exten- 
sion bit, after which the standards are placed in position and the 
bolts passed through and tightened up. A piece of 7-in. board, 
or a 4- X 4-in. wood “‘washer,”’ is often placed under the wrought 
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iron washer, as shown, both to take up any excess length in the 
bolt and to give a better bearing on both parts of the standard. 

It will readily be seen, however, that it may be difficult to 
keep a form built in this manner properly lined up, as there is 
nothing to counteract any tendency the wall may develop to 
bulge out of line as a result of the filling operation. If it is not 
convenient to brace each standard back to some fixed. object 
like another wall, it will probably be better to build the wall 
as shown in Fig. 151. 
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When it is necessary to leave out an opening for a window, a 
frame of the proper size is made up of 2-in. plank and set in place 
against the first panel erected before the wall is closed up. If the 
window is of the rolled steel type, a beveled strip should be nailed 
to the outside of the box, so as to form a recess in the concrete 
jamb of the opening, into which the angle-iron side members of 
the sash can later be grouted. 
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Fia. 152.— Method of bracing wall where through-bolt cannot be used. 


When a wall finishes up under a beam, it cannot be con- 
veniently poured directly from above. It is then necessary to 
build at least three brackets per bay on the outside of the form, 
extending out and up far enough so that concrete may be poured 
into them from the floor above. These brackets usually extend 
out from the beam one board 514 in., and are about 18 in. long. 
It is important that the tops of all the brackets be well above the 
highest point to be concreted in the wall, so that a slight head or 
pressure may be obtained, which will ensure the wall being filled 
up under the beam. 
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Low curtain walls or spandrel walls are a slightly different pro- 
position from the story-height walls we have just been consider- 
ing. The perspective sketch (Fig. 153) shows how these forms 
are put together. 

While the arrangement will vary in some details from build- 
ing to building because of differences in the reveal on the column, 
position with reference to the beam below, etc., the general 
arrangement shown in the drawing can be followed. There are 
usually two stud-bolts in each exterior column just below the 
floor level, which are used to support the exterior column form 


for the story above. Cleats slipped over these bolts and 
tightened up help hold the bottom of the wall form in place. 
The panel for the inside face of the wall is the same as any other 
wall form. The exterior panel will frequently carry a step for an 
overhanging monolithic sill. The overhang of this sill makes it 
necessary to pack out between the outside of the form and the 
standard, up to the underside of the sill. The top of the form is 
held in place by the 4- X 6-in. timber that spans from column 
to column, against which it is held in place by bolts to the 4 x 4 
on the inside face of the column. One set of spreaders is placed 
between the form panels above the lower line of bolts; these can 
be knocked out easily and removed as the concreting progresses. 
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The second set of spreaders is placed between the standards just 
above the sill line. 

Seven-eighths inch triangular moldings, called skewbacks, are 
nailed to the forms at the level of the top of the sills, to avoid 
sharp edges which are easily ‘damaged. If a drip molding is 
required on the sill, a piece of skewback may be very lightly 
tacked to the form for the overhang. This part is important, 
because if the skewback is nailed so tightly as ‘to come away 
with the form when the wall is stripped, it will very likely bring 
along with it the drip molding that it was intended to form. 
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Fig. 154. 


By tacking the skewback in place very lightly it will pull away 
from the form and remain embedded in the concrete, and can 
be removed later when the outside of the building is being cleaned 
down, by which time the concrete will be strong enough to allow 
the strip to be pulled out without damage to the drip. 

The most common type of spreader is obtained from a short 
piece of 7-in. board of the right length, which can be split with a 
hatchet to supply five or six spreaders about 7 in. square. 
If the wall is open at the top, these spreaders should be knocked 
out as the concrete reaches them, and removed. When the wall 
is closed at the top, as when it reaches to the ceiling, the spreaders 


FORMS 441 


will of course have to beleft in. Sometimes by tapering them and 
greasing them with a very heavy grease, they can be driven out 
while the concrete is still green, but this does not always work. 
If the spreaders are left in the wall, they should be cut back with 
a chisel at least 1 in. before the surface is finally finished. 

Various types of concrete spreaders are used. One type is 
illustrated in Fig. 154. 

There are a number of metal wall ties and separators in use, 
but many of them either have to be ordered of the exact length to 
fit a wall of a given thickness, thus lacking the flexibility of bolts, 
or they leave some metal close to the face of the wall where it 
will rust sooner or later and cause disfigurement. Their economy 
and usefulness depend to a large degree on the general method of 
working and the size of the work. 

212. Columns. Forms for interior and exterior columns are 
usually of different construction. Those for exterior columns 
are usually rectangular in plan, while those for interior columns 
may be square, octagonal, or round, and if the latter, are fre- 
quently of sheet metal instead of wood. For any of these, the 
construction of the column head or capital will vary according 
to the type of floor construction, the requirements for beam and 
girder construction being quite different from those for flat slab. 

Sheet metal column forms are usually confined to round col- 
umns. As the light metal that is used in these forms is lacking 
in strength to uphold the floor form system, it is necessary where 
these forms are used that special provision be made at the column 
for supporting the floor forms. This will be discussed later. 

Wood forms for circular columns are not frequently met with, 
but under certain conditions they may be entirely satisfactory. 

Rectangular and octagonal column forms are usually of wood. 
Differences in length of sides, size of yokes, etc. have to be taken 
into account on rectangular or square forms, according to whether 
they are for interior or exterior columns. 

It has been found that the construction is simplest and the 
board marks least conspicuous when the boards run vertically. 
For small columns, 7-in. roofers may be used, but the common 
practice is to use 1!4-in. lumber, dressed four sides, tongued and 
grooved. 
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The necessity for avoiding sharp edges is well known. The 
green concrete will get nicked and chipped in the operation of 
removing the forms, and some method should be used to avoid a 
sharp arris. The simplest method is by beveling the corners, 
accomplished by inserting in the corners of the form a triangular 
‘wood strip called a ‘“‘skewback.’”’ Sometimes a better appear- 
ance is desired, which may be obtained by the use of a rounded 
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corner, or ‘‘bullnose,”’ in which case a cove molding must be 


built into the forms. Figure 155 shows plans of the corner of a 
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Fig, 155. 


column for each of these arrangements, with the usual dimen- 
sions. These may of course be varied if it is so desired. 

The column sides are stiffened and braced by yokes or battens, 
according to the system of clamping used. With yokes, bolts 
or rods, malleable iron clamps are most frequently used. With 
battens the different types of patented form clamps are adopted. 
Concrete exerts a pressure on the forms equal to that of a liquid 
weighing approximately 125 lb. per cu. ft., according to experi- 
ments conducted by the Bureau of Standards. As this is twice 
the weight of water, the necessity for ample strength in yokes 
and bracing will be seen readily. The pressure varies with the 
depth, not with the thickness of the concrete in the column. 
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The yokes are spaced more closely toward the bottom of the col- 
umn, as this is where the pressure is greatest. 

Bolts for column forms are usually 5g in. Half-inch bolts 
have been used with satisfaction, but for some types of form 
construction are found to be too light to withstand the strain of 
wedging against them as will be described under square and 
rectangular columns. As it is usual to stock only one diameter 
of bolt on the job, these bolts would also be used for wall con- 
struction, and !4-in. bolts bend quite readily in pulling; 34-in. 
bolts are heavier than necessary in building construction, and 
have generally been abandoned except for special heavy work. 

Cast iron washers may be used, or wrought iron “plate” 
washers may be bought. These latter are usually 3 x 3 in. 
Yor 5¢-in. bolts or rods the hole is generally 34 in. Square-head 
bolts and square nuts are generally used. 


CrRcULAR COLUMNS 


Sheet metal forms for circular columns are ordinarily rented 
from an agent of the manufacturer, who erects and strips them 
at a fixed price per column. As these forms are not designed to 
earry the weight of the floor form construction, provision must be 
made to support either the drop panel, in flat slab construction, 
or the beams and girders framing into the column in beam and 
girder forms. Such a support has been detailed in Fig. 156. 
This form of bent can be used equally well for either beam and 
girder or flat slab construction by varying the height dimension 
as required. The uprights are 4 X 4’s, the top horizontal brace 
is a 2 X 10, the lower horizontal brace and the diagonal are 1 X 
6’s. The bent is made up of two sides, each of which is per- 
manently assembled; the two sides are set up in place either 
side of the column center, and the movable horizontal braces 
dropped into place in sockets on the sides of the bents. If 
necessary the completed frame is stiffened with temporary diag- 
onal staylathing of 1 X 6’s. In stripping, the horizontal braces 
are lifted out of the sockets, and after the wedges have been 
removed from under the posts the two bents may be taken down 
and hoisted to the next floor complete, ready for reassembling. 
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Wood forms for circular columns must be made up of staves 
set in a yoke. The faces of the staves and the yoke must be 
shaped to circles of the right diameter for the size of the column 
and the thickness of the staves (see Fig. 157). The radius of the 
curve on the inner face of the staves will of course be one-half the 
diameter of the column. The radius of the curves cut in the yoke 
will be one-half the diameter of the column plus the thickness 
of the stave. 

The form is bolted together through the yokes, which are 
notched out as shown in the drawing to provide a square seat for 
the washers on the bolts. 


RECTANGULAR COLUMNS 


Rectangular and octagonal column forms are usually of 
wood. ‘The exterior columns of a building usually keep the face 
that is parallel to the building line unchanged, the reduction 
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being made in the “‘thickness”’ (dimension at right angles to the 
building line). Interior columns are often square, and in this 
case all four faces will have to be reduced in width. The neces- 
sity for being able to reduce the size of a column economically 
must not be overlooked in planning the forms. 

The arrangement of sides shown in Fig. 158 is very largely 
used and has been found simple to build and reduce and quite 
generally satisfactory. The drawing shows a rectangular form 
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for convenience in referring to the different panels. The face 
panels (as marked on the drawing) are usually called the “‘sides” 
and the narrower panels, which fix the thickness of the column, 
are called the “‘ends.”’ 

A square column would be built just the same as the drawing 
shows, the dimensions of the different panels alone being changed. 
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Fig. 159.—Method of yoking or sca We a column without bolts by the use of 
<eys. 

The width of the sides is just the same as the concrete dimen- 
sion. This panel is made up on long yokes, which also serve as 
battens, which project about 10 in. beyond the panel at each side, 
to allow space for bolting and wedging. The end panels are 
wider than the concrete dimensions for the thickness of the 
column by twice the thickness of the lumber used in the panels. 
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A glance at the drawing will show why. Necessarily, the yokes 
on the end panels are cut off flush with the sides of the panels. 

For exterior columns, as the upper stories are added to the 
building it will be found that with each succeeding floor or two 
the thickness of the column will be reduced, as the load on the 
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Fie. 160.—Exterior column form set in place. 


column reduces, and a smaller column area is required. Archi- 
tectural appearance demands that the face of the column that 
shows on the street be the same width from street to cornice, 
so the smaller area is obtained by reducing the thickness. This 
merely means that to reduce the column form, a strip the same 
width as the required reduction in the thickness of the column is 


448 DESIGN OF CONCRETE STRUCTURES 


ripped off one side of the end panels, cutting through panel and 
yokes alike. 

After the panels are assembled the bolts are placed and tight- 
ened up, and then the wedges shown in the drawings driven down 
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between the bolts and the 4- x 4-in. cleat or yoke piece on the 
ends, to hold the end panels tightly in place against the sides. 
It is here that a 14-in. bolt frequently proves too light, as it will 
bend under the wedging or later under the pressure of the concrete. 
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CoLuMN HEADS AND CAPITALS 


Both square and octagonal columns have square heads; 
the four corner pieces of the octagonal column are capped with a 
three-cornered piece to give the effect in the finished column of a 
chamfer stop. This pieceshows in Fig.161. Openings for beams 
and girders are cut with a 45-degree bevel as shown. The beams 
and girders do not actually frame up tight against the column 
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form, but are separated from it by removable keys which provide 
the necessary clearances and make stripping easy. 

With flat slab construction a flared capital is necessary on 
top of the shaft of the column. With circular metal column 
forms the capital is also of sheet metal, furnished and erected the 
same as the shaft, and need not be dealt with here. Where wood 
forms are used for interior columns a square octagonal capital 
will be required according to the shape of the column. 
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The square capital is a little simpler than the octagonal. It 
is generally built up of two long sides and two short sides that 
fit in between them, as shown in Fig. 162. All the panels are 
made up for the largest column, and as the size of the column 
reduces, the panels are pieced out as indicated in the section in 
broken lines. The octagonal form is somewhat similar, but 
beveled corner pieces are inserted in the corner of the square 
capital form, as indicated in broken lines at ‘“A”’ in the plan. 
These heads are sometimes supported temporarily by making the 
top yoke of the column long enough to carry them, as shown in 
the section in Fig. 162, but before any concrete is poured they 
should be posted up. 
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MIScELLANEOUS 


A minor problem occasionally encountered is that of holding 
in place a column which adjoins an existing building. An 
arrangement similar to that shown in Fig. 163 may easily be made 
up, and in actual service this has proved very satisfactory. The 
frame of 4 X 4’s and 4 X 6’s is made up separately and put into 
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place as a unit, and the wedges between the column yokes and the 
vertical 4 < 6’s are driven afterward to make the whole frame 
tight. 

213. Beams and Girders. An economical system of beam and 
girder forms for a building job really starts with the lumber list, 
on which should be shown clearly the manner in which the lumber 
is to be used. This will avoid confusion in the fabrication of the 
forms, and if the lumber list shows, as it should, for just which 
member each particular piece of lumber has been ordered, very 
little extra material need be bought, and a great deal of waste 
can be avoided. Before the lumber list can be made up, however, 
a thorough knowledge is required of just how the forms are put 
together, so that as the plans are studied the necessary form 
details for each individual beam and girder can clearly be pictured 
mentally. 

The methods used for stripping and reposting will also affect 
the quantity of lumber to be bought, so that it will be con- 
venient to consider the several phases of the work in turn, touch- 
ing on the lumber sizes commonly used, with a few notes on safe 
carrying capacities, posting, stripping, and reshoring, form details, 
and the lumber required and the lumber list itself. 

The lumber used must be strong enough to contain and support 
the mass of semiliquid that it encloses, and in the case of beam 
sides and floor panels be stiff enough to hold its lines after it 
has been made up into forms, without sagging or bulging, or 
requiring an undue amount of battening or bracing to keep it 
true. The sizes given here are in general use, and for ordinary 
building work can be followed to advantage. 

Shores and posts, usually 4 X 4 in. rough. Occasionally 6 
X 6 in. for special cases of very heavy loads or stories too high 
for 4- X 4-in. posts. 


Beam and girder bottom, 2 in. X .. . in. Dressed four 
sides to 134 in. X (required width) in. 
Beam and girder sides, 114 in. X . . . in. Dressed four 


sides to 114 in. X (required width) in. 

Cleats or battens 1 X 4 in., 144 X 4am. or 2 X 4 in. 
rough. 

Ledgers 114 X 4 in. or 2 X 4 in. rough. 
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Spreaders 3 X 4 in. rough. 

Floor panels 1- X 6-in. roofers, D 48 to %- X 5)-in. T. & G. 

The first step when considering the general layout of the forms, 
before making up the lumber list, is to figure out the weight to 
be carried by the forms, and the resultant allowable spacing of 
the shores. 

The formula of the American Railway Engineering and Main- 
tenance of Way Association for unseasoned short-leaf pine and 
spruce posts is as follows: 


l 
L = 1100 x (1 - g,) 
in which: 
L = Safe load in pounds per square inch. 
l = Length of post, in inches. 
d = Least diameter of post, in inches. 
1100 Extreme fiber safe working stress in bending. 
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The formula is intended for railroad bridges and trestles; 
for other structures certain increases are allowed in loading, but 
as the lumber used for form work is often of a poor grade it is 
advisable to adhere to the values given by the formula. 

Because of the speed with which concrete buildings are 
ordinarily erected, the dead load of the next story is frequently 
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placed on concrete scarcely_a week old, when it has only a 
part of its ultimate strength. This means that to carry the 
successive stories as they are erected there should always be at 
least two stories fully reposted (in addition to the shores under 
the forms) and one additional story partly reposted. This story 
should have at least half the reshores in place. This is shown 
in Fig. 164 which is a vertical section through a typical bay of a 
building. ‘These rules apply to summer or warm weather work 
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carried on at the rate of about a story per week. For winter 
work or greater speed at least one additional story fully reshored 
is required, and sometimes more, depending upon the individual 
job conditions. 

A safe stripping schedule is as follows, based on summer 
conditions: 

1. Columns, 24 hours after floor slab is placed. 

2. Girders, 60 hours after concreting (third day). 

3. Beams, 84 hours after concreting (fourth day). 

4. Panels, any time after the beams. 

The perspective sketch (Fig. 165) gives a good idea of the 
general arrangement of beam and girder forms. The girder 
forms span between the columns, and are generally supported by 
blocking up from the top column yoke. If metal column forms 
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are used, the girders are supported by a scaffold or bent similar to 
that shown. The beam forms are carried by the girder forms, 
generally by spiking a piece of 2 X 4 to the outside of the girder 
form just below the beam opening. The floor panels are made 
up with 3- X 4-in. spreaders on the back in place of battens. 
These spreaders rest on a 114- X 4-in. ledger nailed to the cleats 
on the outside of the beam form. A 3- X 4-in. spreader will 
not carry so great a load asa 2 X 6, but the number of spreaders 
is usually fixed by the allowable span for the 7¢-boards of which 
the panel is made, and this is 2 ft.-6 in. or less. Under these 
conditions, for the usual 4- or 414-in. slab found in building 
construction, spanning about 6 ft. between beams, a 3- X 4-in. 
spreader is strong enough, and it has the additional advantage 
that it does not overturn in handling or under load as readily as 
a 2- X 6-in. 

It should be obvious, then, that all parts of the system must be 
cut and framed to the right sizes to avoid patching out when the 
floor forms are being assembled in place; it should be equally 
obvious that if the various members comprising the form system 
are to be taken down economically, so that they can be used 
again, without having to cut and saw, proper clearances must be 
provided where the different members frame into one another. 
Some simple means must also be provided for closing up the gaps 
required for the clearances. 

The first member to go into place is of course the column, 
where wood column forms are used, because the column forms can 
then be made to carry the girders. Where metal column forms 
are used, the trestle or bent previously mentioned will be neces- 
sary to carry the girders. The required height for the bent is 
obtained as follows: Make a rough sketch similar to Fig. 166, 
putting down first the story height and then the distance from 
the finished upper floor surface to the under side of the girder 
forms. Note that this is not the underside of the concrete girder, 
but the underside of the girder forms. This dimension is given 
for example in the drawing as 2 ft.-27< in., and reference to Fig. 
167 will show how this dimension is obtained. If the story 
height is 14 ft. from finished floor to finished floor, we will have 
first to subtract the 267< in. and then make some allowance for 
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wedging under the bent to compensate for uneven spots in the 
floors. We will allow for example 3!¢ in., thus making the 
height of the bent itself over all 11 ft.-6 in. This will be satis- 
factory where all, or nearly all, of the girders are of the same depth. 
Where the girders are of varying depth, it would be inconvenient 
and expensive to make individual bents for each particular case, 
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so that it is usual to make the bents low enough to take the 
deepest girders that are typical, and provide a shelf as shown in 
Fig. 166 upon which to wedge and block the shallow girders to 
the right elevation. 

From this point on it will be an advantage to consider the 
form details and the lumber list together. The first step in 
making up the lumber list for the floor forms will be to set down 
the lumber required for the girders. Refer again to Fig. 167. 
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At “A” is shown the girder section as it will probably appear 
on the plans. Note that the depth of the girder includes the 
thickness of the floor slab, in this case 4 in. This is the usual 
method of giving beam and girder dimensions. At “B’’ we have 
the superintendent’s sketch showing how he intends to build the 
form. The width of the girder is given as 10 in. For the girder 
bottom he will order a 2- X< 10-in. plank ‘‘Dressed 2 Sides” 
to 134 X 10 in. The edges will in this case be left rough, as 
to dress them down would take )4 in. from the width of the plank, 
with nothing gained by so doing, as the joint between the beam 
bottom and the girder side is covered with a beveled molding 
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called a skewback. The skewback is generally 7 in. for beams 
and girders. Larger skewbacks than 7 in. are not often used in 
building work. 

For the sides of the girder form three pieces of 1144- X 8-in. 
D48§ to 114- X 734-in. are called for. These three pieces add up 
to 2314 in. while the drawing shows that only 217¢ in. are required 
from the bottom of the floor panel to the underside of the beam 
bottom, but by having the sides project slightly below the bottom 
piece the shores bear up against the lower edge of the sides instead 
of against the bottom plank. This makes the form much less 
likely to sag between the shores and gives better lines. It is 
important that all beam and ue lumber be dressed to 
exactly the same thickness (1/4 or 134 in.) as it will be impos- 
sible to get a good-looking job of concrete if some of the planks in 
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the form are finished 3¢ in. thick and others 11¢ or 114 in. A 
note should always be made on the order for the lumber for 
beams and girders that all the material of a given thickness must 
be dressed uniformly to that dimension. 

The length of the girder form will be somewhat less than the 
clear span between the concrete columns. In ordering the 
lumber it must be borne in mind that the girder will first be used 
between the columns in the basement or first story. Here the 
columns will have the greatest diameter, and the girder form will 
consequently be shortest. If the drawing gives the length of the 
bay as 20 ft. center to center of columns, with the columns 
assumed as 2 ft. in diameter, the clear span between the columns 
will be 18 ft. In discussing the length of a beam or girder form 
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it may be well to mention at this point that the ‘‘length”’ of the 
form will refer to the length of the bottom plank. It is usual to 
make the sides of the form about 114 in. shorter at each end than 
the bottom, to facilitate stripping. When the concrete is 
poured, the pressure will force all the abutting form surfaces 
tightly together. If the sides are made full length, the pressure 
of the column forms against the ends of the girder form will make 
it next to impossible to get the form down. If the sides are made 
an inch or more short at each end, a removable ‘‘key’’ piece may 
be inserted as shown in Fig. 168, which shows the condition at the 
junction of column and girder forms, or beam and girder forms, 
the details being similar in each case. The key, being beveled, 
can usually be removed without difficulty, but if it sticks, it can 
be chopped out without injury to the main form, thus providing 
the clearance required. The bottom form may be made practi- 
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cally full length, as clearance is provided as soon as one end is 
pried down. 

If metal column forms are to be used, the girder form may be 
made the full 18 ft. long, lacking about }4 in. for the thickness of 
the metal in the column molds, which will be nailed to the ends 
_ of the girder forms. 

When a wood column form is used, the length is figured in 
exactly the same way, taking into account, however, the thick- 
ness of the wood in the column forms, these being generally built 
of 7g-in. lumber for interior columns. For the same case as we 
have assumed, the length of the girder bottom would be 18 
ft. less two thicknesses of 7¢-in. material, or 17 ft.-10!4 in. The 
sides will be 3 in. shorter than the bottom, to allow the 1/4 in. 
at each end for keying, thus making the sides 17 ft.-714 in. long. 

The ends of the girder sides are cut on a 45-degree bevel as 
shown in Fig. 168. This drawing also shows the opening in column 
capital or girder, as the case may be, which is cut on a bevel the 
other way. The opening in the column is made 1 in. greater than 
the width and 14 in. greater than the depth of the beam. When 
the form is stripped this will show up as a narrow raised molding 
1g in. wide around the end of the girder which is of value in 
making less conspicuous any minor irregularities that may occur 
in fitting the members together. Where wood column forms are 
used, it is advisable to set the top column yoke at such an eleva- 
tion that it will carry the girder at the proper height. 

As the columns reduce in diameter from story to story, it will 
be necessary to lengthen out the girder forms. This can easily 
be done by lightly nailing in place.a piece of beam side material 
of the right width each time the column reduces. If the patch 
is fastened on with a splice on the back, it can be removed each 
time the column reduces and a new piece of the required total 
width substituted. This will mean only one patch at the end of 
the girder instead of several. 

The beam forms are made up in exactly the same manner as 
the girder forms. The depth of the beam having been taken from 
the plans, a sketch is made up to show the section and on this 
section are marked the sizes of the various pieces of lumber 
required to make up the form. It will always cost slightly more 
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to make up a form of several pieces of 6- or 8-in. lumber than 
a lesser number of 10- or 12-in. pieces, but the slight difference 
in labor cost is more than offset by the difference in the cost of 
material, the 10- and 12-in. lumber being much more expensive, 
and therefore to be avoided where possible. 

Cleats or battens are required on beams and girders to hold 
together the various pieces of lumber of which the form is built. 
These battens are 1 in. X 4 in. or 114 in. X 4in. rough. Spac- 
ing is usually 2 ft. to 2 ft.-6 in. center to center. The lumber list 
for each member should include these miscellaneous items: 

Number of feet of batten material required; number of feet of 
ledger; number of feet of key lumber, and skewback footage. 
This helps to insure that every item has been given attention. 


Exterior beams present an additional problem in bracing, 
as there is no panel and spreader construction on the building 
line side to keep the form from opening up wider at the top than 
it is at the bottom. Two methods are generally used to keep 
the outside of the beam inline. The first is to put a large number 
of shores under the beam and put spur braces at an angle of 45 
degrees between the Tee head on the shore and the side of the 
beam. While this is the method most commonly used it has 
several disadvantages. It requires an unnecessarily large 
number of shores, and it also requires that the head of the shore 
be two or three times as long as would otherwise be necessary. 
There is the labor of cutting and nailing in place a large number 
of the small spur braces, and the final disadvantage that the 
form will often spring anyway, and there is then no practicable 
method of getting it back into line. This has caused the adoption 
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of the method shown in Fig. 169. A 2- X 8-in. or 2- X 10-in. 
plank, depending on the span between columns, is spiked flat to 
the top yoke of the columns, and wedges are then driven between 
the plank and the beam side as often as may be necessary to 
hold the beam side in line. Then, if the form does show signs of 
_ working out of line because of spring in the plank, it is a simple 
matter to drive down such wedges as may be necessary to correct 
the trouble, while the pouring is going on. By this method no 
more shores are required than for an interior girder, and the Tee 
head need be only long enough to give the girder a bearing. This 
makes the shores much easier to handle. As cutting is rarely 
required, scaffold plank can be used for this bracing to good 
advantage without extra expense for special material. 


Fig. 170. 


The beam forms have a 1!4 & 4 or 2- X 4-ledger spiked to the 
side cleats. This ledger carries the spreaders on which the floor 
panel is made. Figure 170 gives a cross-section through two 
beams. The spreaders are 3 X 4 in. rough, sized at the ends 
to 334 or 314 in. This is best done by making a saw cut about 
6 in. long at the required length, but before they have been made 
up into panels. This is just the same as sizing the underside of 
a floor beam in ordinary brick or frame construction to keep the 
floor level. 

The length of the spreader will be the measurement between 
the beam forms. As the clear opening between the beams in the 
drawing is given at 6 ft., the back to back distance between the 
beveled beam sides would be 5 ft.-9!4 in., which would then be 
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the length of the spreaders. The ends of the spreaders should 
be slightly beveled as shown. 

The floor panels will have to be patched out each time the 
columns reduce in diameter. This may be done by simply 
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adding in a little filler piece each time, which is rarely satisfactory 
in appearance, or the following method may be used. As shown 
in Fig. 172, the corners of the panels adjacent to the column are 
made with the boards running at an angle of 45 degrees. When 
the column size reduces, the short boards in this corner section are 
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taken off and new boards substituted. When a circular column. 
is used, the same method is followed, and after the necessary 
new boards have been put in the panel, a circle of the less required 
radius is described on the panels and the cut made with a compass 
saw. This method of building the floor panels and patching them 
.out always leaves a clean, neat corner at the column. When 
sheet metal column forms are used, the metal form is usually run 
up first to the underside of the girders, and the space between the 
girders and beams filled out with four pieces of metal of the proper 
size curved to the same radius as the column. These pieces 
usually lap the column form and are bolted to it. 

214. Flat Slabs. One of the oldest, simplest, and most com- 
mon methods of flat slab form construction is shown in Fig. 173. 
The upper part of the drawing shows the disposition of the panels 
and the lower part of the drawing the arrangement of 4 X 6’s 
and spreaders. 

For the sake of simplicity in this and other drawings, the shores 
have been omitted. Their spacing under the 4 < 6’s is governed 
largely by the thickness, and consequently the weight of the floor 
slab, which limits the span of the 4 X 6’s. 

An interesting system of forms for jobs in which the bays are 
square and in which the drop panels can be made of the right 
size, is shown in Fig. 174. These panels are all exactly the same 
in size and shape and are therefore completely interchangeable. 
This is a big advantage where time is limited and the job must 
be pushed. The drop head shown is two-fifths of the length of 
the bay. As will be seen, three rows of 4 6 bents are set up 
between the lines of columns, the same as in Fig. 173, but between 
the columns three short bents are used running in the opposite 
direction. Because of the close spacing of the 3 x 4’s or 2 
4’s, which act as battens on the back of the panels, they are 
usually quite stiff and stand handling well, in addition to being 
somewhat lighter than the panels used in the first system 
described. 

This system is open to the objection that the board marks do 
not all run the same way on the ceiling, but, as a rule, because of 
the rigidity of the panels, a good job of form work is obtained, and 
when the ceiling is painted, the fact that in some panels the boards 
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are at right angles to those in the adjoining panels is not specially 
noticeable or objectionable. 

A particularly excellent method of building forms is shown 
in Fig. 175. Instead of making the panels with longitudinal 
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spreaders on which the boards are placed crosswise, as shown in 
Fig. 174, these panels are made up very much like those for beam 
and girder construction, the boards running the length of the 
panel, with traverse spreaders on the back spaced according to 
the load to be carried and the span between the rows of 4 x 6 
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bents. As the longitudinal joints between the panels come over 
the center line of the 4 X 6’s, accurate spacing of the bents is 
essential, and is obtained in the following manner, which is 
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also shown later by sketch. A2 X 6 spacer plank is bolted from 
one column bent to the next one, at right angles to the line of 4 
x 6’s. These 2 X 6’s are all drilled for the bolts to a standard 
spacing, so that they automatically furnish a check on the 
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location of the column bents. Each 2 X 6 carries a set of 1- X 
4-in. guide cleats, which project about 4 in. above the top of 
the plank, and are so located that it is only necessary to drop the 
4 X 6’s into the space between the guide cleats to ensure their 
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being exactly in position to catch the edges of the panels. One 4 
xX 6 bent is needed between the columns parallel to the rest of the 
4 X 6’s, to catch the two short panels. This bent can readily be 
placed after the other bents are up by the use of the staylathing on 
which the position of the bents has been marked. As the 2 X 
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6 spacer plank does not actually carry any of the construction 
load, it does not have to be bolted up with nut and washer. 

The operation of setting up these forms then becomes quite 
simple. After the first column bent has been located properly 
with regard to its column center in both directions, it is only 
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necessary to locate the succeeding bent in the same row approxi- 
mately. The 2 X 6 is lifted into position at the first bent and 
pinned with a bolt. The second bent is moved backward or 
forward until the other end of the 2 < 6 can be pinned the same 
way and the process again repeated. The 4 X 6’s are then 
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dropped into place between the guide cleats and the shores 
placed under them, after which the panels may be laid down with 
the assurance that everything will fit as it should. In mill 
buildings of some types the drop head around the column capital 
is occasionally eliminated in the design, in order to get a per- 
fectly flat, unbroken ceiling. It then becomes possible to use 
the 2-in. plank underflooring for form construction, and save a 
large part of the cost of lumber which would otherwise be wasted. 
As the planks are used practically loose, there is 100 per cent 
salvage. The planks are used only once, being left on the floor 
for use as underflooring after being stripped, and a new set of 
forms “built”? for the next story. The shores, ledgers, etc., of 
course, are used over again on each floor. Reference to Fig. 
176 will show the principal details of the system. 

The matter of adequate support for the green concrete in a flat 
slab floor is one to which a great deal of thought has been given by 
engineers and contractors. Whatever the system of forms used, 
this point must be watched very carefully to see that by no chance 
is the new slab left without proper support, either during the 
stripping operation, or in the period immediately subsequent to 
it. Flat slab forms should not be removed earlier than indicated 
in the schedule below, which is based on summer or warm weather 
conditions. 

Columns—24 hours after slab is concreted. 

Depressed heads (drop panels)—36 hours after concreting. 

Slab—84 hours after concreting. 

Because the construction of flat slab forms is such that it is 
frequently necessary to remove the shores from a large part of a 
bay in order to start stripping, it has been found advisable to 
build in what are known as “‘permanent”’ shores. These shores 
are usually 6 X 6’s carrying a “cap” about 12 in. square, which 
is entirely independent of the adjacent floor panels. This shore 
is set in the approximate center of the bay at the joint between 
two panels which are notched out around the “‘cap.’? When the 
panels are stripped, the permanent shore remains in place to afford 
support to the concrete. The function of the permanent shore 
cannot be performed by reshoring, for two reasons: first, because 
of the injurious deflection which will occur if the slab is tem- 
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porarily left unsupported; second, because in reshoring, the effort 
to wedge the shore up tightly will often result in putting a heavy 
pressure on the underside of the slab. The slab is designed and 
the reinforcement so placed that it is effective only in carrying 
loads which tend to bend it downward; it is entirely unfitted to 
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resist loads which tend to bend it wpward, and when it is still 
green may easily be cracked in this way. The method of reshor- 
ing commonly followed involves placing a single 6- X 6-in. post in 
the center of each band between the columns. This method is 
open to the same criticism as applied above to the slab, although 
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there is usually some steel over the bands to resist an upward 
thrust. 

To avoid making the drawing unnecessarily complicated, the 
permanent shores have been omitted from the center of the bays 
of the other drawings, but they should always be provided regard- 
less of the system used. If a system of permanent shores is used, 
as shown in Fig. 177, reshores are needless, but if only the center 
permanent shore is used, a 6- X 6-in. reshore should be placed 
under each band mid-way between the columns, in each direction. 

Two stories, in addition to the story below the forms, should be 
left fully reposted at all times, and in the third story below, the 
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shores under the bands may be removed, leaving in place for 
another week the center shore under the slab. 

Because of the nature of flat slab construction it is important 
that shores be placed one over the other in successive stories, to 
avoid compelling the floor structure itself to carry the load. 
Failure to follow this rule may result in bringing a concentrated 
load to bear on an unsupported section of the slab, with a resulting 
failure. 

The actual sizes of the floor panels, after the general arrange- 
ment has been worked out, are dependent upon the size of the 
depressed section. As the drop panels are always placed before 
the slab forms, they will be considered first. Figure 178 shows 
two different methods of building these panels. The type at the 
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left of the illustration is the more generally used in one form or 
another, although some carpenter foremen who have used both 
types claim that the other type is much better. It is a small 
matter, depending principally upon the individual foreman’s 
way of working. The first type shown is made up of a single 
thickness of 7 roofers stiffened and held in place by battens or 
cleats on the back of the panel. The battens as shown in the 
drawing are 1 X 6’s, but the common practice is to use 2 X 4’s on 
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edge to make the panel rigid. The other panel is made up of two 
layers or laminations of roofers laid in opposite directions. 
This panel has all the advantages of any laminated construction 
as far as strength is concerned, and will stand more grief than the 
first type of panel. 

When a sheet metal column form is to be used on a job before 
making up the depressed panels, at least as far as cutting the 
opening for the column capital is concerned, obtain from the 
column mold erector the size and details of the opening in 
the panel required to fit his construction. 
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Typical details used in two different column mold systems are 
shown in Fig. 179 for the column capital, where it is connected 
with the drop panel. In the system marked “a’’ the opening 
in the drop panel is practically the same diameter as the column 
capital, which has a lip turned over that rests upon the surface 
of the panel. This edge of metal leaves a depressed ring in the 
concrete around the capital, which nearly always requires some 
pointing to patch up satisfactorily. The arrangement is also 
open to the objection that the sheet metal capital cannot be taken 
down until the drop panel has been stripped. The other method, 
marked ‘‘b,”’ requires a slightly larger opening in the dropped 
panel, this being marked ‘‘clearance”’ in the drawing. Nailing 
blocks and wedges are fastened around the edge of the opening, 
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and a heavy angle iron ring placed on the blocks to support the 
light metal of the mold between the blocks. This ring is gauged 
to come about 1 in. below the surface of the drop panel, so that 
when the capital form is placed, the turnover lip will just come 
flush with the surface of the drop panel. With this type of con- 
struction it is not necessary to wait for the drop panel to be 
stripped to get the metal mold. By removing the wedges the 
ring can be dropped, thus freeing the sheet metal form for imme- 
diate use elsewhere. 

Figure 180 gives two vertical sections through the loose 
spreader system of forms shown in Fig. 173. These sections show 
the floor panels made up on 1 X 6 battens or cleats, laid on the 
loose 3 X 4 spreaders, which are in turn supported by the 4 x 6 
ledgers cleated to the top of the shores. A bevel piece is fitted 
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around the edge of the drop panel and helps to support the 
extreme ends of the floor panel. 

It will readily be seen that where the depressed section around 
the column capital is sufficiently shallow, it is entirely possible to 
omit the special bent construction at the columns, and carry the 

drop panel on the 4 X 6’s. 

If desired, the system shown in Fig. 175 may be modified by 
running the panels at right angles to those shown in the plan. 
The spreaders will then parallel the long axis of the panels, and 
the boards will run across the panel, similar to the panel shown in 
Fig. 174. This method has the very decided advantage that the 
same degree of accuracy in placing the 4 X 6’s is not required, 
except at the ends of the panels. 
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The use of loose planks, as shown in Fig. 176, cannot well 
be extended to columns, curtain walls, parapets, ete. For these 
and other special purposes, such as stairs, the amount of cutting 
and fitting required will often render the plank practically value- 
less for use as underflooring, for which it was bought primarily. 
For these special uses it is advisable to buy the regular 7<-in. 
sheathing and confine the use of the loose planks to the floor forms 
alone. The shores can be made up by spiking planks together, 
but it is frequently just as cheap to buy 4 X 4’s, which can after- 
ward be used as standards for walls, ete. 

215. Stairs. Stair construction in concrete is not necessarily 
so complicated as a first view of stair form work in place would 
seem to indicate it to be. The problem when analyzed simply 
resolves itself into two or three operations, each easy enough in 


FORMS 473 


itself. Principally, it is required to build one or more landings at 
locations and elevations shown on the drawings and the placing 
of a run of steps between these landings and the floors either 
above or below, as the case may be. 

Each run, in brief, has to have so many treads of a certain 
length to span a fixed horizontal opening, and so many risers of 
a certain height to span a fixed vertical dimension. A sloping 
form is needed for the soffit of the stair run and some kind of 
provision must be made to shape the ends and front of the steps. 
The whole system, when completed and ready for the concrete, 
must be adequately supported the same as any other piece of 
form construction. 

That, in short, is a statement of the problem and its solution. 
The methods employed are just as simple as the problem itself 
proves to be when separated into its component parts. 

The landings will be the first part of the construction to be 
dealt with, as it is obviously necessary to build them first. They 
are usually of simple beam and girder construction, sometimes 
supported by light concrete posts from the floor below and 
sometimes by recesses cut into the walls of the stair shaft into 
which the landing beams can be framed. In either case there 
is nothing complicated about this part of the work and the con- 
struction of both columns and beams and girder forms has been 
fully dealt with in preceding articles. 

In Fig. 181 is shown the simplest kind of stair—a short run 
between two floors. Landings have been omitted in the interest 
of simplicity and clearness. Where landings are involved the 
operations are practically the same, except that the forms for 
the stair run, instead of butting against a beam already concreted, 
will frame into the beam form at the edge of the landing. 

The first thing that will be noted is that the stair opening or 
hatchway is 8 in. longer than the stair run itself, figuring from 
face to face of the first and last risers. The exact figure for this 
excess will vary with different contractors, but 3)% or 4 in. is 
common. This play room at each end makes it possible to keep 
the end risers vertically over one another in the different runs 
regardless of minor variations in the size of the hatchway, which 
it is usually difficult to hold exactly plumb. The form work is 
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simpler and a much more workmanlike job of framing is obtained 
in the completed stairs when viewed from below after the forms 
have been removed. When this method is used it is not necessary 
to set the antislip tread for the top step (the floor) when the floor 
is filled, as the 314- or 4-in. extension provides the room necessary 
to set the ordinary non-slip tread. 

Where figures are given in this article they will refer only to the 
stair shown in Fig. 181, which will be taken for an example 
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throughout. Figures will be used because by so doing the 
explanations will be made shorter and more easily understand- 
able. The proper figures for rise and tread must be substituted 
on other jobs for those given here and there will of course be a 
corresponding variation in the other dimensions. 

Referring now to Fig. 181, we find that we have three treads at 
10 in. each, with which to bridge the horizontal opening or 
hatchway. The tread is figured exclusive of the nosing, being the 
horizontal distance between the faces of two adjoining risers. To 
this 30 in. must be added the 4 in. at each end for clearance. 

The depth of the stair slab is always given on the working 
drawings. ‘This is the dimension (at right angles to the soffit of 
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the stair) between the soffit and what is marked as the “slope 
line” in Fig. 182. For example, it is given as 5 in. 

After the landing forms have been built, or if there are no 
landings as in this case, before any of the other form work can go 
ahead the panel for the soffit of the stair must be placed. The 
panel is usually made up of 7¢-in. boards with the boards running 
parallel to the stair run, mounted on 3-  4-in. or 4- X 4-in. 
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spreaders or cleats, spaced about 3 ft. apart. These are in turn 
upheld by two or more longitudinal stringers under which are the 
usual posts. Before the panel can be made up and placed, it is 
necessary to know its length and it must be determined at what 
elevation it must be placed with reference to the beams against 
which it rests at each end. As a matter of convenience, a small 
detail of this part of the work can be laid out on large scale at any 
convenient point and the necessary dimensions scaled off, close 
enough for all practical purposes. 
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Such a sketch is given in Fig. 183. Riser and tread are laid 
out and connected by a diagonal line such as is marked “line of 
slope”’ for convenience in identifying it. This line is of course 
parallel to the soffit of the stair, which in this case is 5 in. from it 
(the thickness of the slab). The line for the soffit is next drawn 

_as shown, and the lower end prolonged far enough to intersect a 
line drawn from a point 4 in. in front of the face of the riser, to 
indicate the location of the face of the beam. 
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The vertical dimension “X” is now measured off from the 
sketch. The operation is repeated at the other end and the 
distance between the two points measured, after which the panel 
is cut and placed. 

For the sides or stringers, 2-in. planks dressed two sides to 134 
in. are used, The length of the stair run between girders on the 
line of the soffit is marked on the plank and each end cut off at the 
proper angle to make it fit between the beams. This angle is 
most easily obtained by laying out at the bottom of the plank and 
starting at one end, one riser and tread, using the lower edge of 
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the plank as the diagonal. Reference to Fig. 184 will help make 
this clear, the tentative riser and tread being laid out at the left 
end of the plank and indicated by dotted lines. 

After the end of the plank has been cut off at the proper angle 
the dimension ‘X,”’ previously obtained, is marked on the cut 
edge as shown. The 4-in. clearance space is marked off parallel 
to the tread. Alternately, then, afterward riser and tread are 
marked off until the end of the run is reached. By measuring in 
from the lower edge of the plank 5 in. for the thickness of the slab, 
the ‘“‘slope line” may be established, and the correctness of the 
work checked, as the interior angle between riser and tread should 
be on this line in every case. 
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It will be found advisable to lay the work out quite lightly at 
first, as the error resulting from the wide lines drawn with a 
carpenter’s pencil will mount up and the last tread will be shy 
quite a little. It will then be necessary to go back and lay out 
the lines with greater accuracy. In this case, light lines which 
can be worked over easily will be found an advantage. 

Different types of risers are shown in profile in Fig. 182. In 
most cases the riser is vertical with an overhanging nosing, but in 
some cases the riser itself is battered or sloped outward. In any 
case the object is the same—to get a wider tread than would 
otherwise be possible and to improve the appearance of the 
finished stairs. In laying out such a stair it must be borne in 
mind that the form work riser will not be the same as the con- 
creted stair riser, unless there is no molding. The form work 
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riser will naturally be at the edge of the nosing, and the undercut 
will have to be obtained by means of a panel nailed to the face 
of the form work riser, as shown in the drawing. ‘This is impor- 
tant in cutting the stringers to receive the risers. 

It is customary to bevel the lower edge of the riser form to an 
edge as shown in Fig. 182 so that in finishing the stairs the mason 
may reach in with trowel close to the riser. 

Where the stair adjoins a concrete wall and no outside stringer 
is possible, some other means must be found to support the outside 
ends of the riser forms. 

A method probably as simple as any is shown in Fig. 182. 
A 4- X 4-in. post is wedged up in position on each floor as 
near to the stair as possible and a heavy plank nailed between 
the two posts at an angle approximately parallel to the stair 
run. If the wall is concrete and some of the bolt holes are 
still available, a 4 X 4 may be bolted to the wall at each 
end of the stair run. The plank is then nailed to the 4 X 4’s. 
2- X 2-in. hanger pieces are nailed to the outside of each riser 
and to the plank to hold up the outside end of the riserforms. If 
necessary, diagonal spurs from the plank may be used in addition 
to keep the hanger pieces from swinging out under the pressure 
of the concrete. 

Top forms for the treads are not necessary as the concrete used 
for stairs is of very stiff consistency and will not overflow the 
riser forms to any extent. Because the posts under stairs are at 
an angle from the vertical, they are subjected to heavy bending 
stresses and should be well staylathed and braced. 

Two sets of stair forms are generally used in order that the 
concrete may get at least a week’s set before the forms are 
removed. Reshores should be immediately put in and kept in 
place until the stairs are at least 28 days old. 
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The principal symbols used in the previous discussions have been collected 
here for the convenience of reference. 
a = side of column parallel to principal beam, or over-all depth of any 
member. 
a = angle between inclined web bars and longitudinal bars. 
A = total net area of column, exclusive of fire-proofing. 
A, = A(1 — p) = net area of concrete core of column (core area minus 
reinforcement) 
A, = effective cross-sectional area of metal reinforcement in tension in 
beams. 
A’, = effective cross-sectional area of metal reinforcement in compression 
in beams or columns. 
A, = total area of web reinforcement in tension within a distance of 
8(S1, 82, 83, ete.) or the total area of all bars bent up in any one plane. 
b = width of rectangular beam or width of flange of T-beam. 
6’ = width of stem of T-beam. 
c = projection of footing from face of column. 
C = total compressive stress in concrete. 
C’ = total compressive stress in reinforcement. 
d = depth from compression surface of beam or slab to center of longi- 
tudinal tension reinforcement. 

depth from compression surface of beam or slab to center of com- 

pression reinforcement. 

E. = modulus of elasticity of concrete in compression. 

modulus of elasticity of steel in tension = 30,000,000 lb. per sq. in. 

fe = compressive unit stress in extreme fiber of concrete. 

f’. = ultimate compressive strength of concrete at age of 28 days, based 
on tests of 6- X 12-in. or 8- X 16-in. cylinders made and tested in 
accordance with the Standard Methods of Making and Storing 
Specimens of Concrete in the Field and the Tentative Methods of 
Making Compression Tests of Concrete of the American Society for 
Testing Materials. 

fs = tensile unit stress in longitudinal reinforcement. 

f’s = compressive unit stress in longitudinal reinforcement. 

f> = tensile unit stress in web reinforcement. 


h = unsupported length of column. 
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I = moment of inertia of a section about the neutral axis for bending. 
j = ratio of lever arm of resisting couple to depth d. 
jd =d —z = arm of resisting couple. 
k = ratio of depth of neutral axis to depth d. 
1 = span length of beam or slab (generally distance from center to center 
of supports). 
M = bending moment or moment of resistance in general. 


n= E. = ratio of modulus of elasticity of steel to that of concrete. 
c 


2» = sum of perimeters of bars in one set. 
p = ratio of effective area of tension reinforcement to effective area of 


: As 
concrete in beams = 7,5. 
bd 
p’ = ratio of effective area of compression reinforcement to effective area 


of concrete in beams. 
Po = ratio of total effective reinforeement in member subject to com- 
pression to effective concrete section. 


P = total safe axial load on column whose 4 is less than 40. 


P’ = total safe axial load on long column. 
R = least radius of gyration of a section. 
$s = spacing of web members, measured at the plane of the lower rein- 
forcement and in the direction of the longitudinal axis of the beam. 
t = thickness of flange of T-beam. 
T = total tensile stress in longitudinal reinforcement. 
u = bond stress per unit of area of surface of bar. 
v = shearing unit stress. 
V = total shear. 
- = total shear that can be resisted by the concrete. 
total shear on any section after deducting that carried by the con- 
crete, 7.e.,, V’ = V — Ve. 
w = uniformly distributed load per unit of length of beam or slab. 
length of bar added for anchorage, including the hook, if any. 
z = depth from compression surface of beam or slab to resultant of com- 
pressive stresses. 
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SUMMARY OF WORKING STRESSES RECOMMENDED 
BY THE JOINT COMMITTEE 


1. Direct Compression 


(a) Bearing on plain concrete piers and pedestals......... 25 f'e 

(b) Concentric compression, column with longitudinal reinforcement 
ODS cats pacer rege teint dellis hy aiden ee eee eck 2072 

(c) Concentric compression, column with longitudinal reinforcement 
Py AN Lots] OF NEN ESI Nace aes es ROR Pe ee eee pe a? 300 + (.10 + 4p)f’. 

2. Compression in Extreme Fiber 

(a); Hixtremoestiberstress Im flexure... ..«-. sss eevee es es 40 f’- 

(b) Extreme fiber stress in flexure adjacent to supports of continuous 
GATS ae eater ae eins cy aareke (ots, d0,cs ata ee eee eee aoe tee 45 f'. 


3. Shear 


(a) Beams with no web reinforcement 


ipeboncivuding | bars anchored. ay ssa atememaer te eee s 03 f'c 

2. Longitudinal bars not anchored..................-. 02 f'. 
(b) Beams with web reinforcement 

i longinuding | bars anchored. a.) s6e see ates ae Lae 

2. Longitudinal bars not anchored..................- 06 f’. 


4. Reinforcement 
Tensile or compressive unit stress not to exceed 


(Q)astruchuralestec] oT ade: Dare: nr asic este a sme steay ae eres 16,000 lb. 
(Dyieintermedishercrade| DATS, y<..% acne case 8 ee inner 18,000 lb. 
(Qe Hardeorad esbansccrar sss «Sues chatae aie ermine gs oe Sateen 18,000 lb. 
5. Bond 
(a) Between concrete and plain reinforcing bars.......... Oe 
(b) Between concrete and approved deformed reinforcing bars 
acter hng 0S SE SOR OI TE SOO Date MER IPRA a 05 f'c 


6. Modulus of Elasticity 
(a) For concrete whose ultimate unit compressive strength is between 
HOO NaN CE2 ZOOM Dainese ove slsceisiereie nebo lala, «ae tere Ks Es 
(b) For concrete whose ultimate unit compressive strength is between 
2200 sans SOOO Berctva ots an eine cere ce eae wen erence Vo EB. 
(c) For concrete whose ultimate unit compressive strength is greater 
Ghan COUN De ncitce attel ment cies ter iter ae eet taaetents Re eatin oF 
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NEW YORK CITY BUILDING CODE REQUIREMENTS 
FOR FLAT SLAB CONSTRUCTION 


Rule 1. Application. The rules governing the design of reinforced con-— 
erete flat slabs shall apply to such floors and roofs, consisting of three or 
more rows of slabs, without beams or girders, supported on columns, the 
construction being continuous over the columns and forming with them a 
monolithic structure. 

Rule 2. Compliance with Building Code. In the design of reinforced 
concrete flat slabs, the provisions of article 16 of the building code shall 
govern with respect to such matters as are specified therein. 

Rule 3. Assumptions. In calculations for the strength of reinforced 
concrete flat slabs, the following assumptions shall be made: 

(a) A plane section before bending remains plane after bending; 

(b) The modulus of elasticity of concrete in compression within the 
allowable working stresses is constant; 

(c) The adhesion between concrete and reinforcement is perfect; 

(d) The tensile strength of concrete is nil; 

(e) Initial stress in the reinforcement due to contraction or expansion in 
the concrete is negligible. 

Rule 4. Stresses. (a) The allowable unit shear on reinforced concrete flat 
slabs on the bd section around the perimeter of the column capital shall not 
exceed 120 lb. per sq. in.; and the allowable unit shearing stress on the 
bjd section around the perimeter of the drop shall not exceed 60 lb. per 
sq. in., provided the reinforcement is so arranged or anchored that the 
stress may be fully developed for both positive and negative moments. 

(b) The extreme fiber stress to be used in concrete in compression at the 
column head section shall not exceed 750 lb. per sq. in. 

Rule 5. Columns. For columns supporting reinforced concrete flat slabs, 
the least dimension of any column shall not be less than one-fifteenth of the 
average span of any slab supported by the columns; but in no case shall such 
least dimension of any interior column supporting a floor or roof be less than 
16 in. when round nor 14 in. when square; nor shall the least dimension of 
any exterior column be less than 14 in. 

Rule 6. Column Capital. Every reinforced concrete column supporting a 
flat slab shall be provided with a capital whose diameter is not less than 
0.225 of the average span of any slabs supported by it. Such diameter shall 


be measured where the vertical thickness of the capital is at least 114 in., 
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and shall be the diameter of the inscribed circle in that horizontal plane. 
The slope of the capital considered effective below the point where its 
diameter is measured shall nowhere make an angle with the vertical of more 
than 45 degrees. In case a cap of less dimensions than hereinafter described 
as a drop is placed above the column capital, the part of this cap enclosed 
within the lines of the column capital extended upward to the bottom of the 
slab or drop at the slope of 45 degrees may be considered as part of the column 
capital in determining the diameter for design purposes. 

Rule 7. Drop. When a reinforced concrete flat slab is thicker in that 
portion adjacent to, or surrounding, the column, the thickened portion shall 
be known asadrop. The width of such drop when used shall be determined 
by the shearing stress in the slab around the perimeter of the drop, but 
in no case shall the width be less than .33 of the average span of any slabs 
of which it forms a part. In computing the thickness of drop required 
by the negative moment on the column-head section, the width of the 
drop only shall be considered as effective in resisting the compressive 
stress, but in no case shall the thickness of such drops be less than .33 
of the thickness of the slab. Where drops are used over interior columns, 
corresponding drops shall be employed over exterior columns and shall 
extend to the one-sixth point of the panel from the center of the column. 

Rule 8. Slab Thickness. The thickness of a reinforced concrete flat slab 


shall not be less than that derived by the formula ¢ = .024 1 Vw +1146 


for slabs without drops, and ¢t = .02 1 Vw +1 for slabs with drops, in 
which ¢ is the thickness of the slab in inches, J is the average span of the 
slab in feet, and w is the total live and dead load in pounds per square 
foot; but in no case shall this thickness be less than one-thirty-second 
of the average span of the slab for floors, not less than one-fortieth of the 
average span of the slab for roofs, nor less than 6 in. for floors nor less 
than 5 in. for roofs. 

Rule 9. Reinforcement. (a) In the calculation of moments at any section, 
all the reinforcing bars which cross that section may be used, provided such 
bars extend far enough on each side of such section to develop the full 
amount of the stress at that section. The effective area of the reinforcement 
at any moment section shall be the sectional area of the bars crossing such 
section multiplied by the sine of the angle of such bars with the plane of the 
section. The distribution of the reinforcement of the several bands shall be 
arranged to provide fully for the intermediate moments at any section. 

(b) Splices in bars may be made wherever convenient but preferably at 
points of minimum stress. The length of any splice shall be not less than 
80 bar diameters and in no case less than 2 ft. The splicing of adjacent 
bars shall be avoided as far as possible. Slab bars which are lapped over the 
column, the sectional area of both being included in the calculation for 
negative moment, shall extend to the lines of inflection beyond the column 
center. 
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(c) When the reinforcement is arranged in bands, at least 50 per cent of 
the bars in any band shall be of a length not less than the distance center 
to center of columns measured rectangularly and diagonally; no bars 
used as positive reinforcement shall be of a length less than one-half the 
panel length plus 40 bar diameters for cross bands, or less than seven-tenths 
of the panel length plus 40 bar diameters for diagonal bands, and no bars 
used as negative reinforcement shall be of a length less than one-half the 
panel length. All reinforcement framing perpendicular to the wall in 
exterior panels shall extend to the outer edge of the panel and shall be hooked 
or otherwise anchored. 

(d) Adequate means shall be provided for properly maintaining all slab 
reinforcement in the position as assumed by the computations. 

Rule 10. Line of Inflection. In the design of reinforced concrete flat 
slab construction, for the purpose of making calculations of the bending 
moments at sections other than defined in these rules, the line of inflection 
shall be considered as being located one-quarter of the distance center to 
center of columns, rectangularly and diagonally, from center of columns for 
panels without drops, and three-tenths of such distance for panels with drops. 

Rule 11. Moment Sections. Yor the purpose of design of reinforced con- 
crete flat slabs, that portion of the section across the panel, along a line mid- 
way between columns, which lies within the middle two-quarters of the width 
of the panel, shall be known as the inner section, and those portions of the 
section in the two outer quarters of the width of the panel shall be known as 
the outer sections. Of the section which follows a panel edge from column to 
column and which includes the quarter perimeters of the edges of the column 
capitals, that portion within the middle two-quarters of the panel width 
shall be known as the mid-section, and the two remaining portions, each 
having a projected width equal to one-quarter of the panel width, shall be 
known as the column-head sections. 

Rule 12. Bending Moments. In the design, the following provisions with 
respect to bending moments shall be observed. In the moment expressions 
used: 

W is the total dead and live load on the panel under consideration, 
including the weight of drop, whether a square, rectangle, or parallelogram; 

W, is the total live load on the panel under consideration; 

lis the length of side of a square panel center to center of columns; or 
the average span of a rectangular panel which is the mean length of the 
two sides; 

n is the ratio of the greater to the less dimension of the panel; 

h is the unsupported length of a column in inches; measured from top of 
slab to base of capital; 

I is the moment of inertia of the reinforced concrete column section. 

A. Interior Square Panels. The numerical sum of the positive and nega- 
tive moments shall be not less than 47 Wl. A variation of plus or minus 5 
per cent shall be permitted in the expression for the moment on any section, 
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but in no ease shall the sum of the negative moments be less than 66 per cent 
of the total moment, nor the sum of the positive moments be less than 34 per 
cent of the total moment for slabs with drops; nor shall the sum of the 
negative moments be less than 60 per cent of the total moment, nor the sum 
of the positive moments be less than 40 per cent of the total moment for 
slabs without drops. 

1. In two-way systems, for slabs with drops, the negative moment resisted 
on two column-head sections shall be —!4_9 WI; the negative moment on 
the mid-section shall be —1433 WI; the positive moment on the two outer 
sections shall be +1¢9 WI; and the positive moment on the inner section 
shall be +1433 WI; and for slabs without drops, the negative moment 
on the mid-section shall be —433 Wl; the positive moment on the two 
outer sections shall be +3 WI; and the positive moment on the inner 
section shall be +1433 WI. 

2. In four-way systems, the negative moments shall be as specified for 
two-way systems; the positive moment on the two outer sections shall be 
+140 WI, and the positive moment on the inner section shall be +00 W1 
for slabs with drops; and the positive moment on the two outer sections 
shall be +144 WI, and the positive moment on the inner section shall be 
+400 WI, for slabs without drops. 

3. In three-way systems, the negative moment on the column head and 

mid-sections and the positive moment on the two outer sections, shall be as 
specified for four-way systems. In the expression for the bending moments 
on the various sections, the length / shall be assumed as the distance center 
to center of columns, and the load W as the load on the parallelogram 
panel. : 
B. Interior Rectangular Panels. 1. When the ratio n does not exceed 1.1, 
all computations shall be based on a square panel of a length equal to the 
average span, and the reinforcement shall be equally distributed in the short 
and long directions according to the bending moment coefficients specified for 
interior square panels. 

2. When the ratio n lies between 1.1 and 1.33, the bending moment coeffi- 
cients specified for interior square panels shall be applied in the following 
manner: 

(a) In two-way systems, the negative moments on the two column-head 
sections and the mid-section and the positive moments on the two outer 
sections and the inner section at right angles to the long direction shall be 
determined as for a square panel of a length equal to the greater dimension 
of the rectangular panel; and the corresponding moments on the sections at 
right angles to the short direction shall be determined as for a square panel 
of a length equal to the lesser dimension of the rectangular panel. In no 
case shall the amount of reinforcement in the short direction be less than 
two-thirds of that in the long direction. The load W shall be taken as the 
load on the rectangular panel under consideration. 
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(b) In four-way systems, for the rectangular bands, the negative moment on 
the column-head sections and the positive moment on the outer sections shall 
be determined in the same manner as indicated for two-way systems. 

For the diagonal bands, the negative moments on the column-head and 
the mid-sections and the positive moment on the inner section shall be 
determined as for a square panel of a length equal to the average span of the 
rectangle. The load W shall be taken as the load on the rectangular panel 
sunder consideration. 

(c) In three-way systems, the negative and positive moments on the bands 
running parallel to the long direction shall be determined as for a square 
whose side is equal to the greater dimension; and the moments on the bands 
running parallel to the short direction shall be determined as for a square 
whose side is equal to the lesser dimension. The load W shall be taken as 
the load on the parallelogram panel under consideration. 

C. Exterior Panels. The negative moments at the first interior row of 
columns and the positive moments at the center of the exterior panels on 
moment sections parallel to the wall shall be increased 20 per cent over 
those specified above for interior panels. The negative moment on moment 
sections at the wall and parallel thereto shall be determined by the con- 
ditions of restraint, but the negative moment on the mid-section shall never 
be considered less than 50 per cent and the negative moment on the column- 
head section never less than 80 per cent of the corresponding moments at 
the first interior row of columns. 

D. Interior columns shall be designed for the bending moment developed 
by unequally loaded panels, eccentric loading or uneven spacing of columns. 
The bending moment resulting from unequally loaded panels shall be 
considered as 149 W1l, and shall be resisted by the columns immediately 
above and below the floor line under consideration in direct proportion to the 


values of their ratios of * 


E. Wall columns shall be designed to resist bending in the same manner as 
interior columns, except that W shall be substituted for W, in the formula 
for the moment. The moment so computed may be reduced by the counter 
moment of the weight of the structure which projects beyond the center 
line of the wall columns. 

F. Roofing columns shall be designed to resist the total moment resulting 
from unequally loaded panels, as expressed by the formula in paragraphs 
D and E£ of this rule. 

Rule 13. Walls and Openings. In the design and construction of rein- 
forced concrete flat slabs, additional slab thickness, girders, or beams shall be 
provided to carry any walls or concentrated loads in addition to the specified 
uniform live and dead loads. Such girders or beams shall be assumed to 
carry 20 per cent of the total live and dead panel load in addition to the 
wall load. Beams shall also be provided in case openings in the floor reduce 
the working strength of the slab below the prescribed carrying capacity. 
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Rule 14. Special Panels. For structures having a width of less than 
three rows of slabs, or in which exterior drops, capitals, or columns are 
omitted, or in which irregular or special panels are used, and for which the 
rules relating to the design of reinforced flat slabs do not directly apply, 
the computations in the analysis of the design of such panels shall, when so 
required, be filed with the superintendent of buildings. 
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STANDARD METHODS OF TESTING CONCRETE 
AGGREGATE AS PRESCRIBED BY THE 
AMERICAN SOCIETY FOR TESTING 
MATERIALS 


Test ror Unit WEIGHT oF AGGREGATE FOR CONCRETE 


1. The unit weight of fine, coarse, or mixed aggregates for concrete shall 
be determined by the following method: 

2. (a) The apparatus required consists of a cylindrical metal measure, 
a tamping rod, and a scale or balance, sensitive to 0.5 per cent of the weight 
of the sample to be weighed. 

(b) Measures. The measure shall be of metal, preferably machined to 
accurate dimensions on the inside, cylindrical in form, water-tight, and of 
sufficient rigidity to retain its form under rough usage, with top and bottom 
true and even, and preferably provided with handles. 

The measure shall be of 1{0-, 14-, or 1-cu. ft. capacity, depending on the 
maximum diameter of the coarsest particles in the aggregate, and shall be 
of the following dimensions: 


; = Minimum thick- Diameter of 
Capacity, cu. ft. Hiowiek 7 ara ness of metal, | largest particles of 
Sita Ty Bly ADs U.S. gauge aggregate, in. 
Yo 6.00 6.10 No. 11 Under 1% 
16 10.00 11.00 No. 8 Under 114 
1 14.00 11.23 No. 5 Over 114 


(c) Tamping Rod. ‘The tamping rod shall be a straight metal rod 34 in. 
in diameter and 18 in. long with one end tapered for a distance of 1 in. to a 
blunt bullet-shaped point. 

3. The measure shall be calibrated by accurately determining the weight 
of water at 16.7 deg. Centigrade (62 deg. Fahrenheit) required to fill it. 
The factor for any unit shall be obtained by dividing the unit weight of 
water at 16.7 deg. Centigrade (62 deg. Fahrenheit)! by the weight of water 
at 16.7 deg. Centigrade (62 deg. Fahrenheit) required to fill the measure. 

4. The sample of aggregate shall be room dry and thoroughly mixed. 

5. (a) The measure shall be filled one-third full and the top leveled off 
with the fingers. The mass shall be tamped with the pointed end of the 


1 The unit weight of water at 16.7 deg. Centigrade (62 deg. Fahrenheit) is 
62.355 lb. per cu. ft. 
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tamping rod twenty-five times, evenly distributed over the surface. The 
measure shall be filled two-thirds full and again tamped twenty-five times 
as before. The measure shall then be filled to overflowing, tamped twenty- 
five times, and the surplus aggregate struck off, using the tamping rod as a 
straight edge. 

In tamping the first layer the rod should not be permitted forcibly to 
strike the bottom of the measure. In tamping the second and final layers, 
only enough force to cause the tamping rod to penetrate the Jast layer of 
aggregate placed in the measure should be used. No effort should be made 
to fill holes left by the rod when the aggregate is damp. 

(b) The net weight of the aggregate in the measure shall be determined. 
The unit weight of the aggregate shall then be obtained by multiplying the 
net weight of the aggregate by the factor found as described in Section 3. 

6. Results with the same sample should check within 1 per cent. 


Trst roR IMPURITIES IN SANDS FOR CONCRETE 


1. The test herein specified is an approximate test for the presence of 
injurious organic compounds in natural sands for cement mortar or concrete. 
The principal value of the test is in furnishing a warning that further tests 
of the sands are necessary before they be used in concrete. Sands which 
produce a color in the sodium hydroxide solution darker than the standard 
color should be subjected to strength tests in mortar or concrete before use. 

2. (a) A representative test sample of sand of about 1 lb. shall be ob- 
tained by quartering or by the use of a sampler. 

(b) A 12-0z. graduated glass prescription bottle shall be filled to the 44- 
oz. mark with the sand to be tested. 

(c) A 3 per cent solution of sodium hydroxide (NaOH) in water shall be 
added until the volume of sand and liquid after shaking gives a total value 
of 7 liquid ounces. 

(d) The bottle shall be stoppered and shaken thoroughly and then 
allowed to stand for 24 hours. 

(e) A standard color solution shall be prepared by adding 2.5 c.c. of a 2 
per cent solution of tannic acid in 10 per cent alcohol to 22.5 ¢.c. of a 3 per 
cent sodium hydroxide solution. This shall be placed in a 12-0z. prescrip- 
tion bottle, stoppered, and allowed to stand for 24 hours, and then 25 c¢.c. 
of water added. 

(f) The color of the clear liquid above the sand shall be compared with 
the standard color solution prepared as in paragraph (e) or with a glass of 
color similar to the standard solution. 

3. Solutions darker in color than the standard color have a ‘‘color value” 
higher than 250 parts per million in terms of tannic acid. 


Test FOR SIEVE ANALYSIS OF AGGREGATES FOR CONCRETE 


1. A representative test sample of the aggregate shall be selected by 
quartering or by use of a sampler, which after drying will give not less than 
the following: 

(a) Fine aggregate, 500 g. 

(b) Coarse aggregate, or a mixture of fine and coarse aggregates, weight 
in grams, 3000 times size of largest sieve required, measured in inches. 
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TaBLE [ 
Sieve opening Wire diameter Tolerance, per cent 
Sieve num- 
ber? or size Wire 
me : Maxi 
in inches Weed 13 tmnt in Average diameter aximum 
opening opening 
Under| Over 
| 
ING 100. en 0.149 | 0.0059 0.102 | 0.0040 6 15 35 40 
ING? 50s nee 0.297 | 0.0117 0.188 | 0.0074 6 15 35 40 
ING: 30 cence 0.59 0.0232 0.33 0.0130 5 15 30 25 
We; LO 1.19 0.0469 0.54 0.0213 3 15 30 10 
NOs Sscaks ete 2.38 0.0937 0.84 0.0331 3 15 30 10 
Nos Alautano. 4.76 0.187 1.27 0.050 3 15 30 10 
PAN. shaxovercen 9.5 0.375 2.33 0.092 3 10 10 10 
57 Be bE By 19.0 0.75 3.42 0.135 3 10 10 10 
Ahihateees fake OR 25.4 1.00 4.12 0.162 3 10 10 10 
1 eee ee 38.0 1.50 4.50 ie ag 3 10 10 10 
ris 1 ee en eae ae 50.8 2.00 4.88 0.192 3 10 10 10 
Giisre cess Sees 76.0 3.00 6.3 0.25 3 10 10 10 


2. The sample shall be dried at not over 110 deg. Centigrade (230 deg. 
Fahrenheit) to constant weight. 

3. (a) The sieves shall be of square-mesh wire cloth and shall be mounted 
on substantial frames constructed in a manner that will prevent loss of 
material during sifting. 

(b) The size of wire and sieve openings shall be as given in Table I. 

4. (a) The sample shall be separated into a series of sizes by means of the 
sieves specified in Section 3. Sifting shall be continued until not more than 
1 per cent by weight of the sample passes any sieve during 1 min. 

(b) Each size shall be weighed on a balance or scale which is sensitive to 
4 000 of the weight of the test sample. 

(c) The percentage by weight of the total sample which is finer than each 
of the sieves shall be computed. 

5. (a) The percentages in sieve analysis shall be reported to the nearest 
whole number. 

(b) If more than 15 per cent of a fine aggregate is coarser than the No. 4 
sieve, or more than 15 per cent of a coarse aggregate is finer than the No. 4 
sieve, the sieve analysis of the portions finer and coarser than this sieve shall 
be reported separately. 


> The requirements for sieves No. 100 to No. 4 conform to the requirements 
of the U. S. Standard Sieve Series as given in U. S. Bureau of Standards 
Letter Circular, 74. .The liberal tolerances will permit the use of certain 
sieves which do not exactly correspond to the numbers given in the table. 
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Test FOR QUANTITY OF CLAY AND SILT IN GRAVEL FoR Highway Con- 
STRUCTION 


1. This method of test covers the determination of the total quantity of 
silt, loam, clay, etc., in sand and other fine aggregates.® 

2. The pan or vessel to be used in the determination shall be approxi- 
mately 9 in. (230 mm.) in diameter and not less than 4 in. (102 mm.) in 
depth. 

3. The sample must contain sufficient moisture to prevent segregation 
and shall be thoroughly mixed. A representative portion of the sample 
sufficient to yield approximately 500 g. of dried material shall then be 
dried to a constant weight at a temperature not exceeding 110 deg. Centi- 
grade (230 deg. Fahrenheit). 

4. The dried material shall be placed in the pan and sufficient water added 
to cover the sample (about 225 c.c.). The contents of the pan shall be agi- 
tated vigorously for 15 sec., and then shall be allowed to settle for 15 sec., 
after which the water shall be poured off, care being taken not to pour off 
any sand. This operation shall be repeated until the wash water is clear. 
As a precaution, the wash water shall be poured through a 200-mesh sieve 
and any material retained thereon returned to the washed sample. The 
washed sand shall be dried to a constant weight at a temperature not exceed- 
ing 110 deg. Centigrade (230 deg. Fahrenheit) and weighed. 

5. The results shall be calculated from the formula: 
Percentage of silt, loam, clay, etc. = 

original dry weight — weight after washing 
original dry weight 

6. When check determinations are desired, the wash water shall be 
evaporated to dryness, the residue weighed, and the percentage calculated 
from the formula: 


xX 100. 


weight of residue 
original dry weight 


Percentage of silt, loam, clay, etc. = 100. 


3 This determination of the percentage of silt, loam, clay, etc., will include 
all water-soluble material present, the percentage of which may be deter- 
mined separately if desired. 
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PROPORTIONS FOR CONCRETE OF GIVEN COMPRES- 
SIVE STRENGTH AT 28 DAYS 


The following tables give the proportions in which Portland cement and 
a wide range in sizes of fine and coarse aggregates should be mixed to obtain 
concrete of compressive strengths ranging from 1500 to 3000 lb. per sq. in. at 
28 days. Proportions are given for concrete of four different consistencies. 

The purpose of the tables is twofold: 

1. To furnish a guide in the selection of mixtures to be used in preliminary 
investigations of the strength of concrete from given materials. 

2. To indicate proportions which may be expected to produce concrete 
of a given strength under average conditions where control tests are not 
made. 

If the proportions to be used in the work are selected from the table with- 
out preliminary tests of the materials, and control tests are not made during 
the progress of the work, the mixtures in bold-face type shall be used. 

The use of these tables as a guide in the selection of concrete mixtures is 
based on the following: 

1. Coneretes shall be plastic; 

2. Aggregates shall be clean and structurally sound; 

3. Aggregates shall be graded between the sizes indicated. 

Apply the following rules in determining the size assigned to a given 
aggregate: 

1. Not less than 15 per cent shall be retained between the sieve which is 
considered the maximum size and the next smaller sieve. 

2. Not more than 15 per cent of a coarse aggregate shall be finer than the 
sieve considered as the minimum size. 

Proportions may be interpolated for concrete strengths, aggregate sizes, 
and consistencies not covered by the table or determined by test. 
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PROPORTIONS FOR 1500-Ls. peR Sa. In. ConcreteE 
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Size of fine aggregate 


Size of coarse Slump, 
aggregate in inches ; 
0-No. 30 | 0-No. 16 | O-No.8 0O-No. 4 0-3 in. 
te to. Lel22:8 | 1:3:2 1:3.8 1:4.4 1:5.1 
None ok cane 3to 4] 1:2.4 1:2.8 1:3.3 1:3.8 1:4.5 
6 to: 7 121.9 1:2.2 1 :2.6 1:3.0 1:3.6 
8 to 10) 1:1.4 1156 1:1.8 1224 1:2.5 
4 to 1) 1:2.6:4.6 | 1:2.9:4.3 | 1:3.4:4.1 | 1:3.9:3.6 | 1:4.6:3.1 
No. 4 to %in.... 3to 4] 1:2.3:4.0 | 1:2.6:3.8 | 1:2.9:3.6 | 1:3.4:3.2 | 1:4.1:2.8 
6to 7| 1:1.8:8.4 | 1:2.0:3.2 | 1:2.8:8.1 | 1:2.6:2.8 | 1:8.1 2.6 
Sto dO Ped Vea bl sie 24 | Poe Ded 22 4) 2.1520 
oto. Jars 2:45.38) | 2.735.211 1:33.136.0)) 133.5:4.7 | 124:3:4:3 
Notato tinsete 3to 4) 2:2.1¢4.7 | 1:2.4:4.5 | 1:2.7:4.4 | 1:3.1:4.1 | 1:4.7:3.7 
6to 7| 1:1.6:3.9 | 1:1.8:8.8 | 1:2.1:3.7-] 1:2.4:8.5 | 1:2.9:8.3 
SO 20) Le TU s2.0 ed 22 Bete tae Ra Pd 6327 | 0210225 
4 to 1) 1:2.4:6.0 | 1:2.7:5.9 | 1:3:1:5.8 | 1:3.5:5.4 | 1:4.1:5.1 
No. 4 to 14 in.... 8to 4] 1:2.0:5.4 | 1:2.3:5.3 | 1:2.7:5.2 | 1:3.0:5.0 | 1:3.5:4.6 
6to 7| 1:1.6:4.4 | 1:1.8:4.3 | 1:2.0:4.3 | 1:2.8:4.1 | 1:2.7 :3.9 
8:t0.10))151.023.8; }o121.053:2.] 120:853:2) 124.6:38.8 | 131.822:9 
4 to 1| 1:2.2:6.9 | 1:2.4:6.8 | 1:2.8:6.8 | 1:3.1:6.6 | 1:3.7:6.4 
No. 4 to 2in..... 8'to. 4] 121.8:6.2'| 132.056.1 | 122.4:6.0)) 1:2:7:6.0 | 323.1:5.7 
6to 7| 1:1.4:6.1 | 1:1.6:5.0 | 1:1.8:5.0 | 1:2.0:6.0 | 1:2.4:4.8 
8 to 10| 1:0.9:3.8 | 1:1.0:3.8 | 1:1.1:3.8 | 1:1.8:3.8 | 121.5:2.7 
w%to 1) 1:2.8:5.2 | 1:3.1:5.1 | 1:3.6:4.8 | 1:4.2:4.6 | 1:4.8:4.1 
Sito lind tee 3to 4] 1:2.4:4.5 | 1:2.6:4.5 | 1:3.1:4.3 | 1:3.6:4.0 | 1:4.1:3.6 
6to 7 | 1:1.9:3.9 | 1:2.1:3.7 | 1:2.4°3.6 | 1:2.8:8.4:| 1£:3.2<38:1 
Sto 10) 121.352.8 | 1: 1.42.8 | -TeRes27 | 121.952:6 | 1:2.2:2-4 
344 to 1) 1:2.8:5.8 | 1:3.195.7 | 1:3.6:6.5 | 1:4.1:5.3 | 1:4.7:4.9 
Re toute ines ee Sto 4 132:4 26.27) 12.7252 ||) 1:8.155.0)) 133.624.8124, 0:44 
6to 7| 1:1.93:4.8 | 2:2.134.2 | 1:2.4:4.2 | 1:2.7:4.0 | 1:8.1:8.7. 
Sito. 2632 | td ASQ Tees | sd SFS.0 Vl s2 152.9 
4g to 1] 1:2.7:6.6 | 1:3.0:6.6 | 1:3.4:6.5 | 1:3.9:6.4 | 1:4.4:6.0 
Scatoyo inven ose 3to 4). 1:2.3:5.9.| 1:2.695:9 | 1:2:9:5:8: | 1:3.3:5.6 | 1:3.7:5.5 
6to 7| 1:1.8:4.9 | 1:2.0:4.8 | 1:2.2:4.8 | 1:2.6:4.8 | 1:3.0:4.6 
Sto dO 1s 1.2337, | Len srsey) | isd bs AS07236) 12 9.953.5 
Peto isacesO.t | 138.636.8.4 Lee ab Ay) Wsae7248 |) 126,3:4.4 
Bto leone. a. 3to 4] 1:2.8:4.8 | 1:3.2:4.8 | 1:3.6:4.6 | 1:4.0:4.4 | 1:4.6:4.0 
6to 7| 1:2.1:4.0 | 1:2.6:4.0 | 1:2.8:38.9 | 1:8.2:3.7 | 1:8.5:3.4 
8 to 10| 1:1.5:3.0 | 1:1.7:3.0 | 1:1.932.9 | 1:2.2:2.8 | 1:2.5:2.7 
to 1] 1:8.2:6.2 | 1:3.6:6.1 | 1:4.0:6.0 | 1:4.6:5.8 | 1:5.2:5.4 
Bito Dine eee. Site 4) 1:22:82 5-351-129.195.59)) 13355254 | 123:925.2 | 1:4.5:4.9 
6to 7| 1:2.1:4.5 | 1:2.4:4.6 | 1:2.7:4.5 | 1:3.1:4.4 | 1:3.6:4.1 
8 to 10] 1:1.4:3.4 | 1:1.6:3.4 | 1:1.8:3.4 | 1:2.1:3.4 | 1:2.4:3.3 
Veto scl o-es tee le lsa.027. | 234:087.0)| 1:4:6:6:9") 1:5:2:6.6 
AZ torgoin etek ce Sto 4)| 1:2:756:3 1 173:0:6.3 | 133:4:6:3))|-1:4.0:6:2 | 1:4.5:5.9 
6 to 71) 12261 228.425.2 | 1 207 <5 271-1 23.16.12 | 1:3.5:4.9 
8 to 10] 1:1.4:3.8 | 1:1.6:8:9°] 1:51.8:3.9 | 1:2.1:3.9 | 1:2.4:3.8 
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Proportions ror 2000-Ls. per Se. In. Concrete 


Bra vor course aluinp, Size of fine aggregate 
aggregate in inches 

0-No. 30 | 0-No. 16 | 0-No.8 | 0-No.4 | 0-86 in, 

4 to 1) 1:2.2 1:2.6 1:3.0 1:3.5 14k 

N 38to 4] 1:1.9 1:2.2 1:2.6 1:3.0 1:3.5 

ee ye a 6to 7| 1:15 1:1.7 1:2.0 1:2.3 1:2.7 

8 to 10} 1:1.0 n fir tbe 1:1.3 qeG ecbees 
3g to 1] 1:2.1:3.8 | 1:2.8:3.7 | 1:2.6:3.5 | 1:3.0:3.1 | 1:3.6:2.8 
No. 4 to #4 in Sito 4) LeL7sS.3) Lil Ossi2 ele 2:25 Bel Wh 12 Or 2.8. | ab a.On24 
SE AeA Cte: Fi LEO e el eS Ae eS 288 2.8 || 128.8 ced 
§ to 101_1:0.851.0 | 1:0.991.9 | 222.082.8 | 251:291.7 | 120-621.6 
to 1| 1:1.9:4.5 | 1:2.2:4.8 | 1:2.5:4.2 | 1:2.8:3.9 | 1:3.4:3.6 
No. 4 to 1i Bto 4) 1:1.6:3.9 | 151.8288 | Ps2.153.7 | 1:2.473.5 | 122.8:3.2 
a OE ie 6to 7| 1:1.2:3.1 | 1:1.9:3.1 | 1:1.5:3.0 | 1:1.8:2.9 | 1:2.1:2.7 
Sito 10) FOr 22d O:82 2:2 ed OsASa ele Ct si2:0 
46 to 1) 1:1:955.0 |) B22.1/24.9) | 1 2:424.9) | 152.7746) | alis3.234.4 
Nand to 13st 8to 4) 1:1.6:4.4 ) 1:1.7:4.8 | 1:2.0:4.2 | 1:2.4:4.0 | 1:2.7:3.8 
SO 2M) | Cto 7) LALSS | 1:1.8:9.6 | 2:1.4:9.8 | 251.7 8.4 | 1:2.0:84 
8 to 10| 1:0.7:2.5 | 1:0.8:2.5 | 1:0.9:2.5 | 1:1.0:2.4 | 1:1.2:2.3 
¥to 1) 1:1.735.8 | 1:1.0:5.7 | 122:935.8 | 1:2.4:5.6 | 1:2.876:5 
fA 4 ano ig 8to 4) 1:1.4:5.0 |°1:1.5:5.0 | 1:1.8:5.0 | 2:2.0:4.9 | 122.3347 
SE ete 6to 7) 1:1.0:4.4 | 1:42:44 | 1:1.9:4.1 | 1:14:44 | 1:1.7:3.9 
8 to 10| 1:0.6:2.9 | 1:0.7:2.9 | 1:0.7:3.0 | 1:0.8:2.9 | 1:1.0:2.9 
to 1) 1:2.274.4 | 132.5342 | 1:2:8:4.1) 1:3:3i:3.8 | Ps.8s3.4 
$6 to Lin 3 to 4) 2:1.953.8.|, L:2:1:23.7 | 1324:3.67| 1:2:8:3.4 |) Lisi2isal 
Ae e 6to 7| 1:1.4:3.1 | 1:1.6:3.0 | 1:1.8:3.0 | 1:2.1:2.8 | 1:2.4:2.5 
8 to 10) 1:0.9:2.2 | 1:1.0:2.2 | 1:1.1:2.2 | 1:1.38:2.0 | 1:1.5:1.9 
3% to 1| 1:2.2:4.9 | 1:2.5:4.8 | 1:2.8:4.7 | 1:3.2:4.6 | 1:3.7:4.2 
é Sto 4| 1:1.9:4.3 | 1:2.1:4.2 | 1:2.4:4.1 | 1:2.7:4.0 | 1:3.1:3.7 
28 £0: Teo: 9 6to 7| 1:1.4:3.6 | 1:1.6:3.4 | 1:1.7:3.4 | 1:2.0:3.3 | 1:2.3:3.1 
8 to 10) 1:0.9:2.5 | 1:1.0:2.5 | 1:1.1:2.4 | 1:1.8:32.4 | 1:1.5:2.3 
34 to 1) 1:2.1:5.6 | 1:2.38:5.5 | 1:2.6:5.5 | 1:3.0:5.4 | 1:3.5:5.1 
86 to 2 in Sto 4) 1:1.7:4.8 | 1:2.0:4.8 | 1:2.2:4.8 | 1:2.5:4.7 | 1:2.9:4.4 
* tacey 6to 7| 1:1.8:4.0 | 1:1.4:3.9 | 1:1.6:3.9 | 1:1.8:3.9 | 1:2.1:3.8 
$46.10.) 1:0.8:2.9 |) £:0:952.9 | 121,032.01) 1:1.222.9 | 121-3258 
4% to 1/ 1:2.6:4.5 | 1:2.9:4.5 | 1:3.38:4.4 | 1:3.8:4.2 | 1:4.3:3.9 
< 83to 4) 1:2.2:3.9.) 1:2.5:3.9 "| 1:2:8:3:8.| 1:3.273.6 | 1:3:6:3.3 
74.40,136 in... 6Ho7 | Lsl.623 2-118 25.2 et 20 S| dt 254 48.0))| 0272S 
§:to 10). 15:7.072.3 ) Ut e22 30st 42.20) T6229 ee 
4% to 1| 1:2.5:5.2 | 1:2.8:5.2 | 128.2:5.1 ) 1:3.6:5.0 | 1:4.1:4.7 
8% to 2in 8to 4) 1:2.1:4.5 | 1:2.4:4.5 | 1:2.7:4.4 | 1:3.1:4.8 | 1:3.5:4.0 
sucks = eee oe 6to 7| 1:1.6:3.7 | 1:1.8:38.7 | 1:2.0:3.7 | 1:2.8:3.6 | 1:2.6:3.5 
$3to 10) 1210226 hele 7d er 2.Onl 12 0.be2.00)) ded ge e.G 
44 to 1| 1:2.5:6.0 | 1:2.9:5.9 | 1:3.2:5.9 | 1:3.6:5.8 | 1:4.1:5.6 
xe 446 B16) 4) Li2 06.0 i) 152.426. 25) so Bee Boel, |i so bo 
Sie i EMEC 6 to 7] 1:1.6:4.1 | 1:1.7:4.2 | 1:2.0:4.2 | 1:2.3:4.2 | 1:2.5:4.0 
Sta} 1052.0.) 12050 53.0) esses Ore Leora Om dekenraO 
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PROPORTIONS FOR 2500-LB. PER Sa. In. ConcretTEr 


Size of fine aggregate 


Size of coarse Slump, 
aggregate in inches SS 
0-No. 30 | 0-No.16 | 0-No.8 | O-No.4 | 0-36 in. 
%to 1} 1:1.8 12.1 1:2.4 1:2.9 1:3.3 
icf te ee 38to 4] 1:1.5 1:1.8 1:2.1 1:2.4 132.8 
Oto 7 | 251.2 1:1.3 1:1.6 1:1.8 1:2.1 
8 to 10} 1:0.7 1:0.8 1:0.9 1:11 bE Us 
4% to 1] 1:1.6:3.2 | 1:1.8:8.1 | 1:2.1:3.0 | 1:2.4:2.7 | 1:2.9:2.4 
Nod fo $2 ia Oto, 41s 1.385 2:8 1) £215 22°7 i 1 72:6 | 12210:9:4.| 1224-99 
ges 6to 7| 1:1.0:2.2 | 1:1.1:2.2 || 1:1.8:2:1 | 1:1.5:2.0 | 1:1.8:1.8 
Sto lOiel:076:1.45) 2:0.621.4 |) P:0731-4 | 150.8214 | 122.0213 
Pe toe diets bs 8:7 jel: 1-728:7) |) W208, boy ieeesa:4 | 172.7654 
Metro Vino 3/t0.4)|) £21,223:3 i) £2 1.423.2) )) L2t.628:1 | 121-0:3.0 | 122.2:2-7 
Gitar 7 || 2:0,9.52,6) | 231.052.5)) 020.123.6567 | 021-3524) 2 216 28 
Sto 10 10.6307 | L063 1-7 | IOS shi7 10120.721.6 1 T0055 
ye to 1 U:1.4:4.2 | 1:1.6:4.1 | 1¢1.9:4.1 | 1:2:2:4.0 | 1:2.5:8:8 
Word to is ines So 4) UL. 28337) |) Us 1.3286) | ded 63.6: | 120.8:6.6 | a2. ba38 
Gite. 7412 20.9:22.9: | 220.932.389) Dela 28 12s eae 
Bito LO 10:59:16: | 10.69 1,0) (050/620 191 -6.7 21.84) 120:874.8 
24.t0. Lele. 83450) | Pel acas8 |) te 0:6:4.0) | 1290 s4i8 4 Fe ea 7 
Nd to hin | 3 to 40 ete 134.3 1 12 1.2°4.2 | eiBr4ae |) Psd esd.2 | et era 
; 6to:: 7)| 120.7 ::8.3, | 1. :0.8:3.8-}120.928.4 | 221.068.3811 2288 
8 to 10| 1:0.4:2.2 | 1:2.4:2.2 | 1:0.5:2.2 | 1:0.6:2.2 | 1:0.6:2.2 
yao: 1) 221.838.7- |: 1:2.0:3:6' | 122.3326] (132:6938.8" | 1¢3.032:9 
seta i in Oto lA | ede:8.2 | 120.62350) eer 28 (is2:23290 [22.6226 
cena Mes Gito 7) ed. 028.5 | 0.2225 | ac S 25a) | 9:6 2:5) |) 21.82 2 
Site 100103630601 10:7 22.6: | FOS eG nll 20.0. 3.611 sd Oracb 
4% to DL | L274.) | 1s1.024.1 |b s2.224.0 | 122.5:3.9 | 122.9°3:6 
' Stone 4 |eled.o25.6 | 1:0.658,69 1-408. 3,04| Taz iss ia Bae 
EE a 6to 7| 1:1.0:2.9 | 1:1.2:2.8 | 1:1.3:2.8 | 1:1.5:2.7 | 1:1.8:2.6 
840710) T:0691:9 | 1:0:622.9 | 10.8218 57 220.9218 19121.0:18 
Lento Virb Vea 4 P87 | 21470] 192:424.6 | ee 74st 
Sto 74 Lace De h.b 42) Teel o| 142:034.0' 1) 122.8-3.0 
AE OSS ati. 6to 7| 1:1.0:3.2 | 1:1.1:3.2 | 1:1.2:3.2 | 1:1.4:3.2 | 1:1.6:3.1 
8 to 10) 1:0.5;32.1 | 1:0.6:2.1 | 1:0:7:32:2 | 1:0.8:2.2 | 1:0.9:2.1 
4% to 1) 1:2.0:3.8 | 1:2.3:3.8 | 1:2.6:3.7 | 1:3.0:3.6 | 1:3.4:3.3 
: Sto 4/°121.723.3 | 1:2.0:3:3 | 1:2:2:3.2.| 1:2.5:3.2 | 1:2:9:2.9 
ES EOE ae 6to 7| 1:1.2:2.6 | 1:1.4:2.6 | 1:1.6:2.6 | 1:1.9:2.6 | 1:2.1:2.3 
StonO| WeO ely | Leer 2 Ose |) Lela pf £20-221-6 
¥%to 1) 1:2.0:4.4 | 1:2.2:4.4 | 1:2.5:4.3 | 1:2.9:4.3 | 1:3.3:4.1 
Sto -4) 1:1.723.8 | 1:1.9:3.8 | 122.1:3.8 | 1:52.5:3.7 | 1:2.8:3.6 
he ae RS. 6 to 7| 1:1.2:3.0 | 1:1.4:3.0 | 1:1.5:3.0 | 1:1.8:3.0 | 1:2.0:2.8 
8 to 10| 1:0.7:2.0 | 1:0.8:2.0 | 1:0.9:2.0 | 1:1.0:2.0 | -1:1.2:2.0 
6 to 1] 1:2.0:5.0 | 1:2.2:5.0 | 1:2.5:5.0_] 1:2.7:5.0 | 1:3.2:4.7 
“ 3to 4) 1:1.7:4.3°| 1:1.9:4.3-|(1:2.1:4.3 | 1:2.4:4.3 | 1:2.7:4.1 
ETS E 6to 7| 1:1.2:8.3 | 1:1.4:3.4 | 1:1.5:3.4 | 1:1.8:3.4 | 1:2.0:3.3 
8 to 10} 1:0.7:2.2 1:0:8:2.2)| 1:0.9:2.2 | 1:1.0:2.3 | 1:1.2:2.3 


496 


DESIGN OF CONCRETE STRUCTURES 


PROPORTIONS FOR 3000-LB. PER Sq. IN. CoNcRETE 
Z 


Size of fine aggregate 


Size of coarse Slump, 
aggregate in inches 
O-No. 30 | 0-No. 16 0-No. 8 O-No. 4 0-8¢ in. 
4% to 1] 1:1.5 Daley 1:2.0 12:3 U2 7 
3 600 Anil shen, 1:1.4 ibn Ley fd BS 1:2.3 
OBC e 6to 7| 1:09 1:1.0 1:1.2 1:1.4 1:1.6 
8 to 10] 1:0.5 1:0.6 ESOr7 1:0.8 1:0.9 
Teto. | tea Sse7 Wy ESS 2.64 tide rea| Ueto saa a2 Boe 
P Stone LedeOl2:35)) doa baa Ol Te GS iO sell sO) sates 
No. 4 to 4in...-) | 64, 7| 1:0.7:4.7 | 1:0.8:1.7 | 1:0.9:1.7 | 1:1.1:1.6 | 1:1.3:1.4 
§ to 10) 1:0:322.0 | 150.45 1.0) |) 1:0.591.0 | 1::0;5:2 1.0: |) 1:0:620:9 
Le toe LPL Sesd (ied SeSale elects leeds Ol desl ag 
Z Sto 4) 1sOOCO7 [eas o65 eet iG.) Tel. ds 2 8 yes te 
SS 6to 7| 1:0.6:2.0 | 1:0.7:2.0 | 1:0.8:2.0 | 1:0.9:1.9 | 1:1.1:1.8 
Sito 10 LsOsdod a Ors saie2e i Ose Ole 2a OG edie 
Sg to! Lie dededes,6 |) Ped 23a |e sdb eacb: il debs cited: limber One nx 
. Sto 4) 1¢0,9-3)0) | F29.022:9. |) Tet252:97)) ea 2: ONSEN song 
No. 4 to 174 in...) | gt 7| 1:0.6:2.2 | 1:0.7:2.2 | 1:0.8:2.2 | 1:09:22 | 1:14:21 
Sto 10)) 230.391:4. | 1sOS20.3) |) L044 | Veo All RO bees 
tato Li VeL.Ov4ek | Petes ete al tea 4a Gao 
q 8to 4] 1:0.8:3.4 | 1:0.0:3.4 | 151.0:3.5 | 121.1738.4 | 1:1.8:3.4 
No.4 to 2 itee«c» 6to 7| 1:0.5:2.6 | 1:0.6:2.6 | 1:0.6:2.7 | 1:0.7:2.6 | 1:0.9 :2.6 
S$ to 10) PsOi2sE-6 | LO sete | sOSele7 a Oa Ose, 
BE roy a Wg\ es ea Bey Hs nV] | A ris LEV teais 8 | ea laa esse me eI a te | acne iets | 
Oto All Det D265) 1st sr2.6 eb. oe 22d. \) Lone cae. ee Omer 
96 40 Lins sos 40s 6to 7| 1:0.8:2.0 | 1:0.8:2.0 | 1:1.0:1.9 | 1:1.1:4.9 | 1:1.3:1.8 
8 to 10) 220.4512) | 17O:451-2: | 150/531:20) P0:621.2) 1 s0;7 188 
Peto Li Wiar3.5 | UL bse bed 723.4 Wl 1203313) ieerososn 
‘ oto 4) bele30 | Let2e2:9 | Lei4s2:9 | Ged6s2 iS ited Oe 
36 to 134 in...... 6to 7| 1:0.6:2.2 | 1:0.8:2.2 | 1:1.0:2.2 | 1:1.1:2.4 | 1:1.3:2.0 
8to 10] 1:0.4:1.4 | 1:.04:1.4 | 1:0.5:1.4 | 1:0.6:1.3 | 1:0.7:1.3 
4g to 1) 1:1.8:4.0 | 1:1.4:4.0 | 1:1.6:4,.0 | 131.9:3.9 | 1:2,1:318 
ato 4: Prhossi4 | e234) aes 8) ll ed bedi: |deilevmoee 
36 to Zin........ 6to 7| 1:0.7:2.6 | 1:0.8:2.5 | 1:0.9:2.6 | 1:1.0:2.6 | 1:1.1:2.5 
8 to 10] 1:0.4:1.6 | 1:0.4:1.6 | 1:0.5:1.6 | 1:0.5:1.6 | 1:0.6:1.6 
+5 to Vj 0s 06938.2)| 1218 38.2)) 12282 |) (eos | Tso72 9 
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Abutments, arch, design of, 404 
highway bridge, 420 


Aggregates, coarse, 2, 5 


grading, 6 
Aggregates, determination of unit 
weight, 19, 489 
fine, 2 
grading, 3 
fineness modulus, 14 
impurities, 490 
maximum size, 20 
minimum size, 20 
moisture content, 19 
sieve analyses, 13, 490 
silt and clay content, 492 
size and grading, 13 
surface area, 13 
Arches, abutments, design of, 404 
advantages, 364 
analysis by elastic theory, 370, 387 
approximate methods of analysis, 
376, 383 
barrel, 367 
design of, 382 
crown thickness, 368 
form of axis, 380 
intrados, 365 
loads, 366 
procedure in design, 381 
reinforcement, 364 
ribbed, 368 
shortening stresses, 376 
temperature stresses, 375 
Area moments, principles, 198 


B 


Beams, arrangement of reinforce- 
ment, 67 
bridges, 414 
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Beams, continuous, 127 
moments, 194 
flexure, 63 
assumptions in theory, 62 
formulas, 67 
floor, design of, 130 
forms, 451 
framing stair well, 313 
plain concrete, 62 
rectangular, 63 
illustrative problems, 69, 72 
tables for, 71, 1388, 139 
reinforced for compression, 117 
diagrams for review, 122, 145- 
150 
formulas for design, 117 
formulas for review, 120 
illustrative problems, 124 
use of, 117 
shearing stresses in, 83 
stairway, 313 
stresses in homogeneous, 60 
T-beams (see T-beams) 
wall, design of, 307 
Bearing capacity of soils, 227 
Bond, between concrete and steel, 
51, 96 
length of embedment required for, 
58 
new to old concrete, 41 
stress, 53, 58 
tests, 51 
Bond stresses, in footings, 235 
Bridges, arch (see Arches) 
slab, beam, and girder, 414 
loads, 415 
Broken stone, 5 
Building codes, 254, 260, 283, 482 
Building frames, 209 
moments, 211 
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Buildings, advantages of reinforced 
concrete, 253 
columns, 292 
detail drawings, 320 
flat slab, 278 
advantages, 279 
beams (see Beams) 
design factors, 284 
design of, 284 
floors (see Floors) 
roofs (see Roofs) 
stairs (see Stairs) 
walls (see Walls) 
Bulking factor, 18, 22 


C 


Cinders, 7 
Colorimetric test, 5 
Column footings, 232 
bearing of column, 238 
design of, fourway, 241 
two way, 239, 298, 299 
flexure analysis, 235 
Column sections, areas, 190 
moments of inertia, 190 
weights, 190 
Column spirals, pitches and_per- 
centages, 193 
Columns, 172 
dimensions, 173 
eccentric loads, 178 
exterior, 216 
design of, 223 
flexural stresses, 178, 197, 293, 
298 
working stresses, 179 
forms, 441 
illustrative problems, 181 
interior, 212 
design of, 221 
tables for design of, 185-193 
unsupported length, 173 
with longitudinal and spiral re- 
inforcement, 176, 292 
working stresses, 177 
with longitudinal steel and lateral 
ties, 174, 295 
working stresses, 175 
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Concrete, 2 
abrasive resistance, 44 
absorption, 45 
cinder, 7 
coefficient of expansion, 41 
compressive strength, 37 
consistency, 11 
contraction, 41 
curing, 30 
deposition, 28 
effect of, acids, 35 
alkali, 34 
ealeium chloride, 33 
curing conditions, 29 
electrolysis, 35 
freezing, 31 
hydrated lime, 33 
manure, 35 
oils, 35 
regaging, 27 
rodding, 29 
salts, 32 
sea-water, 36 
sewage, 35 
steam in curing, 31 
waterproofing compounds, 33 
elastic limit, 41 
elasticity, 39 
expansion, 41 
mixing, 26 
mixtures, design of, 17 
harsh, 23 
oversanded, 23 
quantities of materials, 24 
workable, 11 
modulus of elasticity, 39 
normal consistency, 12 
permeability, 45 
porosity, 45 
proportioning, 8 
maximum density, 10 
mechanical analysis, 9 
modern developments, 10 
selection of method, 23 
void determinations, 9 
water ratio theory, 14 
proportions for desired strength, 
493 
resistance to fire, 42 
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Concrete, shearing strength, 38 
structural properties, 37 
tensile strength, 38 
thermal conductivity, 42 
transverse strength, 38 
weathering qualities, 43 
weight, 42 

Condensation, 258 

Crushed Stone, 5 


D 


Decantation test, 5 
Design of concrete mixtures, 17 
Diagonal tension, 85 
distribution, 91 
footings, 236 
plain concrete beams, 87 
provision for, 89, 129 
reinforced concrete beams, 88 
Diagrams, beams reinforced for 
compression, 144-150 
bending up reinforcement, 141 
flexure and direct stress, 158, 171 
T-beam design, 141, 142 
T-beam review, 143 


EB 


Earth pressure on retaining walls, 
338 
line of action, 341 
point of application of resultant, 
342 
Electrolysis, 35 


F 


Fineness modulus, 14 
Flexure and direct stress, 151 
compression over the whole sec- 
tion, 154 
diagrams, 158-163 
illustrative problems, 157 
tension over part of the section, 
155 
diagrams, 164-171 
Flexure formulas, beams reinforced 
for compression, 117, 120 
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Flexure, rectangular beams, 63 
T-beams, 107 
Floors, beam and girder, 255 
design of, 267 
flat slab, 255 
advantages, 279 
analysis of stresses, 280 
design of, 286 
methods of reinforcing, 283 
loads, 244 
slabs on steel beams, 256 
surfaces, 257 
systems, 254 
tile, 255 
unit construction, 256 
Flow test, 12 
Footings, 226 
bond stresses, 235 
cantilever, 248 
design of, 301 
diagonal tension, 236 
forms, 430 
multiple column, 243 
design of, 243 
on piles, 248 
design of, 250 
plain concrete, 229 
punching shear, 237 
reinforced concrete, 230 
single column, 232 
bearing of column, 238 
design of fourway, 241 
design of two way, 239, 298, 
299 
flexure analysis, 235 
sloped, 237 
stepped, 237 
wall, 230 
design of, 231 
Forms, beams, 451 
columns, 441 
depositing concrete in, 28 
footings, 430 
slabs, 462 
stairs, 472 
walls, 485 
Foundations (see Footings) 
Freezing, prevention of, 32 


G 


Girder bridges, 414 
Gravel, 7 


J 


Joint committee, 3 
recommendations for design, 482 


L 


Lateral ties, arrangement of, 176 
size for columns, 175 
Loads, building code requirements, 
254 
floor, 254 
motor truck, 415 
roof, 254 
street railway, 417 


M 


Moisture, absorbed by aggregates, 
16 
Moment of inertia, 219 
column sections, 190 
column verticals, 191 
reinforcement, 192 
Motor truck loads, 415 
distribution of, 417 


N 
Notation, 480 
P 


Partitions (see Walls) 

Piers, 172 

Piles, footings on, 248 
design of, 250 

Portland cement, 2 


R 


Reinforced concrete, advantages, 50 
in tension, 59 
Reinforcement, anchoring, 55 


DESIGN OF CONCRETE STRUCTURES 


Reinforcement, bars, 46 
deformed, 47 
length extras, 46 
quantity extras, 48 
size extras, 46 
tables, 136, 137 
coefficient of expansion, 50 
column, 174, 176 
moment of inertia of, 191 
embedment for bond, 58 
expanded metal, 48 
gerade of steel, 48 
modulus of elasticity, 50 
moment of inertia, 192 
placing, in beams, 67 
in slabs, 77 
wire fabric, 48 
Retaining walls, cantilever, design of, 
350 
counterfort, design of, 357 
crushing, 342 
design factors, 342 
details of construction, 347 
earth thrust, 338 
gravity, design of, 347 
loading, 336 
overturning, 342 
sliding, 346 
types, 335 
Roofs, 258 
loads, 254 


Sand, 3 
inundated, 24 
selection, 4 
standard, 5 
Settlement of foundations, 226 
Shearing stresses, 83 
Shrinkage factor, 18, 22 
Slabs, 73 
bridges, 415 
flat (see Floors) 
forms, 462 
stairway, design of, 311 
supported on four sides, 74 
design of, 78 
distribution of load, 75 
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Slabs, supported on two sides, 73 
design of, 77, 267 
Slag, 7 


Slope deflection, fundamental equa- 


tions, 200 
application, 208 
Slump test, 12 
Soils, bearing capacity of, 227 
Spirals, pitches and percentages, 193 
Stairs, 265 
design of, 311 
design of beams framing well, 313 
forms, 472 
Steel (see Reinforcement) 
Stirrups, inclined, spacing, 94 
vertical, size, 91 
spacing, 91 
Surface area, 13 
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Tables, bars, 136, 137 
columns, 185-193 
rectangular beam design, 138 

review, 139 

T-beams, 105 
design of, 113, 180, 268, 273 
design over supports, 127 
diagrams, 111, 141-148 
flexure formulas, 107 
proportions, 110 
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T-beams, shearing strength, 110 
types, 105, 112 


U 


Unit stresses, 68 
W 


Walls, architectural treatment, 263 
basement, 262 
bearing, 261 
curtain, 259 
footings, 230 
design of, 231 
forms, 435 
parapet, 262 
partition, 263 
retaining (see Retaining walls) 
Water, absorbed by aggregates, 15 
effect of amount, 15 
Water ratio theory, 10 
Web reinforcement, 90 
bent bars, 93, 129 
arrangement, 94 
illustrative problems, 100 
stirrups, inclined, 94 
vertical, 91 
types, 89 
where not required, 96 
Workability, 11 
Working stresses, 68 
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